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Way of entanglement sharing is restricted depending on structure of states: 
entanglement monogamy
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Entanglement Monogamy
basic properties
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● universal relation characterizing multi-partite entanglement 

● sharing of quantum information, no-cloning theorem

qubit system
square of concurrence, negativity

Gaussian system
square of negativity

● may provide upper bound of         and                     EAB
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● Quantum circuit model of BH evaporation

● Entanglement harvesting of quantum field in de Sitter space

● Summary

In this talk: 

Emergence of multi-partite entangled state and separable state

Hawking radiation ( BH evaporation )
Primordial quantum fluctuations (cosmic inflation)
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Black Hole Evaporation and Monogamy
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Final state of evaporating system ?

information issue ?
Possible scenario, remnant ?

Hawking radiation

j iH D
Y

i

1X

ni D0

e�4⇡M!i ni jni iBH ˝ jni iJR

<latexit sha1_base64="PGCgjAPOVA5zKzonoSsHTNnPP0o="></latexit><latexit sha1_base64="PGCgjAPOVA5zKzonoSsHTNnPP0o="></latexit><latexit sha1_base64="PGCgjAPOVA5zKzonoSsHTNnPP0o="></latexit><latexit sha1_base64="PGCgjAPOVA5zKzonoSsHTNnPP0o="></latexit>

black hole

JR

BH

ER

TH D 1

8⇡M
<latexit sha1_base64="s+RdOQzBjtiw+Aknm8SyRxcs3RM="></latexit><latexit sha1_base64="s+RdOQzBjtiw+Aknm8SyRxcs3RM="></latexit><latexit sha1_base64="s+RdOQzBjtiw+Aknm8SyRxcs3RM="></latexit><latexit sha1_base64="s+RdOQzBjtiw+Aknm8SyRxcs3RM="></latexit>

thermal property
entangled pair of particles
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Page’s Theorem
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Chapter 5 初期宇宙とブラックホールにおける量子情報 62

Page’s hypothesis
A+B: pure state

A B

NA ⌧ NB なら
typical stateに対して
entanglement entropy     はSA

hSAi ⇡ log NA

=

S
max

⇡ S
.thermal/
A

これは ⇢A ⇡ 1

NA
IA を意味しておりA,Bは

maximally entangleしている

15年6月8日月曜日

以上の性質をブラックホールの蒸発現象を理解するために用いてみる．ミクロな状態（素過程など）は一切無視し
て，ブラックホール（系 A）と Hawking輻射（系 B）の２体系として蒸発に伴ってブラックホールの次元が小さくな
るとする．

Page curve

B RB R

時間

NB > NR NB < NR

S
.thermal/
R

SR ⇡ S
.thermal/
R

SB ⇡ S
.thermal/
B

SR

=

SR D SB

情報量
IR D S

.thermal/
R � SR

S
.thermal/
B D A

4G

15年6月8日月曜日

NA ⌧ NB
<latexit sha1_base64="1uHk4wXm/pSZyuPD7BJVqXAm32w="></latexit><latexit sha1_base64="1uHk4wXm/pSZyuPD7BJVqXAm32w="></latexit><latexit sha1_base64="1uHk4wXm/pSZyuPD7BJVqXAm32w="></latexit><latexit sha1_base64="1uHk4wXm/pSZyuPD7BJVqXAm32w="></latexit>

If for a typical state, entanglement entropy

hSAi ⇡ log NA
<latexit sha1_base64="hDBCJyIL2hL54YTcixj0p4vY1t4="></latexit><latexit sha1_base64="hDBCJyIL2hL54YTcixj0p4vY1t4="></latexit><latexit sha1_base64="hDBCJyIL2hL54YTcixj0p4vY1t4="></latexit><latexit sha1_base64="hDBCJyIL2hL54YTcixj0p4vY1t4="></latexit>

A and B are maximally entangled

Chapter 5 初期宇宙とブラックホールにおける量子情報 62

Page’s hypothesis
A+B: pure state

A B

NA ⌧ NB なら
typical stateに対して
entanglement entropy     はSA

hSAi ⇡ log NA

=

S
max

⇡ S
.thermal/
A

これは ⇢A ⇡ 1

NA
IA を意味しておりA,Bは

maximally entangleしている

15年6月8日月曜日

以上の性質をブラックホールの蒸発現象を理解するために用いてみる．ミクロな状態（素過程など）は一切無視し
て，ブラックホール（系 A）と Hawking輻射（系 B）の２体系として蒸発に伴ってブラックホールの次元が小さくな
るとする．

Page curve

B RB R

時間

NB > NR NB < NR

S
.thermal/
R

SR ⇡ S
.thermal/
R

SB ⇡ S
.thermal/
B

SR
=

SR D SB

情報量
IR D S

.thermal/
R � SR

S
.thermal/
B D A

4G

15年6月8日月曜日

information

time

EE

Page time
SEE: max

 Page Curve
Without detail of models,

we can follow evolution

of EE during evaporation

if we adopt unitarity

⇢A / IA



�9

Firewall?

● Emergence of field separable (product) state

Chapter 5 初期宇宙とブラックホールにおける量子情報 63

Firewall

Rearly

Rlate

horizon

B

NRearly � NBNRlate

であるから
SBCRlate / IBCRlate

よってhorizonをはさんで
場の相関がなくなりhorizon
近傍にenergetic curtainが現れる

15年6月8日月曜日

5.1.3 Circuit Modelの紹介

■量子回路の話
! 古典計算：２進数による次の写像の事

f W f0; 1gn "! f0; 1gm

任意の f は万能ゲートとよばれる 4つのゲート AND, OR, NOT, FANOUTによって実現できる：

AND

OR

NOT

FANOUT

a

b

b

a

a

a
a

a

a⋀b

a⋁b

a

Fig. 5.1 古典計算における万能ゲート．

! 量子計算：n-qubit系に対するユニタリー変換の事（ハミルトニアンによる時間発展）．重ね合わせ状態に対し
て実行する事が可能．量子計算における万能ゲートは 1-qubit に対するユニタリーゲートと 2-qubit に対する
CNOTゲートによって構成される．1-qubitユニタリーゲートは

After Page time,

NRearly � NBNRlate
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Correlation of field between B and Rlate is lost and

high energetic curtain emerges around the horizon

AMPS Almheiri, Marolf, Polchinski and Sully 2013

B+Rlate are maximally entangled with Rearly

⇢BCRlate / IBCRlate

 Effect of multipartite entanglement:

 entanglement cannot be freely distributed  

● We investigate this issue using a simple model of evaporation
Does quantum state really evolve like this scenario during evaporation?
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Quantum circuit model of BH evaporation

Rule1 : the system is composed of n qubits

Rule2 : entanglement between Hawking particles is

generated by CNOT-U gate

tan � D exp .�4⇡M!/
<latexit sha1_base64="fgkcazVNm0vGImAaytCV0rKNfUE="></latexit><latexit sha1_base64="fgkcazVNm0vGImAaytCV0rKNfUE="></latexit><latexit sha1_base64="fgkcazVNm0vGImAaytCV0rKNfUE="></latexit><latexit sha1_base64="fgkcazVNm0vGImAaytCV0rKNfUE="></latexit>

Mn D M0

s

1 � n � 1

NBH
<latexit sha1_base64="Bg7yFkSiOcnLe/HMVITBdCWsp9A="></latexit><latexit sha1_base64="Bg7yFkSiOcnLe/HMVITBdCWsp9A="></latexit><latexit sha1_base64="Bg7yFkSiOcnLe/HMVITBdCWsp9A="></latexit><latexit sha1_base64="Bg7yFkSiOcnLe/HMVITBdCWsp9A="></latexit>

4

negativity between the black hole and the Hawking radiation. Section 5 is devoted to summary 
and discussion.

2. Quantum circuit model

We introduce our quantum circuit model of the black hole evaporation.

2.1. Setup

We describe the Hawking radiation using qubits in our model. A qubit has two distinct inter-
nal states |0⟩ and |1⟩. In order to formulate the black hole evaporation, we separate the Hilbert 
space of the total system to that of the black hole, the Hawking radiation and the Hawking 
radiation that had been radiated previously. Hence, prepare the Hilbert space of black hole 
(BH), just radiation (JR), early radiation (ER) (figure 1)

Htot = HBH ⊗HJR ⊗HER. (2)

Here, we regard the state |0⟩ of JR and ER as the ‘vacuum state’ with no particles.
We treat particles in BH, that are paired with the emitted Hawking particles and fall into 

the black hole, constitute the black hole’s degrees of freedom. This is because particles falling 
into the black hole can be regarded as a part of the black hole owing to the black hole com-
plementary postulate 4.

2.2. Evaporation

Particles come out from the black hole in the evaporation process. For example, a particle 
in JR will belong to ER at the next time step. This process can be realized using the SWAP 
operation, which exchanges inputted two qubits and is represented by the unitary quantum 
gate shown in figure 2.

In the evaporation process, the black hole shrinks by emitting particles and finally disap-
pears. Furthermore, the information of the black hole is transferred to radiated particles. Qubits 
in BH gradually change to |0⟩ state during the evaporation process. When the evaporation 

Figure 1. Defition of BH, JR and ER in our model.

Figure 2. The SWAP gate.

T Tokusumi et alClass. Quantum Grav. 35 (2018) 235013

T.Tokuzumi, A. Matsumura & YN, 2018

U
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finishes and the black hole disappears completely, all the qubits in BH become |0⟩ state. On 
the other hand, at the initial stage of evaporation, most of the radiated particles are in |0⟩ state 
(no particles). Thus, radiated particles state will becomes very complicated because informa-
tion of the black hole is carried away by the radiated particles. We expect that evaporation can 
be modeled by swapping the information (qubit) of the black hole with a part of radiation’s 
degrees of freedom. In our model, the SWAP are performed twice between BH and JR, and 
between JR and ER.

As a demonstration, we look at the case of the 5 qubit total system and show how the 
SWAP procedure transfer the information of BH to radiations. The total system is

|ψ⟩ = |BH⟩ ⊗ |JR⟩ ⊗ |ER⟩, (3)

with |BH| = 22 (2 qubit), |JR| = 21 (1 qubit), |ER| = 22 (2 qubit). The initial state of each 
subsystem is assumed to be

|BH⟩ = |0⟩BH1 |1⟩BH2 + |1⟩BH1 |0⟩BH2√
2

, |JR⟩ = |0⟩JR, |ER⟩ = |0⟩ER1 |0⟩ER2 ,

 (4)
and the initial total state |ψ0⟩ is

|ψ0⟩ =
1√
2

[
|10⟩+ |01⟩

]

BH12

|0⟩JR|00⟩ER12 . (5)

Although the Page curve is the average of entanglement entropy, we focus here on a specific 
state and compute the non-averaged entanglement entropy. The quantum circuit we introduce 
is shown in figure 3.

Let us follow the time steps realized by this circuit.

At time step 1 :

 1.  Apply the SWAP between the first qubit of BH and JR,

|ψ0⟩ "−→ |ψ0′⟩ =
1√
2
|0⟩BH1

[
|01⟩+ |10⟩

]

BH2,JR
|00⟩ER12 . (6)

 2.  Apply the SWAP between JR and the first qubit of ER,

|ψ0′⟩ "−→ |ψ1⟩ =
1√
2
|0⟩BH1 |0⟩JR

[
|01⟩+ |10⟩

]

BH2,ER1

|0⟩ER2 . (7)

Figure 3. The SWAP circuit for 5 qubit system.

T Tokusumi et alClass. Quantum Grav. 35 (2018) 235013

no particle

particle

Mass is evolved following formula of

Bekenstein-Hawking entropy
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Rule3 : created particles are moved outward via SWAP operation

For initial state 

Page curve

6

At time step 2 :

 1.  Apply the SWAP between the second qubit of BH and JR,

|ψ1⟩ "−→ |ψ1′⟩ =
1√
2
|00⟩BH12

[
|01⟩+ |10⟩

]

JR,ER1

|0⟩ER2 . (8)

 2.  Apply the SWAP between JR and the second qubit of ER,

|ψ1′⟩ "−→ |ψ2⟩ =
1√
2
|00⟩BH12 |0⟩JR

[
|10⟩+ |01⟩

]

ER12

. (9)

To check this process reflects the property of evaporating models, we compute the von 
Neumann entropy of radiations R := JR ∪ ER, SR = −TrρR log2 ρR at each step of the 
SWAP (figure 4).

The typical shape of the Page curve is obtained and the information of BH is transferred 
to the radiation by the SWAP operation. The effective size of BH’s Hilbert space at step n is 
defined by the amount of information

|BHeff
n | := |BH| ∗ 2−(n−1) (n ! 1), |BHeff

0 | := |BH| (10)

where |BH| is the dimension of BH’s Hilbert space determined by the number of qubits. 
Particles are radiated from BH by the first SWAP at each step. Thus, this quantum circuit does 
not have the black hole horizon and the entanglement structure of this circuit is determined 
only by the BH initial state. Qubits in BH are entangled with each other at the initial step. 
Then, a part of entangled qubit is moved to become JR and the entanglement between BH 
and R increase. However, the entanglement of the Hawking radiation is originated from the 
entangled particle pairs created in the vicinity of the black hole horizon and this SWAP circuit 
is the model of evaporation process without the horizon.

2.3. Hawking radiation

The quantum state of the Hawking radiation is expressed as 
∏

i
∑∞

ni=0 e−niβωi/2|ni⟩BH ⊗ |ni⟩JR 
where β = 8πM  is the inverse temperature of the black hole and ω  is the frequency of 
the radiation [1]. The state |ni⟩BH ⊗ |ni⟩JR represents pairs of the Hawking particles. For 
Mω ≫ 0.1, the state is almost same as the vacuum state without particle excitation and for 
Mω < 0.1, |1⟩BH ⊗ |1⟩JR particle state mainly contributes to the total state of the Hawking 
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Figure 4. The Page curve obtained by the SWAP circuit in figure 3.
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finishes and the black hole disappears completely, all the qubits in BH become |0⟩ state. On 
the other hand, at the initial stage of evaporation, most of the radiated particles are in |0⟩ state 
(no particles). Thus, radiated particles state will becomes very complicated because informa-
tion of the black hole is carried away by the radiated particles. We expect that evaporation can 
be modeled by swapping the information (qubit) of the black hole with a part of radiation’s 
degrees of freedom. In our model, the SWAP are performed twice between BH and JR, and 
between JR and ER.

As a demonstration, we look at the case of the 5 qubit total system and show how the 
SWAP procedure transfer the information of BH to radiations. The total system is

|ψ⟩ = |BH⟩ ⊗ |JR⟩ ⊗ |ER⟩, (3)

with |BH| = 22 (2 qubit), |JR| = 21 (1 qubit), |ER| = 22 (2 qubit). The initial state of each 
subsystem is assumed to be

|BH⟩ = |0⟩BH1 |1⟩BH2 + |1⟩BH1 |0⟩BH2√
2

, |JR⟩ = |0⟩JR, |ER⟩ = |0⟩ER1 |0⟩ER2 ,

 (4)
and the initial total state |ψ0⟩ is

|ψ0⟩ =
1√
2

[
|10⟩+ |01⟩

]

BH12

|0⟩JR|00⟩ER12 . (5)

Although the Page curve is the average of entanglement entropy, we focus here on a specific 
state and compute the non-averaged entanglement entropy. The quantum circuit we introduce 
is shown in figure 3.

Let us follow the time steps realized by this circuit.

At time step 1 :

 1.  Apply the SWAP between the first qubit of BH and JR,

|ψ0⟩ "−→ |ψ0′⟩ =
1√
2
|0⟩BH1

[
|01⟩+ |10⟩

]

BH2,JR
|00⟩ER12 . (6)

 2.  Apply the SWAP between JR and the first qubit of ER,

|ψ0′⟩ "−→ |ψ1⟩ =
1√
2
|0⟩BH1 |0⟩JR

[
|01⟩+ |10⟩

]

BH2,ER1

|0⟩ER2 . (7)

Figure 3. The SWAP circuit for 5 qubit system.
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At time step 2 :

 1.  Apply the SWAP between the second qubit of BH and JR,

|ψ1⟩ "−→ |ψ1′⟩ =
1√
2
|00⟩BH12

[
|01⟩+ |10⟩

]

JR,ER1

|0⟩ER2 . (8)

 2.  Apply the SWAP between JR and the second qubit of ER,

|ψ1′⟩ "−→ |ψ2⟩ =
1√
2
|00⟩BH12 |0⟩JR

[
|10⟩+ |01⟩

]

ER12

. (9)

To check this process reflects the property of evaporating models, we compute the von 
Neumann entropy of radiations R := JR ∪ ER, SR = −TrρR log2 ρR at each step of the 
SWAP (figure 4).

The typical shape of the Page curve is obtained and the information of BH is transferred 
to the radiation by the SWAP operation. The effective size of BH’s Hilbert space at step n is 
defined by the amount of information

|BHeff
n | := |BH| ∗ 2−(n−1) (n ! 1), |BHeff

0 | := |BH| (10)

where |BH| is the dimension of BH’s Hilbert space determined by the number of qubits. 
Particles are radiated from BH by the first SWAP at each step. Thus, this quantum circuit does 
not have the black hole horizon and the entanglement structure of this circuit is determined 
only by the BH initial state. Qubits in BH are entangled with each other at the initial step. 
Then, a part of entangled qubit is moved to become JR and the entanglement between BH 
and R increase. However, the entanglement of the Hawking radiation is originated from the 
entangled particle pairs created in the vicinity of the black hole horizon and this SWAP circuit 
is the model of evaporation process without the horizon.

2.3. Hawking radiation

The quantum state of the Hawking radiation is expressed as 
∏

i
∑∞

ni=0 e−niβωi/2|ni⟩BH ⊗ |ni⟩JR 
where β = 8πM  is the inverse temperature of the black hole and ω  is the frequency of 
the radiation [1]. The state |ni⟩BH ⊗ |ni⟩JR represents pairs of the Hawking particles. For 
Mω ≫ 0.1, the state is almost same as the vacuum state without particle excitation and for 
Mω < 0.1, |1⟩BH ⊗ |1⟩JR particle state mainly contributes to the total state of the Hawking 
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Figure 4. The Page curve obtained by the SWAP circuit in figure 3.

T Tokusumi et alClass. Quantum Grav. 35 (2018) 235013

5

finishes and the black hole disappears completely, all the qubits in BH become |0⟩ state. On 
the other hand, at the initial stage of evaporation, most of the radiated particles are in |0⟩ state 
(no particles). Thus, radiated particles state will becomes very complicated because informa-
tion of the black hole is carried away by the radiated particles. We expect that evaporation can 
be modeled by swapping the information (qubit) of the black hole with a part of radiation’s 
degrees of freedom. In our model, the SWAP are performed twice between BH and JR, and 
between JR and ER.

As a demonstration, we look at the case of the 5 qubit total system and show how the 
SWAP procedure transfer the information of BH to radiations. The total system is

|ψ⟩ = |BH⟩ ⊗ |JR⟩ ⊗ |ER⟩, (3)

with |BH| = 22 (2 qubit), |JR| = 21 (1 qubit), |ER| = 22 (2 qubit). The initial state of each 
subsystem is assumed to be

|BH⟩ = |0⟩BH1 |1⟩BH2 + |1⟩BH1 |0⟩BH2√
2

, |JR⟩ = |0⟩JR, |ER⟩ = |0⟩ER1 |0⟩ER2 ,

 (4)
and the initial total state |ψ0⟩ is

|ψ0⟩ =
1√
2

[
|10⟩+ |01⟩

]

BH12

|0⟩JR|00⟩ER12 . (5)

Although the Page curve is the average of entanglement entropy, we focus here on a specific 
state and compute the non-averaged entanglement entropy. The quantum circuit we introduce 
is shown in figure 3.

Let us follow the time steps realized by this circuit.

At time step 1 :

 1.  Apply the SWAP between the first qubit of BH and JR,

|ψ0⟩ "−→ |ψ0′⟩ =
1√
2
|0⟩BH1

[
|01⟩+ |10⟩

]

BH2,JR
|00⟩ER12 . (6)

 2.  Apply the SWAP between JR and the first qubit of ER,

|ψ0′⟩ "−→ |ψ1⟩ =
1√
2
|0⟩BH1 |0⟩JR

[
|01⟩+ |10⟩

]

BH2,ER1

|0⟩ER2 . (7)

Figure 3. The SWAP circuit for 5 qubit system.
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analysis, we focus on the property of the entanglement caused by the Hawking radiation to 
clarify how the dynamics of the evaporation is connected with the quantum information pro-
cess and the firewall argument. Hence, the initial state is assumed to be non-entangled state

|init⟩ = |000 · · · 000⟩BH|0⟩JR|000 · · · 000⟩ER. (16)

The quantum circuit of our model is presented in figure 6.
In this model, the initial mass of the black hole corresponds to qubit number of BH. The 

qubit number can not make so large due to increase of the simulation time. We denote the 
black hole mass at a certain step n as Mnω. Because Mn ∝

√
log2 |BHn|, the black hole mass 

at arbitrary step n is

Mn = Minit

√
log2 |BHn|
log2 |BHinit|

= Minit

√
1 − n − 1

NBH
, (17)

where Minit is the initial mass of the black hole and NBH is the qubit number of BH used for 
analysis. The only parameters contained in this model are the value of Mnω and n. In our 
analysis, we choose n as the step at the Page time.

3. Numerical result

In this section, we will analyze evolution of the state in our circuit model (figure 6) focusing 
on the entanglement structure. In our analysis, the size of BH is 6 qubit (|BH| = 26, NBH = 6), 
JR is 1 qubit (|JR| = 21) and ER is 6 qubit (|ER| = 26).

3.1. Page curve

As in section 2.2, we check the amount of information transferred from the BH to the emitted 
particles and investigate whether the black hole in our model evaporates. For this purpose, 

Figure 6. A quantum circuit of the black hole evaporation. The CNOT-U gate acts on 
BH and JR to generate a Hawking particle pair. The SWAP gate acts on two places 
between JR and ER, BH and JR to move a qubit of JR to ER and move a qubit in BH to 
JR. We note that the SWAP step is just after creation of the Hawking pair, so particles 
do not directly escape from BH to JR.
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Result and interpretation

“firewall” structure but classical correlation remains (separable state)

9

we evaluate the entanglement entropy between BH and R = JR ∪ ER. The evolution of this 
quantity provides the Page curve, which is an indicator of the information transfer from BH to 
radiation. The result is shown for M4 ω = 0.1 and 0.01 in figure 7. Here, M4 denotes the mass 
of the black hole at step 4.

For M4ω = 0.01 (small M4ω), the Page curve has a symmetric shape with respect to the 
middle point of the whole time steps. On the other hand, for M4ω = 0.1 (large M4ω), the 
entanglement entropy between BH and R is smaller compared to the small M4ω case during 
whole period of the evaporation process. For large M4ω, the black hole radiates Hawking par-
ticles with weak entanglement (see equation (11)). Thus the evaporation process is not random 
enough as Page assumed. However, our model results in Page curves for both values of M4ω 
because the degree of freedom of BH decreases as the time step proceeds due to the action of 
the SWAP gate. The entanglement entropy becomes maximum at step 4 and this time step is 
the Page time of our model.

3.2. Expectation value of particle number of JR

To examine the evaporation rate of our model, we calculate the expectation value of the emit-
ted particle number. In our model, the Hawking radiation is expressed by the state (11) and 
this expression results in the expectatin value of the particle number

⟨n⟩ = 1
e8πMω + 1

.
 (18)

Although this distribution is equivalent to that of the Hawking radiation with the fermion 
field [1], we are treating the bosonic particles and the fermionic distribution is result of our 
assumption for the state of the Hawking radiation. For the state |ψ⟩ =

∑
ijk Cijk|i⟩BH|j⟩JR|k⟩ER, 

the expectation value of the particle number of JR is expressed as

⟨nJR⟩ =
∑

ik

|Ci1k|2. (19)

We checked these formulas for M4ω = 1, 0.1, 0.01, 0.001 (figure 8). As the black 
hole evaporates, the mass decreases and the time step advances from right to left. In our 
model, ⟨nJR⟩ well coincides with the formula (18) except at the last step with M4ω ! 0.1. 

Figure 7. The Page curve of our circuit model.
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Page curve

11

partial transpose criterion [15] and we have N = 0. Thus N > 0 means the state is non-
separable (entangled). The negativity is an entanglement monotone function, and can be used 
to quantify the entanglement between A and B even if the combined system A∪B is not pure. 
N > 0 is the necesary and sufficient non-separable condition for 2 ⊗ 2 and 2 ⊗ 3 bipartite 
quantum systems.

We calculate these entanglement measures between BH and JR, JR and ER, ER and BH for 
M4 ω = 0.1, 0.01. The result is shown in figure 9. For M4ω = 0.01, the negativity between 
BH and JR becomes zero at step 5 after the Page time and BH and JR are separable. In other 
words, for the Hawking radiation with sufficiently low frequencies, a structure similar to the 
firewall appears between BH and JR. However, contrary to the original proposed firewall by 
AMPS, the classical correlations remains in our firewall-like structure and we do not expect 

Figure 9. Evolution of the mutual information and the negativity. Upper panels: 
evolution of the mutual information I(BH :JR) and the negativity N (BH :JR). For 
M4ω = 0.01, after step 5, the negativity becomes zero and the mutual information has 
very small but non-zero values. This implies the firewall-like structure appears after 
the Page time. Middle panels: information of emitted radiation, which show how 
much information is extracted from BH at each step. Bottom panels: entanglement of 
BH ∪ ER subsystem shows nearly the same behavior as the Page curve.
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negativity between BH, JR

separable

● Information contained in BH is transferred to Radiation
shape of Page curve depends of mode frequency

● After Page time, BH:JR becomes separable for low frequency modes
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to monogamy of entanglement
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As we have mentioned, |ψ4⟩BH1,JR,ER1 becomes the GHZ state for M4ω → 0. Corresponding to 
this, the state ρ4

BH1∪JR becomes separable in this limit. The von Neuman entropies for this state 
are S(BH1) = S(JR) = S(BH1∪JR) = 1 (bit). Thus the mutual information has the value 1 
(bit), which means BH1 and JR have the perfect classical correlation.

4.2.2. At step 5. The reduced density matrix ρ5
BH2∪JR is

ρ5
BH2∪JR = TrER

[
|ψ5⟩⟨ψ5|BH2,JR,ER14

]
=

⎡

⎢⎢⎣

CA 0 0 EA
0 CB EB 0
0 EB DB 0

EA 0 0 DA

⎤

⎥⎥⎦ , (38)

where

A =
1
2
(1 + cos 2γ1 cos 2γ4), B =

1
2
(1 − cos 2γ1 cos 2γ4), C =

1
2
(1 + cos 2γ2 cos 2γ5),

D =
1
2
(1 − cos 2γ2 cos 2γ5), E =

1
2
cos 2γ2 sin 2γ5.

To obtain the mutual information between BH2 and JR, we calculate eigenvalues of the states 
ρJR, ρBH2 and ρBH2∪JR. Eigenvalues λi (i  =  JR, BH2, BH2∪JR) are

λJR =
1
2
(1 ± cos 2γ1 cos 2γ2 cos 2γ4 cos 2γ5), λBH =

1
2
(1 ± cos 2γ2 cos 2γ5),

λBH2∪JR =
1
2
(1 ± cos 2γ1 cos 2γ4) cos

2 γ2,
1
2
(1 ± cos 2γ1 cos 2γ4) sin

2 γ2.
 (39)

The mutual information between BH2 and JR as a function of M4ω is shown in figure 14 (the 
blue line in the left panel). It behaves as I ≈ (40π2/3)(M4ω)2 for M4ω ≪ 0.1 and I → 0 for 
M4ω → 0 limit.

To evaluate the negativity, we obtain the eigenvalues of the partially transposed state 
ρTJR

BH2,JR as

λi =
(C + D)A ±

√
(C − D)2A2 + 4E2B2

2
,

(C + D)B ±
√

(C − D)2B2 + 4E2A2

2
, (40)

Figure 14. Left panel: M4ω dependence of the mutual information between BH1 and 
JR at step 4 and 5. Right panel: M4ω dependence of the negativity between BH2 and JR 
at step 4 and 5. The negativity becomes zero for M4ω ! 0.041 at step 5 and BH2∪JR 
system becomes separable.

T Tokusumi et alClass. Quantum Grav. 35 (2018) 235013

negativity between BH, JR

CNOT-U gate tries to establish a new

correlation between GHZ type state

and previously generated Hawking pair

BH
ER

BH ER

JR
ERCNOT-U

BH: JR becomes separable for M4!  0:041

low frequency maximally entangled state

Monogamous property of multipartite state is related to emergence of

separable state (firewall)



Entanglement Harvesting in de Sitter space



�17

Quantum Effect in Expanding Universe
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r→∞ EPR state

● Quantum field (scalar field, EM field, GW)
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Correlation Function in de Sitter Space massless minimal scalar
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Cosmic inflation generate large scale quantum fluctuations beyond

horizon scale of deSitter space origin of primordial fluctuation 



Large Scale Entanglement in Cosmic Inflation

�19

comoving detectors

A B initial state
ti

tf

t

⇢i D ⇢A ˝ ⇢B

⇢f

interaction

super horizon scale
rp > H �1

detection of field entanglement using operational procedure

● theoretical justification of origin of primordial fluctuations
● experimental verification of quantumness of  primordial fluctuations

and entanglement harvesting of quantum fluctuations

detectors interact with

scalar field
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two level atom (qubit) OHint D g. O�C C O��/�.x.⌧//

O�C D j1ih0j O�� D j0ih1j

Read out entanglement of quantum field using entanglement

between qubit detectors

Local operation cannot generate entanglement
a pair of detectors copies entanglement of quantum field

!

E2

E1 j0i

j1i⌘

separable

entangled

A B

ti

tf
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r

interaction

⇢
.d/
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⇢
.d/
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time

Entanglement harvesting with quit detectors:

g: coupling with finite interval of time
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Entanglement harvesting with quit detectors

Gorni-Kossakowski-Lindblad-Sudarshan

Markovian 

keeps complete positivity

with dynamical time coarse-graining (without RWA)

d⇢

dt
D �i ŒHeff; ⇢ç C

⇣
2L⇢Lé � fLéL; ⇢g

⌘
GKLS master equation

State of n-qubit system: ⇢ dimH .⇢/ D 2n

Evolution of the state with time coarse-graining

S. Kukita & YN, CQG 34 (2017), 235010
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Entanglement between 2 quit detectors

A pair of qubit detectors cannot access super horizon scale entanglement
typical scale of entanglement ⇠ H �1
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local noise destroys correlation and system becomes separableFor large r,　　　     
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negativity
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conformal scalar

✓ D H.�t /2!

detector’s parameter

entangled

G.V.Steeg and N.C.Menicucci 2009

E. Martin-Martinez and N.C.Menicucci 2016
Y. Nambu and Y.Ohsumi 2011

local noisenon-local correlation
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Does this imply there is no quantum correlation in super horizon scale?

We must check multi-partite entanglement effect on r
max
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Monogamy for Entanglement Harvesting
2 qubits

local noisenon-local correlation
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ˇC .r/

CC
ˇ̌
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strength of entanglement between

detectors and environment

 environment  
(quantum field)

A1 A2

QEenvA1jA2
� QEenvjA2

C EA1jA2

We expect following monogamy inequality for total pure system

As entanglement between detectors and environment becomes maximal,


EA1jA2
! 0

Dis-entanglement between detectors beyond horizon scale may be explained

based on monogamous argument
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r
A1

A2

A3

A4

d
B1

B2 B3

B4

d

group A group B

● analytic formula of negativity in terms 
   of coefficients of the master eq.

● negativity of n+n detector system

S. Kukita & YN, Entropy 19 (2017), 449
Entanglement harvesting with (n+n) quit detectors

Entropy 2017, 19, 449 3 of 13

where Heff is the effective Hamiltonian of the detectors system with quantum corrections. The coefficients
H(a1a2)

j1j2
, C(a1a2)

j1j2
are expressed using the Wightman function of the quantum field as

C(a1a2)
j1 j2

=
2g2

ps
e�w2s2
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Z +•

�•
dx dy e�

1
s2 [x�(s+ i
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2� 1

s2 (y� i
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D(rc, t + x, y), (6)

H(a1a2)
j1 j2

=
2g2

ps
e�w2s2
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Z +•

�•
dx dy sgn(y) e�

1
s2 [x�(s+ i

2 ws2 j+)]
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s2 (y� i
2 ws2 j�)

2

D(rc, t + x, y), (7)

with j± = j1 ± j2 and where D(rc, x, y) is the Wightman function of the scalar field

D(rc, x, y) = hf(t1, xa1)f(t2, xa2)i, x = (t1 + t2)/2, y = (t1 � t2)/2, (8)

where rc = |xa1 � xa2 | denotes comoving distance between two detectors. The parameter s,
in C(a1a2)

j1 j2
, H(a1a2)

j1 j2
, specifies the time scale of coarse graining which is necessary to derive the GKLS

master Equation (3). In the limit of s!•, this master equation reduces to that with the rotating
wave approximation that neglects transition via energy non-conserving processes. The GKLS master
equation preserves the trace and complete positivity.

The master Equation (3) was applied to the two detectors system in de Sitter space for the purpose
of investigating long time evolution of negativity beyond the Hubble time scale [5]. In the analysis of
the present paper, we concentrate on short time evolution from the initial state and do not solve this
equation exactly. In such a restricted situation, as we will show in Section 3, prediction by the master
Equation (3) coincides with that of the detectors with finite interaction time that is usually imposed by
introducing an appropriate switching function of detector.

To examine detection of entanglement of the quantum field, we consider a solution of the master
Equation (3) with a separable initial condition and judge the separability of the detectors state after
evolution. For Dt = t � t0 ⌧ 1/w, the solution with the initial state r0 = r(t0) is

r(t) = r0 + Dt (�i[Heff, r0] + L[r0]) . (9)

For the initial separable state of detectors r0 = |0 · · · 0ih0 · · · 0|, Heff and r0 commutes each other
and the state after evolution can be written as

r(t) = r0 + DtL[r0]. (10)

Thus the entanglement of the state r is completely determined only by the operator L[r0].
From now on, we examine the state (10).

We divide m + n detectors to two groups and assign labels of detectors as

A: a 2 1, · · · , m, B: a 2 m + 1, · · ·m + n. (11)

For simplicity of analysis, we assume the distance between two groups is r, and the distance
between two detectors belonging to the same group is d (see Figure 1). We denote possible states of
m + n detectors after evolution as follows:

• |0 : 0i = |0, · · · 0 : 0, · · · 0i: ground state.
• |i : 0i: i-th detector in group A is excited.
• |0 : ii: i-th detector in group B is excited.
• |i1 : i2i: i1-th detector in group A and i2-th detector in group B are excited.
• |i1i2 : 0i: i1-th and i2-th detectors (i1 6= i2) in group A are excited.
• |0 : i1i2i: i1-th and i2-th detectors (i1 6= i2) in group B are excited.

• C(0) ⌘ C(i1i2)
�

�

�

i1=i2
, C(r) ⌘ C(i1i2)

�

�

�

i12A,i22B
.
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• C(d) ⌘ C(i1i2)
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.

As we will see, the following coefficients [5] in the master Equation (3) are necessary to calculate
the negativity,
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where the time coarse graining parameter s must satisfy Hs < 1 to guarantee the assumption to derive
the master Equation (3). The parameter s corresponds to the width of switching function in analysis of
the standard particle detector model. By applying the saddle point approximation, which is correct for
parameters with 1/w < s < 1/H, s < r, these coefficients can be evaluated as

C(r)
�+ = 2g2e�w2s2

sD(rc, t + s,�iws2), C(r)
++ = 2g2e�w2s2
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For the massless conformal scalar field in de Sitter spacetime with a spatially flat time slices,
these coefficients are given by [4,5]
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where q ⌘ Hs2w < p, and r = eNrc  eN H�1 denotes the physical separation between detectors at
e-folding time of inflation N = H ⇥ (t0 + s). For the massless minimal scalar field,
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where k0 is the infrared cutoff corresponding to the comoving size of the inflating universe k0 = H
and Ei(�x) = �

R •
x

dy
y e�y is the exponential integral.

As a warm up, we first review the 1 + 1 detectors case, which is often adopted as a model of
entanglement harvesting in numerous situations.

3. Negativity for 1 + 1 Detectors System (Two Qubits Case)

For the initial separable state of detectors (We adopt the basis {|1 : 1i, |1 : 0i, |0 : 1i, |0 : 0i}, which
is descending order of states in binary numbering.)

r0 = |0 : 0ih0 : 0| =

0

B

B

B

@

0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 1

1

C

C

C

A

, (17)
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As a warm up, we first review the 1 + 1 detectors case, which is often adopted as a model of
entanglement harvesting in numerous situations.

3. Negativity for 1 + 1 Detectors System (Two Qubits Case)

For the initial separable state of detectors (We adopt the basis {|1 : 1i, |1 : 0i, |0 : 1i, |0 : 0i}, which
is descending order of states in binary numbering.)

r0 = |0 : 0ih0 : 0| =

0

B

B

B

@

0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 1

1

C

C

C

A

, (17)
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State of 2n qubit system is obtained as solution of master equation
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Entanglement between 3-quit detectors
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GHZ type structure

r

A

B1 B2

r r

residual:=
N .A WB1B2/2 � N .A WB1/2 � N .A WB2/2

<latexit sha1_base64="ynXbAdz8tQW2MHL8iIkg2ThuZS4="></latexit><latexit sha1_base64="3x+RJ/138h0P03ZarPR2Coj6nWU="></latexit><latexit sha1_base64="3x+RJ/138h0P03ZarPR2Coj6nWU="></latexit><latexit sha1_base64="3x+RJ/138h0P03ZarPR2Coj6nWU="></latexit>

This quantity is positive by monogamy 

relation for qubits system
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Detection of super horizon scale entanglement is possible 
with multiple detectors

r
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Entanglement of (n+n)-quit detectors
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Effect of multipartite entanglement: 
increases non-local correlation and reduces local noise
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 Multipartite entanglement, monogamy and separable state

● Circuit model of BH evaporation

formation of GHZ type state emergence of separable state 

between BH & R for low frequencymonogamy

For (n+n) detectors, it is possible to access entanglement of

quantum field beyond horizon scale

 A pair of qubit detectors cannot reveal entanglement beyond 
 super horizon horizon

● Entanglement harvesting in de Sitter space

Local noise of de Sitter space kills quantum correlation

(but this is related to monogamy of entanglement)
This behavior can be understood from monogamy of

qubit-qubit-environment (quantum field)

Multipartite entanglement is crucial to reduce local noise and

enhance non-local correlation
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Structure of Multipartite Entanglement: Monogamy

N 2
AjBC � N 2

AjB C N 2
AjC A

B

C
A

B

C

B
A

C
� C

prohibits cloning of an unknown quantum state 

Residual: N 2
AjBC � N 2

AjB � N 2
AjC measure of multipartite entanglement

Monogamy of entanglement: property of entanglement sharing
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B
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 ∴  Residual =
B

A
C

pure tripartite entanglement

For super horizon mode in de Sitter space,

A
B

C
A

B

C

B
A

C
C C

B
A

C
D

=0

Multipartite effect is responsible

for large scale entanglement

group1 group2

group1 group2
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Monogamy and Separability
• Is it possible to say something about emergence of  

separable state just applying monogamy inequality?
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These inequalities are trivially satisfied and do not

 proved any useful information on relation between

 separability and strength of entanglement
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Standard monogamy relation:
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This inequality does not bound strength of correlation between B1 and B2

as a function of correlation between A and (B1B2)

A new monogamy inequality:
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For maximally entangled system B1B2,      QE.B1 W B2/ D QE
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and this inequality says E.A W B1B2/ D 0
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relation usually used to illustrate entanglement monogamy
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purification parter


