General relativistic Issues on quantum
Information: Cloning theorem and non-
universal Hawking decay of
microscopic black holes

Doyeol Ahn

Center for Quantum Information Processing
Department of Electrical & Computer Engineering
University of Seoul



Quantum Information Processing

Motivation

O To understand black hole physics from quantum information
theoretic perspectives: Quantum entanglement,
unitary evolution, Hawking decay, safety of the LHC produced
microscopic black holes

O To prove the Horowitz-Maldacena conjecture on the
black hole evaporation [JHEP 02 (2004) 008]

O To investigate the quantum cloning in the presence of
closed timelike curves
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Quantum Cloning

In qguantum mechnics, copying an arbitrary quantum
state is forbidden by “No cloning theorem”
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Closed timelike curves (CTCs)

In principle, there is no theoretical barrier to the existence

of closed time like curves

M. S. Morris et al., Phys. Rev. lett. 61, 1446 (1988)

D. Deutsch, Phys. Rev. D 44, 3197 (1991) pCR
S. W. Hawking, Phys. Rev. D 52, 5681 (1995)

T. C. Ralph, Phys. Rev. A76, 032309 (2007)

T. A. Brun et al., Phys. Rev. Lett. 102, 210402 (2009) N

C. H. Bennett, Phys. Rev. Lett. 103, 170502 (2009)
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Closed timelike curves (CTCs)

Deutsch’s Consistency condition
D. Deutsch, Phys. Rev. D 44, 3197 (1991)
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Closed timelike curves (CTCs)

Cloning of an arbitrary quantum states in CTC?

Then,
Trerc (Ups ®L® percU T): Ps ® Py peg P'cr
Perc = Thg (Ups ®E® percU T) e

Lcrc
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Closed timelike curves (CTCs)

Check the possibility by using the fidelity

Fpp) =Trypi"p;pi"
F(pi®o-i’pj®Jj):F(pi’pj)F(Gi’O-j) Pcr P cr

o, =>UpU " F isinvariant e

_ - P
it o=Tr.(5) 7=Tr.(7) -1

F (5-, ;) < F(o,r) Partial trace property
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Closed timelike curves (CTCs)

Without CTC, quantum cloning condition
becomes

Tr.(Up, ®=®YU')= p, ® p,

C. an auxiliary quantum system in some standard state Y

F(p,.p)=F(p,®p;.p,®p,)<F(p,.p;)

F(/Oi!pj):l or O

p; and p; are either identical or orthogonal
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Closed timelike curves (CTCs)

With CTC, quantum cloning condition

becomes

Trere (Ups ®L® percU T): Ps © P

FlUp, ®2® plicUTUp, ®E® plrUT)  Per Per
(P 2)F (Pl Plic) o
F(pi p))F (pere, plre) < F(pi py)’ Pere

F(oi, p;)F (pCiITC ’ p(J;TC) <F (IOCiITC , /OéTC)

— F(,Oi,,Oj)ZO F(pCi:TC’/O(iTC)SF(pi’IOj)
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Closed timelike curves (CTCs)

Example 1

ﬁ > no N distinct states in a space of dimension N
Vi }

-0 Not necessarily an orthonormal set

Brun’s theorem: PRL 102, 210402 (2009)

U,-\w ,-) =| ) { j)}orthonormal set Pcr 0'c

pCR:‘l//j>A<l//j‘®2’ Z:|0><0| “
U =SVW

W: 1, ® SWAP Do
V=1,®C-SUM, C-SUM(i)®|j))=|i)®] j+i(mod N))
S=1,®> U; ®|k)k|

K

" Pcrc :‘ J><J " Per= ‘Wj><l//j ‘®‘Wj><';”j ‘ University of Seoul
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Closed timelike curves (CTCs)

“=[wy), (i ®10), (018 )ere (]
W:OWT:‘WJ'XWJ"@‘ ‘®‘ >< ‘ ‘,,,>< ‘ )
VWo WV <[y )y ] ) il
SVWPWTVTS*=\%>A<%\® %\®\ \Q
T (W WS )= ) pec e

Trere (SYWp W VTS )= ‘9”1>A<9”J ‘®‘W1>B<W1 ‘
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Closed timelike curves (CTCs)

Example 2
pa= 24| )] -

J ;/11|J>A<J| U _’ZJ’J|J>A<J|
U =VW 0).(0 ol
TrAB(UpA®‘O>B<O‘®pCTCUT):'OCTC Q

= > A |k)Xk
= Pore = 2 AKIK pore =S A el

T, 10, 019 7' )=| Sl [0 4l
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Quantum parallel processing: entanglement

___________________________________________________________________________

= Massive parallelism !!!

(2N outputs in one query)
University of Seoul
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Quantum entanglement: universality

O Entanglement in two-mode squeezed state (CV)
0 Quantum black hole: Cosmological quantum computer?

r=
{Origin}

) =(1-r?f*Sr[n), ®|n), 0<r<i, |

F M=ty

r: squeezing parameter PR Py

|¢0>in®out = (1_ /12)1/22/){” n>in ® | r]>out M;;mm

A =exp(—-4zMe ) for HawkingRadiation puy /|

(Qrigin}

With 4 — r BH can be regarded as
a cosmological quantum computer!

Fig. 1

Alsing & Milbrun, Phys. Rev. Lett. 91, 180404 (2003)
Fuentes-Schuller & Mann, Phys. Rev. Lett. 95, 020404 (2005) Uni : £ |
D. Ahn, Phys. Rev. D 74, 084010 (2006) niversity of Seou
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Hawking radiation from Schwarzschild
black hole

1 _
¢O>in®out = COSh r-w Zn:e 4”M“’”‘ n>in ® ‘ n>out
Smpubarity -

¢0>in®out < Hi” ® HOUt uckinie— [\ 4 - T
Pout = trinq¢0>in®out <¢0 ‘) ¥ o

¥

Collagsing star—"| 4
7
Fig. 3

— Non-unitary evaporation (Hawking, 1976) -
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Conflicts with ADS/CFT

d Quantum Gravity should be unitary to

outside observers!

(Madacena & Strominger 1997)
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Remedy: Black hole final state

Horowitz & Maldacena, JHEP (2004) oo
e Microcanonical form: S ')3* o
sgarity)” a
1 i e
D, ) =— 1) &I #
| 0>|n®out NZ| >|n | >out /,; A

Fs0
(Origin}

90} = 57 2l Bl
¥}y =i (5@ 1)), |1}, :FBC

Fig. 1
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HM Conjecture

w),, ‘initial collapsing matter state

W>|v| — ‘T0>M®in®out = ‘W>M ®‘¢0>in®out

= Final State Projection
‘ ¢0>out ~ M®in <T H TO>M®in®out

= Z M <I ‘S‘W>M ‘ i>out
= Unitary
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HM Conjecture

O Evaporation is unitary (no information is lost)
1 Non-local process is involved

(information transfer over the event horizon)
U What about the effects of state evolution?
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Quantum entanglement: teleportation by twist

1. = e ), ®|n), [ 9., =T |n), ®|n),

Ty, = Z\ n),.(n|:transfer operator

S 1 - 1
1,2«\P |'¥)) 23 = U311 1,2«\P |'¥)) 23~ Ta1
N N .
. _ 1: State to teleport
®)), , :entangled state shared by Alice & Bob 2: Alice

(0)1 : unkown state to be teleported from Alice to Bob 3: Bob

) ., - result of generalized measurement by Alice

ned H¢>1® | @))2,3]= %\@3 : Quantum teleportation

S. L. Braunstein et al., Phys. Rev. Lett. 84,3486 (2000) _ _
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Quantum entanglement:
teleportation & evaporation

O Quantum teleportation analogy of the BH final state by twist

P01 = 2 ), @),

19010 = 2 ), @],

(P n¢>1® | Y7)>2,3]= % @), CV & DV teleportation

M ®in «55 | H¢>M ® | sﬁ» in®0ut: = —‘¢>out BH evaporation

D. Ahn & M. S. Kim, Phys. Rev. D78, 064025 (2008)
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HM Conjecture

J Need to check that BH internal state is
In maximal entangled state

‘¢0>M®in =%Z‘ I>|\/| ®“>in

4 Find the BH internal state for the gravitational collapse
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Revisit to Schwarzschild black hole

2M dr? .
ds® = —(1—T)dt2 + L + rz(dé?2 +sin’ 0dqo2)
r

Massless scalar field:

- =(2z|w|) " e f ()Y, (0,9)

olm

W. G. Unruh (1976) University of Seoul
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2
i faz,, colf, _(1_2|\/|)(|(|+1)+2|\/|)fwI 0o
aa*

r r? r?

*=r+2MIn(r/2M -1)

—lor*

fo(r)=e'" +A e

ol

~Wave from the past horizon of a black hole
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Kruskal spacetime

—r/2M
e o .
ds’* =-2M dudv +r°’d@” +r®sin° &de”,
r
U=_4Me—u/4|\/| | \7=4|\/|€V/4M |
U=t—r* v=t+r~,

*=r+2MIn(r/2M -1).

Killing vector :i_
ou

— ¢Tw|m = (27[ | o |)_1lze_iaﬂYlm(01¢)
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Matching boundary conditions

on H"
¢a_,|m — (27[ W |)—1/2(e—ia)u + Aa—)le—ia)v )Y|m(0;¢)
e7 ™ =(u|/4amMm )™

e =(v/4M )M =0 (-V=00n H")
> ¢, =2xlo) ™ (ul/4M) MY, (6,p)
= G = (€™ Do+ B ) (25inh(42M @ ))?

olm
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U<OU)&U>O(H)
(_ 1)i4Ma) _ e

O i4Ma)=<(
C?

.

)|4Mw 47zMa)( )

U)|4Ma) ( 1 )

Fig. 2 University of Seoul
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Bogoliubov transformation

a = cosh ra)b —sinh rwain,wIm

K ,@wlm out ,wlm

a'K @im = €cOSh T b ou wim —sinhr,b

in,wlm

Y\ —8z7Mw )—1/ 2

, coshr, =(1-¢

1

— ‘¢0>in®out - coshr zn:e_4mwn‘ r]>in ® ‘ r]>out
)

tanhr, =e

Same as two-mode squeezed state in Quantum Optics!
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Two-mode squeezed state

=b,b
a=coshrb —sinhrb’
a“¢0>in®out =0

— (coshrb —sinhrb") @) =0
or(b —sh") @,)

a =a,b

K,olm out ,wlm in,wlm

=0,s=tanhr

iIn®out
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Two-mode squeezed state

0)aoy - KFUskal vacuumat J,
0). :Schwarzschild vacuum at J_
¢0>|n®out = F(bT b_T )‘ >
T [ T ] + [ T a T
b.b']=1.[o.(o"f |=2b* > |b.(0") ab*(b)
b|0)s =0&b[0), =

f t o t
bF(b",b’ )‘ [b F(b",b' )]O 6 -F (b, b’ )‘>
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Two-mode squeezed state

[b - Sb_T} ¢0 >in®out
b—sb')F(b",b)0).

(%—SBT)F(W,BTMS =0
(%—SBT)F(bT,b_TFO

> F exp(sb*b_T)
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Two-mode squeezed state

exp(sb'b ) 0),

=X b)),

~nl

= ;Sn‘ n>in ®‘n>out ‘ n> - W
‘¢0>in®out = stn‘ n>in €<)‘n>OUt

»_ N°
in<§§>out<¢0 H¢0>in®out =N ZZSZ = 1_52 =1

oo N =+/1-57
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Two-mode squeezed state

N =+1-5°
=(1—tanh2 r)”2
1
coshr

*e ‘ ¢0 >|n®out

coshthanh rin). ®| >

tanhr = exp(— 47zMw)
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Gravitational collapse & black hole

Internal state

D.Ahn, Phys. Rev. D74,084010 (2006)

—dz?+dr?, r<R(r)

2
(1M 9" S R(r)
r 1_2M
L r

R,, <0
R(7)=

R,—vr, >0.

W. G. Unruh, Phys. Rev. D 14, 870 (1976)
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Advanced & retarded null coordinates

V=r+r-R,,U=7-1r+R,

V¥=t+r—-R , u*=t-r*+R

R =R +2MIn(R,/2M -1)

*=r+2MIn(r/2M -1)

atz=0:U=V=ur=v*=0
7T <0:-U<0&V <0
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Collapsing shell

(1-2M /R, )™? for <0

£=< R,-Vr o

dr R v i (R,—2M —Vz+2MV?)| forz>0
\ O— T—

for z > 0, near the shell surface

V¥ ~4M In(l— W J
(1-v)(R,-2M)
u* ~-4M In(l— W ]
(1+v)(R,—2M)
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Incoming wave from future null infinity

Bom = (27| @ )7 (7™ = ALE™™ )Y, (0.9)

a

¢c:;rlm |r=0 = O

atH™ :e = — =0
A7

Kruskal : Killing vector = %on H*
V

o = (27| @|) (e )Y, (6,0)
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Incoming wave from future null infinity

v=Vv*-R,*

@Ro* -

e—icov —p

fromv*=4M In(l—

e—icov*

1-—

vV

(1—v)(\;z\g—2|v|)J

—i4dMw

(1-v)R,-2M)
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Matching boundary conditions at the shell

—14Mw
- W
+ 2 —1/Zela)R0 1_ Y 0’

= (eZEMd) M Fwlm + e_zmwin¢wlm)/(ZSinh(4ﬂ|v|w))_1/2 1

: vanishes outside the shell

M P wlm

@ - vanishes inside the shell
— Matching solutionson H™ : Killing vector =0/ ov

Bom = (27| @ )" 77Y,.(6,0)

wlm
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Bogoliubov transformations

Cy m =cCOSNT D, . —sinhr, b om,

K ,olm M ,wlm

C'k oim = COShT_b"w wm —sinhr b

in,wlm ?

tanh rw — e—47zi\/|co ’ COSh rw — (1_ e—87zi\/la> )—1/2 |

1 _47Man
_)‘¢O>M®in = coshr ;e o ‘n>|v| ®‘n>in

D. Ahn, Phys. Rev. D 74, 084010 (2006)
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Final state boundary condition
M®in<‘P‘:M®in <(Do‘(s®l)

= LS et (n]s)®,(n),

coshr 45

S :random unitary transformation
|\P0>M®in®out - |l//>M <>§|(I)0>in®out

1) 8 goanr Ze In). Ol

coshr, 4

)., rinitial matter state
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Black hole evaporation: final state projection

‘¢ >0ut:|v| ®in <qj H ‘P0>M®in®out
Qe M (miS|¥),, , (m]n), ®[n),,

2
cosh r o

Cosh2 2.8 (NS )y )y
‘ >out (Ze SﬂMG)n‘ >utM<n‘S‘W>M)/\/Z(ﬂ’w)
RUETAM

Z(f,w) = Ze_ﬂa’”

University of Seoul



Quantum Information Processing

Black hole evaporation: statistical properties
An) = Ajn)
JlAg) = Ap,(Bw)

01
W (0SIv ), [ 12(8.0)

p, (B, @) ="
(E)= ;nwpn(ﬂ,w)
- Znae|(nfsly)f
Z(4,0)
- —%Iogzw,a».
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Black hole evaporation: statistical properties

Average number of emitted Hawking particle

<N> — ann(ﬂ’a))
S nefnislyf
- X fnfslw)f

___ 0
= oo log Z (5, w).

. e
£m‘;zww>

— Pon

(n[s|w ) {pon ~210g(n[s|y)|+log Z (8.«
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Black hole evaporation: statistical properties

For random unitary evolution S

Kn\S\m‘z ~ constant

ZHawk (ﬂi (()) ~ Z e—,Ba)n

0 1

<N>Hawk - ,3(3 Ly (B 0) = 1

By =(N),o,, +1>|og(<N>Hawk F1)- (N}, 10G(N),,,, O

S. W. Hawking,Commun. Math. Phys. 43, 199-220 (1975)
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Black hole evaporation: coherent state

w),, =|0),, atfar pastinfinity J-

S(a) = exp(ozaT —a* a)

S(@v),, =la), =¢" L5 fn),.

—\a\ 2
(@), ="
2oy (p.) =e T Q =
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Black hole evaporation: coherent state

__ 0 _||?ppe
<N>CH = ,B@a)logZCH('B’w) |a| e

<N >CH /<N >Hawk - ‘a‘z(l_ e_ﬂw)
X, = (ae‘”“ +a'e” )/\/E quadrature operator

< ‘ > 1/4(2n )1/2€—x§—inan(XZ)

(x2) = (03" (a)%2S (@)|0) = |off TISRuTe O Wave function spread
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Black hole evaporation: coherent state

TeV microscopic black holes

1/<Xﬁ> ~ R, Schwarzschild radius

RH:IPMP(szZXN‘lQm D=4+d (d=5 M=x=M,
IVID |VID

M, ~1TeV

Giddings & Mangano, Phys Rev D 78, 035509 (2008)

M, Planck mass

2D-4

L = () N

(N) oy 1N e =l W—€7) = (X3 )L - 7) = 2.53x10°

t" = (N) /(N) [M, ~4x10°s =10yr
0 < >HaWk< >CH 0 d University of Seoul
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Black hole evaporation: Assay

The coherent states saturate minimum uncertainty bound
and hence are good candidates for semi-classical states.

Formation of a black hole with internal state described

by a coherent state is possible when the short distance feature
of the particle is much smaller than the impact parameter b

In high energy particle collisions.

In principle, one can avoid the catastrophic growth of a black hole

or the formation of a black hole with internal coherent state
by adjusting the impact parameter such that r is comparable with b.
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Summary

O Internal state of a Schwarzschild black hole is an
entangled statein H,, ® H.. (proof of HM conjecture)
O Final state boundary condition and final state projection

allow the evaporation process
O When black hole state is described by a coherent state, Hawking

decay Is suppressed
O Presence of a closed timelike curve allows cloning of arbitrary

quantum states
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