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“In theory, there is no difference between theory and practice.
But, in practice, there is.” by Jan L. A. van de Snepscheut

On the assumption of Hilbert space dimension

@ Polarization of a photon =- qubit!
@ A photon has many other degrees of freedom: e.g.,
frequency, spatial mode, time bin.

@ Polarization measurement never depends only on
polarization, it depends also on other degrees of freedom!
= not a qubit measurement!
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@ Device-independent (DI) way to verify entanglement?
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Example: The Clauser-Horne-Shimony-Holt-Bell inequality

[ RVaVaVaVaVaVall 17 aVaVaVaVaVaV )

.
Alice -\/\/\/vv\/\ W] AAAAAA Bob
x e {1,2} y € {1,2}
n /> = L@l — ) @ |Tz>\ n
Joint conditional probability:
i P(a, blx,y) i
ae {+1,-1} Correlator/ Correlation function: b e {+1, -1}

EXy = Za,babp(avb‘x7y)
=2_.Pla=blx,y) — P(a# blx,y)

ule

c

ScHsH S Ei1+Eo+Exq—Exn<2

Scrsn < 2V2 ifW=W", y=1,2 5 — (X +2), (X - 2),
x=12->X%2

* Stern Gerlach magnet picture from http://www.upscale.utoronto.ca/PVB/Harrison/SternGerlach/SternGerlach.html
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Bell inequality as a device-independent entanglement witness

@ Message #2: With local measurements, entanglement is
necessary to produce Bell inequality violation.

ﬁ “““ Alice 3000 B s Bob ﬁ """
I : : :4y’

a If P(a, b|x,y) = tr(p My, ® My, b
#> -, g P(alx, \)P(bly, X) = pis entangled!

@ Conclusion drawn directly from measurement statistics,
independent of dimension of p nor any assumption/

knowledge of the device implementing M;“X, ng!

@ Bell inequality is a device-independent entanglement
witness (DIEW).
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Motivation from other considerations

Black-box analysis: why bother?

@ Easier for theorists to understand the experimental result
without having “experts’ knowledge”.

..... . & NNANNNN [Pl ANANNN @
ﬁ Alice ¢ NN [P] ANANANAN @ Bob ﬁ
I . . S
X y

| o AN [B] AR 0 |

a P(a, blx,y) b

@ Validity of statement is less prone to systematic error.’

"Rosset, Ferretti-Schébitz, Bancal, Gisin, YCL; Phys. Rev. A, 2012.
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Motivation from other considerations

A “loophole” in standard entanglement certification method

@ Entanglement witness® for two-qubit Werner state
1
4

7

@ A way out: Report also potential systematic uncertainty in
experimental data.

@ Better: are there witnesses invariant for every ¢?

1

1 A oA o
W|u,,>:§]l®2—\\U*)(W*]: ]1®2+Zka-a®mk-a,
k=1

Hllbert space

3Giihne & Toth, Phys. Rep., 2009.
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Device-independent entanglement certification

Device-independent entanglement withess (DIEW) |

@ In the two-party case, Bell inequalities are the only DIEW.
@ To detect full multipartite entanglement, i.e., states that
cannot be written in the (biseparable) form

C k AC|B k k: BC|A k k
pr — Z k1 | A1B®p +Z q | pA2C® 2+Z q | 3 3 ,
ki

Bell violation is insufficient (cf., W) = [W~) 45 ® |0)¢)
@ Biseparable states must give biseparable correlations Qéﬂ :

P(a7 b7 C|X7.y7 /1 Z qAB|C PQ a b’mea )‘3) P(C’Z, A3)
+3 0. a P Pa clx, 2, X2) P(bly. A2)
+3 " a a0 PO(b, cly, 2, M) Palx, A1)
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@ The set of biseparable correlations Qéﬂ is convex

P(a,b,c|x,y,z) % 3 G PO(a, blx, y, As) P(clz, As)
+> qAClB P9(a, c|x,z,\2) P(bly, \2)
+3 a @UFC Pob, cly, 2, M) Plalx, M)

and is a superset of (Bell-local) correlations L3 of the form

P(a,b,clx,y,2) =Y xqaP(alx, \)P(bly, \)P(c|z, \)

@ In general, Qz'/1 is a subset of the set of tripartite quantum

correlations Q,: P(a, b, c|x,y,z) = tr(p Mj, © Mg, & MS,)

e Identification of P € Q; with P ¢ Q, 4 certifies that p must
be genuinely tripartite entangled.
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@ Message #3: Genuine multipartite entanglement can be
certified by the violation of Bell-like inequalities.*

“Bancal, Gisin, YCL, Pironio, Phys. Rev. Lett., 2011; P4l & Vértesi, Phys.
Rev. A, 2011; Bancal, Branciard, Brunner, Gisin, YCL,dJ. Phys. A;2012.
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Entanglement depth: The extent of many-body entanglement Il

@ Message #4: Entanglement depth can be certified via the
violation of Bell-like inequalities (device-independent
witnesses for entanglement depth, DIWED).8

8YCL, Rosset, Bancal, Piitz, Barnea, Gisin, Phys. Rev. Lett., 2015;
Curchod, YCL, Gisin, Phys. Rev. A, 2015.
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@ A family of n-partite, 2-setting, 2-outcome Bell
inequalities:™*

LHV

Tn:Sp=2""" 3" Ep(X)— Ep(Ty) <1
Xe{0,1}n

4YCL, Rosset, Bancal, Piitz, Barnea, Gisin, Phys. Rev. Lett., 2015.
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@ A family of n-partite, 2-setting, 2-outcome Bell
inequalities:'*

In . Sn = 21 -n Z En()?) — En(Tn) L%V 1
Xe{0,1}n
@ A family of DIWED:
k-pr?dtucible
Th: 2" N EX) - Ex(Th) < S
Xe{0,1}7

4YCL, Rosset, Bancal, Piitz, Barnea, Gisin, Phys. Rev. Lett., 2015.
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@ A family of n-partite, 2-setting, 2-outcome Bell
inequalities:'*
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@ A family of DIWED:
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k |2 3 4 5 6 7 8
S* | vV2 3 1.8428 1.9746 20777 2.1610 2.2299 3

4YCL, Rosset, Bancal, Piitz, Barnea, Gisin, Phys. Rev. Lett., 2015.
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Bounding entanglement directly from correlations?

¢ NN [Pl AN e L o

“““ Alice Bob
{Mf\x} ﬁ X%-\/\/\/\/\/\/\ﬂfv\/\/v\/\n4}/> {Mﬁy}

a Joint conditional probability: b
P(a,b|x,y) =tr[p Mflx ® Mfly]
4

p entangled? =2 How much?

@ How do we quantify entanglement — using entanglement
monotones — from Bell inequality violating correlations?

@ Via semidefinite programming!

@ A semidefinite program (SDP) is a convex optimization
problem that can be efficiently solved on a computer.
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SMoroder, Bancal, YCL, Hoffmann, Giihne, Phys. Rev. Lett. (2013).
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Bounding entanglement directly from correlations: key idea

@ Message #5: Via SDP, lower bound on (genuine) negativity
is possible from Bell-inequality-violating correlations.®

Underlying state p

Separable CP map iw Entanglement non-increasing

P(a, b|x,y) |—| Moment matrix x(p) |— |Entanglement E[p’] = E[x(p)]
(Density matrix p’)
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@ Message #5: Via SDP, lower bound on (genuine) negativity
is possible from Bell-inequality-violating correlations.®

Underlying state p Entanglement E[p]

Separable CP map iw Entanglement non-increasing T Lower bound

P(a, b|x,y) |—| Moment matrix x(p) |— |Entanglement E[p’] = E[x(p)]
(Density matrix p’)

SMoroder, Bancal, YCL, Hoffmann, Giihne, Phys. Rev. Lett. (2013).
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Device-independent entanglement quantification

Bounding entanglement directly from correlations: examples |

@ Minimal negativity for given quantum violation of CHSH
Bell inequality:

v-—-2
N / =v]> —
[paB |lcusu ]_4\@_4

@ Minimal genuine negativity for given violation of 3-party,

2-setting, 2-outcome Svetlichny inequality ko < 4:
v—4
8(v2—1)

Nglpasclhz = v] >

@ Nontrivial device-independent lower bound on the linear
entropy of entanglement can also be computed directly
from the amount of Bell-inequality violation.™®

19T6th, Moroder, Gilhne, Phys. Rev. Lett. (2015).
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Bounding entanglement directly from correlations: examples Il

@ Minimal negativity for given quantum violation of i2233"
Bell inequality:

Minimum Negativity
o
[

. ; ; ; . ;
0 0.05 0.1 0.15 0.2 0.25 0.3
Quantum value for i2233

"Collins & Gisin, J Phys A, 2004; Kaszlikowski et al., Phys. Rev. A, 2002;
Collins et al., Phys. Rev. Lett., 2002
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Device-independent bounds on dimension of state space

@ Minimal negativity for given quantum violation of i2233"
Bell inequality:

Negativity N of state

o
©

peChgC®

o
®

o
3

satisfies

N < %, d < min{d;, b}

=3
o

Minimum Negativity
o o
>

o
w

o
N

0.1

. ; ; ; . ;
0 0.05 0.1 0.15 0.2 0.25 0.3
Quantum value for i2233

"Collins & Gisin, J Phys A, 2004; Kaszlikowski et al., Phys. Rev. A, 2002;
Collins et al., Phys. Rev. Lett., 2002
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@ Minimal negativity for given quantum violation of i2233"
Bell inequality:

Negativity N of state

o
©

0.8 pE (Cd1 ® (Cdz
>~07 . .
E satisfies
go.s
S d— 1 ,
N < =5 d<min{d, b}
= 0.3
02 e.g., Quantum value of
0.1

i2233 = 0.25 = Qutrit or
0 0.65 D.‘l 0.‘15 0‘.2 0.‘25 0‘.3 hlgher dimension

Quantum value for i2233

"Collins & Gisin, J Phys A, 2004; Kaszlikowski et al., Phys. Rev. A, 2002;
Collins et al., Phys. Rev. Lett., 2002
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Device-independent bounds on dimension of state space

@ Message #6: Strength of Bell-inequality violation may
reveal dimension information - dimension witness.!

0.9

0.8

0.7

0.6

0.5

Minimum Negativity

0.4

0.3

0.2

0.1

; ; ; ; ; ;
0 0.05 0.1 0.15 0.2 0.25 0.3
Quantum value for i2233

Negativity N of state
peChgC®

satisfies
a-1
2

e.g., Quantum value of

N < ,d <min{d;, dz}

i2233 = 0.25 = Quitrit or
higher dimension

" Brunner, Pironio, Acin, Méthot & Scarani, Phys. Rev. Lett., 2008.
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Alice Bob
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Ma(x) Mg(y)
P(a, b|x, y) = Minimal negativity
i = Local Hilbert space Dimension i
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@ Dimension bound directly from the strength of a Bell
inequality violation is possible via SDP.
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Alice Bob
x € {0,1} y € {0,1}
Mga(x) Mg(y)
P(a, blx,y)
i = Local Hilbert space Dimension i
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Dimension witnesses

Device-independent bounds on dimension of state space Il

@ Dimension bound directly from the strength of a Bell
inequality violation is possible via SDP.

@ Examples:
C2@eC?
bo3zz < 0.2071 (0.3053),
C3@Cs
bosa < 0.3137 (0.3648),
C2RC2RC?2

Icoincidence < 3.7239 (4.3723),
C2RC>®C>
ICoincidence S 4.1465 (43723)

@ Dimension-dependent bound on Bell-inequality violation
can also be computed directly using SDPs.'?

2Navascués, de la Torre, and Vértesi, Phys. Rev. X, 2014; Navascués,
Feix, Araujo, and Vértesi, Phys. Rev. A, 2015.




DI entanglement certification, quantification & beyond
@000

Steerability & measurement incompatibility

The various levels of trusts

o NN [Pl AN e

T Alice ¢ an[Ane BOD [T Full level of trust
{ a\x} X Lo y @ {Mb\y} “Conventional” approach
i o N [Pl A e i {( alx b\y }p
Hermitian (witness) operator
a b
..... . LRVAVa aVaVE)
" Alice ¢~ [7 e BObD No trust “at all”
M2, R i {Mg,} Device-independent
o NN [P Anve Correlation P(a, b|x, y)
i i Bell-like inequalities



DI entanglement certification, quantification & beyond
@000

Steerability & measurement incompatibility

The various levels of trusts

o NN [Pl AN e

=" Alice evvn @ e Bob e Full level of trust
{ a\x} X Lo y @ {Mb\y} “Conventional” approach
i o N [Pl A e i {( alx b\y }p
Hermitian (witness) operator
a b
..... . ® NN AV VX
" Alice ¢~ [7 e BObD No trust “at all”
M2, R i {Mg,} Device-independent
o [Pl v e Correlation P(a, b|x, y)
i i Bell-like inequalities
a b
..... . [ XVaVa) ALV @
{MA 1 :A“ﬁ vV, B vve E, {MB 1} One side is trusted
a|x oL bly . .
X o y 1-sided device-independent
i [ RVAVal A e i



DI entanglement certification, quantification & beyond
@000

Steerability & measurement incompatibility

The various levels of trusts

o NN [Pl AN e

== Alice eon [ ave Bob [ Full level of trust
{ a\x} X Lo y @ {Mb\y} “Conventional” approach
i e Pl anve i {( alx © b\y }P
Hermitian (witness) operator
a b
..... . ® NN AV VX
" Alice ¢~ [7 e BObD No trust “at all”
M2, R i {Mg,} Device-independent
e [Pl arve Correlation P(a, b|x, y)
i i Bell-like inequalities
a b
..... . [ XVaVa) ALV @
{MA 1 :A“ﬁ vV, B vve E, @ {MB 1} One side is trusted
alx X : . : . y bly . . .
T DA 1-sided device-independent
| | {{MB)a s APt}



DI entanglement certification, quantification & beyond
@000

Steerability & measurement incompatibility
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o NN [Pl AN e
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{ a\x} X Lo y @ {Mb\y} “Conventional” approach
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Hermitian (witness) operator
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..... . ® NN AV VX
" Alice ¢~ [7 e BObD No trust “at all”
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U DA 1-sided device-independent
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a b Steering inequalities
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Schrédinger: “It is rather discomforting . .. system to be steered or
(1935) piloted into one or the other type ... in spite of [her] having
no access to it
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Wiseman, Jones & Doherty (Phys. Rev. Lett., 2007)
Local-hidden-state (LHS) model:
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Steerability & measurement incompatibility

Einstein-Podolsky-Rosen-Schrodinger-steering

Alice . Bob
{I\/I;‘X} ‘TAH Or: — pa|x:trA(PM§‘X®1B)

a
= 1000, then for { 7= MEESHIEMENt = sy x /0L 1)1

ox measurement = payx o {|+)(+[, |— )X~}

Schrédinger: “It is rather discomforting . .. system to be steered or
(1935) piloted into one or the other type ... in spite of [her] having
no access to it

Wiseman, Jones & Doherty (Phys. Rev. Lett., 2007)
Local-hidden-state (LHS) model: px = >, PaD(alx,\)éx V¥ x,a

p has no LHS model for some { M} a: steerable (from Alice to Bob)
p admits a LHS model for all { M, }x.a: non-steerable (from Alice to Bob)
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@ Steerability can be quantified: steerable weight'® and
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information processing tasks.?

3Skrzypczyk, Navascués, Cavalcanti, Phys. Rev. Lett., 2014.
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@ Bell-inequality-violating = Steerable = Entangled.

@ Steerability can be quantified: steerable weight'® and
steering robustness (SR).'#

@ SR < probability of success in certain quantum
information processing tasks.3

@ Steerable {p,x}ax < {Max}x,a NOt jointly measurable.'>16

3Skrzypczyk, Navascués, Cavalcanti, Phys. Rev. Lett., 2014.
“Piani & Watrous, Phys. Rev. Lett., 2015.

SQuintino, Vértesi, Brunner, Phys. Rev. Lett., 2014.

®Uola, Budroni, Gilhne, Pellonp4a, Phys. Rev. Lett.;2015.
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@ The incompatibility of {M;“X}X,a can be quantified using
incompatibility robustness (IR).

@ It can be shown that |R({Mﬁx}x,a)ZSR({pa|x}a,x)-17

@ Device-independent lower bound on SR({pzx }a.x) can be
computed via SDP

7Chen, Budroni, YCL, Chen, Phys. Rev. Lett., 2016; Cavalcanti &
Skrzypczyk, Phys. Rev. A, 2016.
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@ It can be shown that IR({ng}m)ESR({paM}&X)ﬁ7
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computed via SDP

7Chen, Budroni, YCL, Chen, Phys. Rev. Lett., 2016; Cavalcanti &
Skrzypczyk, Phys. Rev. A, 2016.



DI entanglement certification, quantification & beyond
oooe

Steerability & measurement incompatibility

Incompatibility robustness vs steering robustness

..... . [Pl v e
Alice o5 Bob
] o Bt o [0
X . N N . y y

| oA ] A e |

@ The incompatibility of {M;“X}X,a can be quantified using
incompatibility robustness (IR).

@ It can be shown that |R({Mﬁx}x,a)ZSR({pa|x}a,x)-17

@ Device-independent lower bound on SR({pzx }a.x) can be

computed via SDP = device-independent lower bound on
on IR({Mg, }x.2)

7Chen, Budroni, YCL, Chen, Phys. Rev. Lett., 2016; Cavalcanti &
Skrzypczyk, Phys. Rev. A, 2016.
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@ The incompatibility of {M;“X}X,a can be quantified using
incompatibility robustness (IR).

@ It can be shown that IR({M}, }x,a)>SR({pax}ax)."”

@ Device-independent lower bound on SR({pzx }a.x) can be
computed via SDP = device-independent lower bound on
on IR({Mg, }x.2)

@ Message #7: Steerability & measurement incompatibility
can be estimated directly from observed P(a, b|x, y)

7Chen, Budroni, YCL, Chen, Phys. Rev. Lett., 2016; Cavalcanti &
Skrzypczyk, Phys. Rev. A, 2016.
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@ Self-testing:'® to certify directly from measurement
statistics that quantum devices — preparation devices &
measurement devices — function as expected.

@ Given correlation P(a, b|x, y) or observed Bell violation,
bound “quality” of devices by some distance measures:

[[Aa ® Ag(p) — Wtarget><77/)target’AB ® |90><90’A’B’H <e
H/\A(MA )_MA ®OA\XH <6 HAB(ML‘?W)_MEW@OEWH Se
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8Mayers & Yao, Quant. Inf. Comput. , 2004.
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@ Message #8: Self-testing of certain pure entangled states
is possible when one observes reatr-maximat good'®
quantum violation of certain Bell inequalities.

@ A general numerical technique — “SWAP”20 technique
(based on SDP) — can be applied to lower bound directly
from observed correlations the fidelity with respect to the
target state.

9Kaniewski, Phys. Rev. Lett., 2016
20Yang, Vértesi, Bancal, Scarani & Navascués, Phys, Rev. Lett;, 2014
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