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Approximations in light-matter interaction

+hν

Full model: Quantum EM field (Âµ) and minimal interaction (p̂ · Â),

Dipole approximation: Quantum EM field (Âµ) and dipole interaction (r̂ · Ê),

Unruh DeWitt: Quantum scalar field (φ̂) and monopole coupling (σ̂x φ̂).

Further approximations: Rotating wave approximation (RWA) and single mode
approximation (SMA).
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Unruh DeWitt: Quantum scalar field (φ̂) and monopole coupling (σ̂x φ̂).

Further approximations: Rotating wave approximation (RWA) and single mode
approximation (SMA).

Nicholas Funai RWA & Causality



RWA

UdW: (Note: ω = |k| and Ω is the detector energy gap.)

ĤUdW
I = χ(t)σ̂x (t)

∫
d3x F (x)φ̂(x , t)

= χ(t)
(
σ̂+eiΩt + σ̂−e−iΩt

)∫
d3x F (x)

∫
d3k

(2π)3/2
√

2ω

(
âke
−iωt+ik·x + â†ke

iωt−ik·x
)

= χ(t)

∫
d3x F (x)

∫
d3k

(2π)3/2
√

2ω

(
âk σ̂

+e−i(ω−Ω)t+ik·x + â†k σ̂
−ei(ω−Ω)t−ik·x

+ âk σ̂
−e−i(ω+Ω)t+ik·x + â†k σ̂

+ei(ω+Ω)t−ik·x
)
,

RWA:

“Excitation preserving”

ĤRWA
I = χ(t)

∫
d3x F (x)

∫
d3k

(2π)3/2
√

2ω

(
âk σ̂

+e−i(ω−Ω)t+ik·x + â†k σ̂
−ei(ω−Ω)t−ik·x

)
.
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Lore: RWA is good for long times.

UdW probability of vacuum qubit excitation:

P (|−z〉 → |+z〉) =

∫
d3k

(2π)32ω
|F (k)|2

∞∫
−∞

dt1 χ

(
t1

T

)
e−i(ω+Ω)t1

∞∫
−∞

dt′1 χ

(
t′1
T

)
ei(ω+Ω)t′1

︸ ︷︷ ︸
→δ(ω+Ω)

,

UdW probability of vacuum qubit emission:

P (|+z〉 → |−z〉) =

∫
d3k

(2π)32ω
|F (k)|2

→δ(ω−Ω)︷ ︸︸ ︷
∞∫
−∞

dt1 χ

(
t1

T

)
e−i(ω−Ω)t1

∞∫
−∞

dt′1 χ

(
t′1
T

)
ei(ω−Ω)t′1 ,

RWA claim: The RWA transition probabilities become exact when TΩ� 1.

We will present:

RWA acausal energy density plots and asymptotic behaviour.

Exact description of interaction Hamiltonian non-locality.

A stronger criterion for RWA applicability.

How results change within a cavity.
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Is RWA good? ĤRWA
I non-locality.

ĤRWA
I cannot be written with local operators (Clerk and Sipe 1998).

ĤRWA
I = χ(t)

∫
d3xF (x)

∫
d3k

(2π)3/2
√

2ω

(
âk σ̂

+e−i(ω−Ω)t+ik·x + â†k σ̂
−ei(ω−Ω)t−ik·x

)
,

6= χ(t)

∫
d3x F (x)

(
λφ̂(x , t) + µπ̂(x , t)

)

âk =
1

(2π)
3
2

∫
d3x

(√
ω

2
φ̂(x , t) +

i
√

2ω
π̂(x , t)

)
eiωt−ik·x ,

â†k =
1

(2π)
3
2

∫
d3x

(√
ω

2
φ̂(x , t)−

i
√

2ω
π̂(x , t)

)
e−iωt+ik·x .

∫
d3x F (x)σ̂x (t)φ̂(x , t)→

1

2

(
σ̂+eiΩt + σ̂−e−iΩt

)∫
d3x F (x)φ̂(x , t)

−
i

(2π)2

(
σ̂+eiΩt − σ̂−e−iΩt

)∫
d3x F (x)

∫
d3y

π̂(y , t)

|x − y |2
,
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ĤRWA
I non-locality.

x

UdW RWA

x
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RWA causality effects on field observables

Now consider

F (x) = Θ(R − |x |),
χ(t) = Θ(t).

|x |

F

t

χ(t)

Û |0〉 |+z〉 =

I− i

T∫
−∞

dt1 ĤI(t1)−
T∫

−∞

dt1

t1∫
−∞

dt2ĤI(t1)ĤI(t2)

 |0〉 |+z〉 ,

ĤUdW
I = χ(t)

(
σ̂+eiΩt + σ̂−e−iΩt

)∫
d3x F (x)

∫
d3k

(2π)3/2
√

2ω

(
âke
−iωt+ik·x + â†ke

iωt−ik·x
)
,

ĤRWA
I = χ(t)

∫
d3x F (x)

∫
d3k

(2π)3/2
√

2ω

(
âk σ̂

+e−i(ω−Ω)t+ik·x + â†k σ̂
−ei(ω−Ω)t−ik·x

)
.

Nicholas Funai RWA & Causality



RWA causality effects on field observables

Now consider

F (x) = Θ(R − |x |),
χ(t) = Θ(t).

|x |

F

t

χ(t)
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√

2ω
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âke
−iωt+ik·x + â†ke

iωt−ik·x
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d3x F (x)
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√

2ω
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âk σ̂
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Perturbative plots - Full model

151 152 153 154 155

5.×10-8

1.×10-7

1.5×10-7

|x|
R

λ−2R4
⟨
: T̂00(x) :

⟩
Energy distribution - No Approx, T = 150R

ΩT = 600

Ω = 4R−1. Causal boundary/light cone surface at |x| /R = 150 + 1.
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Perturbative plots - RWA
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|x|
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λ−2R4
⟨
: T̂00(x) :

⟩
Energy distribution - RWA, T = 150R

ΩT = 600

Ω = 4R−1. Causal boundary/light cone surface at |x| /R = 150 + 1. Note: No improvement with time.
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Should RWA be used for field observable expectations?

〈
: φ̂2(x , t) :

〉
Full

=
λ2

4(2π)6

(
2
∣∣M1

e

∣∣2 −M2
e −M2∗

e

)
,

〈
: φ̂2(x , t) :

〉
RWA

=
λ2

4(2π)6

(
2
∣∣M1

e

∣∣2) ,
M1

e (x , t) :=

∫
d3k
ω

F̃ (k)eiωt−ik·x
t∫
−t

dt1 χ(t1)e−i(ω−Ω)t1 ,

M2
e (x , t) = 2

∫
d3kd3k ′

ωω′
F̃ (k)F̃ (k ′)eiωt−ik·xeiω

′t−ik′·x

t∫
−t

dt1

t1∫
−t

dt2 χ(t1)χ(t2)e−i(ω+Ω)t1−i(ω′−Ω)t2 .

Note, M2
e requires 2nd order Dyson expansion.
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M2
e (x, t) = 2

∫
d3kd3k′

ωω′
F̃ (k)F̃ (k′)eiωt−ik·xeiω

′t−ik′·x

t∫
−t

dt1

t1∫
−t

dt2 χ(t1)χ(t2)e−i(ω+Ω)t1−i(ω′−Ω)t2 ,

i.e. Light cone is at |x| = 2t.

=
2

(2π)4 |x|2
∫

dω dω
′ F̃ (ω)F̃ (ω′)

1

−i(ω′ − Ω)

[
ei(ω+ω′)|x| − ei(ω+ω′)(2t+|x|)

−i(ω + ω′)
− e−2iΩt+iω|x|+iω′(2t+|x|) − ei(ω+ω′)(2t+|x|)

−i(ω + Ω)

]

+
i

−i(ω′ − Ω)

[
ei(ω−ω′)|x| − eiω(2t+|x|)+iω′(2t−|x|)

−i(ω + ω′)
− e−2iΩt+iω|x|+iω′(2t−|x|) − eiω(2t+|x|)+iω′(2t−|x|)

−i(ω + Ω)

]

+
i

−i(ω′ − Ω)

[
e−i(ω−ω′)|x| − eiω(2t−|x|)+iω′(2t+|x|)

−i(ω + ω′)
− e−2iΩt−iω|x|+iω′(2t+|x|) − eiω(2t−|x|)+iω′(2t+|x|)

−i(ω + Ω)

]

− 1

−i(ω′ − Ω)

[
e−i(ω+ω′)|x| − ei(ω+ω′)(2t−|x|)

−i(ω + ω′)
− e−2iΩt−iω|x|+iω′(2t−|x|) − ei(ω+ω′)(2t−|x|)

−i(ω + Ω)

]
.

RWA→UdW as Ωt →∞, provided |x| � 2t.
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Where can we use RWA?

x

t
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Communications setup

Now consider 2 qubits

Fj (x) = Θ(Rj − |x |),

χj (t) = Θ(t − t ij )Θ(tfj − t).

x

t

QA

QB

Mart́ın-Mart́ınez (2015), PRD 92,104019
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Communications setup

x

t

QA

QB

Mart́ın-Mart́ınez (2015), PRD 92,104019
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Communication Plots - Full model
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|d|
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Integrated no approx detector response function

RA = RB = 1, ΩA = ΩB = 1. χA = 1 for t ∈ (0, 10), χB = 1 for t ∈ (13, 23).
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Communication Plots - RWA
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RA = RB = 1, ΩA = ΩB = 1. χA = 1 for t ∈ (0, 10), χB = 1 for t ∈ (13, 23).
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Asymptotics

χ(t) = Θ(t), i.e. sudden switching, F (x) = Θ(R − |x |), i.e. solid sphere, hard cutoff.

〈
: T̂00(x) :

〉
RWA
∼

16λ2 sin2
(

tΩ
2

)
9π2 |x |6 Ω2

,
〈

: φ̂2(x) :
〉

RWA
∼

8λ2 sin2
(

tΩ
2

)
9π2Ω2 |x |4

,

Channel capacity ∼
1

|d |2

Polynomial violations of causality, |x | � t.

This decay rate is independent of tΩ.

Causality violation does not improve with increasing tΩ.

RWA does not always work for long times!

x

t
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What about cavities?

∫
d3x F (x)σ̂x (t)φ̂(x , t)→

1

2

(
σ̂+eiΩt + σ̂−e−iΩt

)∫
d3x F (x)φ̂(x , t)

−
i

(2π)2

(
σ̂+eiΩt − σ̂−e−iΩt

)∫
d3x F (x)

∫
d3y

π̂(y , t)

|x − y |2
.

Consider a cavity [0, L1]× [0, L2]× [0, L3]

Li∫
0

d3x F (x)σ̂x (t)φ̂(x , t)→
1

2

(
σ̂+eiΩt + σ̂−e−iΩt

) Li∫
0

d3x F (x)φ̂(x , t)

+
4i

π3

(
σ̂+eiΩt − σ̂−e−iΩt

) Li∫
0

d3x F (x)

Li∫
0

d3y π̂(y , t)

×
∞∑

m=1

∆k
ωm

3∏
i=1

sin

(
πmixi

Li

)
sin

(
πmiyi

Li

)
︸ ︷︷ ︸

Non-local kernel

.
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Cavity Ĥint non-locality
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Non-local kernel RWA-interaction H non-locality
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Cavity Ĥint non-locality
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Long-times in cavities

M1
e =

∑
m 6=0

∆k
ω

G(k)

i
ei(ωt−k·x)

∞∫
−∞

dt1 χ(t1)e−i(ω−Ω)t1 ,

M2
e =

∑
m,m′ 6=0

∆k2

ωω′
(−1)G(k)G(k ′)ei(ωt−k·x)+i(ω′t−k′·x)

×
∞∫
−∞

dt1

t1∫
−∞

dt2 χ(t1)χ(t2)
(
e−i(ω+Ω)t1e−i(ω′−Ω)t2 + e−i(ω′+Ω)t1e−i(ω−Ω)t2

)
,

〈
: φ̂2(x , t) :

〉
Full

=
λ2

4(2π)6

∑
i∈{e,g}

Π̂i

[
2
∣∣M1

i

∣∣2 −M2
i −

(
M2

i

)∗ ]
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1st order time integral
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2nd order time integral
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Conclusion

The RWA always gives polynomial causality violations.

RWA should not be used to model detectors measuring correlations
(non-locality/causality violations taint prediction)

Inside the lightcone, far from light surface and qubit the RWA works best, for field and
qubit observables.

Cavities also suffer polynomial non-localities.
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