Feedback Control and Counting Statistics in Quantum

Transport
Tobias Brandes (Institut fiir Theoretische Physik, TU Berlin)

@ Quantum Transport

» Example: particle counting.
» Moments, cumulants, generalized density operators.
» Quantum dots.

@ Feedback control

» Introduction.
» Theoretical model.
> A recent experiment with quantum dots.
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Transport Master Equation

@ Transitions of a system between states n =0,1,2, ...

> at rate ,: forward transition from nto n+ 1.
> at rate 7,: backward transition from nto n— 1.

@ p(n,t): probablity to find the system in state n at time t.
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Transport Master Equation

@ Transitions of a system between states n =0,1,2, ...

> at rate ,: forward transition from nto n+ 1.
> at rate 7,: backward transition from nto n— 1.

@ p(n,t): probablity to find the system in state n at time t.

@ Temporal change

dp(n,t) = —p(n, t)(yn + Fn)dt + p(n — 1, t)ys_1dt 4+ p(n + 1, t)Fpr1dt
dp(0,t) = —p(0, t)yodt + p(1, t)y1dt.
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Transport Master Equation

@ Transitions of a system between states n =0,1,2, ...

> at rate ,: forward transition from nto n+ 1.
> at rate 7,: backward transition from nto n— 1.

@ p(n,t): probablity to find the system in state n at time t.

@ Temporal change

dp(na t) = _p(n7 t)(’)/n + ﬁn)dt + P(” - ]-a t)'}/nfldt + p(n + 1? t)i’nJrldt
dp(oa t) = _p(oa t)%dt + P(17 t)ﬁldt-

@ In matrix form as p(t) = Mp(t),

-7 M 0
M= Y MM T2 _0.--
0 7 —Y2 =2 A3
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o Finite state space (n=0,1,..., Npax), €8 Npax = 2:

—70 M 0
p(t) = Mp(t), M= MY MmN P
0 7 —¥2
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o Finite state space (n=0,1,..., Npax), €8 Npax = 2:

—70 M 0
p(t)=Mp(t), M=| % -7 R
0 7 —¥2

@ Conservation of probability

Zp(n t) —IW—Zp(n t) = 0.

n
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o Finite state space (n=0,1,..., Npax), €8 Npax = 2:

—70 M 0
p(t)=Mp(t), M=| % -7 R
0 7 —¥2

@ Conservation of probability

Zp(n t) —IW—Zp(n t) =0.

n

o We can express this by defininge” = (1,1,1,1,...);

~elp(t) = 1, e"M=0.
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Moment generating function

e Simple example: 7; = v, 5; = 0 (unidirectional).

p(0,t) = —vp(0,1)
p(nv t) = _"Yp(n, t) + ’yp(n - 17 t)? n= 1) 27
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Moment generating function

e Simple example: 7; = v, 5; = 0 (unidirectional).

p(0,t) = —vp(0,1)
p(n,t) = —yp(n,t)+yp(n—1,t), n=12, ..

o Moment generating function M(x, t) = 3" e ™p(n, t).
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Moment generating function

e Simple example: ~;

p(0,t) =
p(n,t) =

=+, 4 = 0 (unidirectional).

_’VP(()’ t)

—vp(n, t) + 'yp(n - 17 t)7

n=1,2,..

o Moment generating function M(x, t) = 3" e ™p(n, t).

@ Due to normalisation M(0, t) = 1. Summing over n yields

s .
S e t) —
n=0

Tobias Brandes (Berlin)

S ™ [—p(n, £) +7p(n

n=0

—1,t)]

oo [o.¢]
3 () + 7€ 3 D p(n— 1,1)

n=0

—1+ X Ze’”x n,

Counting Statistics in Quantum Transport

n=0

t).
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e Differential equation for M(x, t),
0 ix _ _ pleX=1)yt —
5 MOGt) = 2(e™ = DM(x, t) ~ M(x, t) = e M(x,t=0).

o Initial condition (other choices also possible)
p(n,0) = dn0~ M(x,0 Ze’"x n.0) =1.

@ We thus find the moment generating function for the Poisson process

M(x, t) = ele* D
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e From M(x,t), we obtain the probabilities p(n, t):

™

M) = > emp(me) - p(nt) = [ SXemM()

m=0 -

@ Our example with M(x, t) = exp [(eix — 1) vt]:

(vt)"
n!

e~ 7t Mandel formula

p(n,t) =
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e From M(x,t), we obtain the probabilities p(n, t):

™

M) = > emp(me) - p(nt) = [ SXemM()

m=0 -
@ Our example with M(x, t) = exp [(e"x — 1) vt}:

(Vnt') " e—vt

Mandel formula

p(n,t)

@ Describes a Poisson process with parameter vt = (n);

= t.
x=0

an(n t) 7M(x, t)
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Quantum Transport

Example: Full Counting Statistics of electrons

Full Counting Statistics

@ Probability p(n,t) of n
electrons after time t.

C. Flindt, C. Fricke, F. Hohls, T.
Novotny, K. Netocny, T. Brandes, and
R. J. Haug; PNAS 106, 10116 (2009).

@ Quantum dot coupled to quantum
point contact.
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Transport process with internal states

@ Unidirectional transport of electrons through single level dot.

pO(na t) = _rLPO(n7 t) =+ erl(n -1, t)
pi(n,t) = Trpo(n,t) —rpi(n,t)
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Transport process with internal states

@ Unidirectional transport of electrons through single level dot.

po(n,t) = —Tipo(n,t)+Trp1(n—1,t)
pi(n,t) = Tupo(n,t) —Trpi(n,t)

e Compact vector form p = (po, p1)7;

p.(nat) = EOP(”yt)‘*‘jP(”_laf)
_ -, 0 _ (0 TIgr
£°:<rL —rR>’ j:(o 0)'

n-1 n n+1
[ [ ([ ([ 0
4vavi\
FR FR rR
[ ([ ) ([ ] ([ ] 1
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Transport process with internal states

o n-resolved Master equation
p(nv t) = ‘COp(nv t) + J,o(n -1, t)

e jump (super)—operator 7. Liouvillian £ = Lo+ J.
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Transport process with internal states

o n-resolved Master equation
p(nv t) = ﬁop(”a t) + J,o(n -1, t)

e jump (super)—operator 7. Liouvillian £ = Lo+ J.

e Statistics of internal (dot) states: summation over n;
p(t) = p(n,t) = (po(t), pr(t)) " ~ p(t) = Lp(t).
n=0

@ Statistics of 'external’ (detector) states: Full Counting Statistics

(FCS);

p(n, t) = po(n, t) + p1(n, t) = Trp(n, t).
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Transport process with internal states

o n-resolved Master equation
p(nv t) = ﬁop(”a t) + J,o(n -1, t)

e jump (super)—operator 7. Liouvillian £ = Lo+ J.

o0

o Generalized density operator p(x,t) = > o, e™p(n, t).

p(x;t) = (Lo + ™*T) p(x. t).
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Transport process with internal states

o n-resolved Master equation
p(nv t) = ﬁop(”a t) + jp(n -1, t)

e jump (super)—operator 7. Liouvillian £ = Lo+ J.

o Generalized density operator p(x,t) = > o, e™p(n, t).

p(x;t) = (Lo + ™*T) p(x. t).

@ Full Counting Statistics (Bagrets, Nazarov 2003)
» Eigenvalue of A_(x) of Lo + X J with A_(0) = 0.

s

dv .
p(n, t — o) ~ / 2—Xe*’”xet)‘*(><).
.27
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Full Counting Statistics

e

p(n,t)

0

11

@ Probability distribution function p(n, t): diffusion on state space n.
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Full Counting Statistics

Moments and cumulants of p(n, t)

o Moments
Ml(t) = Z np(n7 t)7 NZ(t) = Z n2p(n7 t)7
n=0 n=0

@ Stationary current

@ Cumulants

G(t) = (1), G(t) = pa(t) — pi(t)
G(t) = pa(t) = 3ua(t)ma(t) + 2u(t)?
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Full Counting Statistics

Universal oscillations in Full Counting Statistics

10,000
™/ L&ndy
0 05 1 15 : , ,
t(ms) 0 025 05 075 1 -10,000—
t(ms) 1 1 1
0 025 05 075 1
t (ms)
e High-order cumulants Ck(t) as a function of time.
10116 (2009).

C. Flindt, C. Fricke, F. Hohls, T. Novotny, K. Netocny, T. Brandes, and R. J. Haug; PNAS 106,
Tobias Brandes (Berlin)
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Full Counting Statistics

@ Moment generating function

M(x,t) = Trp(x,t), pk(t) =

@ Cumulant generating function

‘F(Xv t) = Inﬂp(x, t)a Ck(t)

x=0
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Full Counting Statistics

@ Moment generating function

ak
A(ix)k

M(x,t) = Trp(x,t), pk(t) = M(x;,t)

@ Cumulant generating function

FOot) =nTep(x, 1), Gelt) = (»af,;)kf(x’ )

x=0

@ 'Law of large numbers' (Gaussian statistics after appropriate
rescaling)
» Cumulants Cy(t — 00) usually grow o t (no feedback).
» Compare with grandcanonical equilibrium potential Q temperature 571,
chem. potential p, fugacity ¢ = e*: F(x) = —B[Q(¢e™) — Q(¢)],
cumulants o« V at large volumes V — cc.
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n-resolved Master equation

General setup

@ Open system Hamiltonian. H = Hgs + Hyes + HT.
> Hs system.
> H.es reservoir.
» Ht system-reservoir coupling.
@ Reduced density matrix p(t), Liouvillian £, Born-Markov
approximation p(t) = Lp(t), L=Lo+ T

left right
reservoir system

reservoir

Tobias Brandes (Berlin) Counting Statistics in Quantum Transport Taiwan Winter School 2016

10 /11



n-resolved Master equation

Example: single level quantum dot

o Generalized density operator p(x,t) = .o, e™p(n, t).
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n-resolved Master equation

Quantum jumps

Jump-resolved (‘n-resolved’) Master equation

o) [ee) t t
o) = S0 = [ dtn [ g (it sty
n=0 n=0"0 0

pc(t’ tn; ey tl) = eco'(t_tn)je£0'(tn—l’n71)j”‘jeﬁo'tlpo

@ Non-unitary free time-evolution,
interrupted by n quantum jumps
at times t;.

time
Textbook: G. Schaller, Open Quantum Systems j \f\

no detection
Far From Equilibibrium (2014). L

quantum jump J
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n-resolved Master equation
S. A. Gurvitz and Ya. S. Prager (1996)

Wave function method
@ Trace out reservoir ~» reduced density operator.

@ Conditioning on number n of tunnelled electrons.

W)= bolt)+ 2 bi(naiart X by (nala;
+ 2 b”,/,,(r)aiaia;a,/-l-“' |0>, (22)

<t.r

o= 2T o T oy Traly Y, (3.62)
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n-resolved Master equation

Borrowing from quantum optics: Resonance Fluorescence

@ Count recoil events nhik.

EW A VOLUME 23, NUMBER 3 MARCH 1981
Photon number statistics in resonance fluorescence
Richard J. Cook*®

P} 51

;::;?dj 7 /T
it YV}

states L2

tot ! |

Momentum O fik 2hk 3hk

pr)=Tr[s"]. (10)

The equations governing the time development of
the partial density matricies are

g"=i[o"(H+iB) = (H —iB)a"]+ 28Lo" LT,  (11)
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Counting and two-point quantum measurement

Two-point measurement

o N particle number operator, eigenvalues 0,1,2, ....
@ p(t) system state at time t.
o First measurement of N (with result ng); p(t = 0) = o P(10).
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Counting and two-point quantum measurement

Two-point measurement

N particle number operator, eigenvalues 0,1,2, ....

p(t) system state at time t¢.

First measurement of Nl (with result ng); p(t = 0) = > ny P(M0)-
@ Spectral decomposition e — i eXmp, with projector Pp,.

@ Second measurement at time t, p(n,t) =3 Trp(t) P ng-
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Counting and two-point quantum measurement

Two-point measurement

o N particle number operator, eigenvalues 0,1,2, ....

@ p(t) system state at time t.

o First measurement of N (with result n); p(t = 0) = o P(10).
@ Spectral decomposition eiXN — i eXmpP. with projector P,
@ Second measurement at time t, p(n,t) = > Trp(t )Pt no-

o Insert p(t) = U(t)p(0)UT(t) and e="X™p(ng) = e_’XNp(no),

1 [m ; R
~  p(n, t)zz%/ dxe_’X('H'"o)Trp(t)e’XN

1 PN
_ —i —i T ixN
= o dX E e " X"Tre™" XM UY(t)p(no) U'(t)e'X
no
1 A
= 5/ dxe X Trp(0)UT(t)e ’XNU( t)e XN

M(x;5t)
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Counting and two-point quantum measurement
Influence functional for two-point measurement
o Total time evolution with U(t) = e/t

o Moment generating function M(x,t) =Y .°° __ eX"p(n,t),

n=—oo

N

M(x. 1) = Tep(0)e 2V UI (1)el 3V 3V ()73 1.
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Counting and two-point quantum measurement

Influence functional for two-point measurement

o Total time evolution with U(t) = e/t
e Moment generating function M(x,t) = >.°° _ eX"p(n, t),
M(x,t) = Trp(0)e 2N Ut (1)’ 2 Ve 2N U(t)e 2N,
@ Define y-dependent generalized density operator
_ — XN —iXN.
P, t) = U (D)p(0)UL (1) Uy(t) = 2" U(1)e
@ Moment generating function as influence functional
M(x. t) = Tro(x, t) = (UL, (1) Up(1))o
» Counting fields =% with opposite signs on two branches of Keldysh
contour. Levitov, Lesovik '93; Klich '03;...;Schénhammer '07; Esposito, Harbola,
Mukamel '09.
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Counting and two-point quantum measurement

Example: Fano-Anderson model
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Counting and two-point quantum measurement
Example: Fano-Anderson model

e x-depending Hamiltonian in U, (t) = e ithx

7:\[ = ﬁres + 7:Zd + )} —
ﬁd = EOde7 ,}:zres = Z Ekaclacka .
ko 1—‘ —_— F
~, L R
V =

Z (Vkac;iad + V:adTCka>
ka

@ Counting in right reservoir ~~ 7-ALX = Hyos + Ha + f)x

ﬁX = Z (VkRe’% Csz + VkLC;]:Ld + H.C.) .
k
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