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Decomposition of Unitary Transformations
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Schmidt Decomposition
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Getting a normal representation for a pure state through
partially tracing the corresponding density matrix




Singular Value Decomposition
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Cartan Decomposition

For a semisimple Lie algebra g, there exists a decomposition g =t ® p,
st,  [t.tlet [t.plcp [poplct,  Tr{tp}=0

where t Is a subalgebra and p is a vector subspace of g.

There exists a maximal abelian subalgebra A < p, such that
the factorization is realizable, g € g, t,,t, e t,and a € A,

g9 — 't g @2 (KAK Theorem)

e.g., su(2) =t Dp, take t =span{o,}, p=span{o,, o,}, A =span{o},

foraU eSU(2), 010000
U = e'1%e"2%p!%%



A Conjugate Partition and Quotient Algebra of su(8)
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A Conjugate Partition and Quotient Algebra of su(6)
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Conjugate Partition and Quotient Algebra

Definition With an abelian subspace A taken as the center subalgebra,
the Lie algebra su(N) admits the conjugate partition consisting of .4 and

a finite number q of abelian conjugate pairs {W. VV,} 1<1<q, namely,
SUN)= A OW, DWW, ®--OW, OW, ®--- ®W_ ®W_,
where the abelian subspaces W, and VV, hold the commutation relations,

v1<i<q, PN ~
W, AlcW,, W, A]cW, and W, W]c A;

furthermore, the subspaces in a conjugate partition form a quotient algebra,
denoted as a multiplet of partition

(O} ={ AW, W, 1<i<q},

If the condition of closure is satisfied, V 1<i,j<gand 31<k <q,

W, W W, W, W W, [VVi V/V\J:|CV/V:



A Conjugate Partition and Qutient Algebra of s1(8) with
Non-diagonal Center
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Abelian Subalgebras Extension

| ®0, 0,®0;

o, | I ®o, 0,80, W,

W, 0,81 o0,®a, I ®o, o,®1 0,0, \//V\2
W, 0,®0 o0,®0, o, ® o, o,®0, 0,®0, \//V\3

A

| ® o o~

W, | ®o, 0,0, 5, ®0, | ®o, o0,®0, V/\/i
W, o, ® 1 0,®a0 o, ® | o,®0, 0,® | W,
W, o,®0, o0,®0, 0,®0, 0,0, \TV\3

All Cartan subalgebras of the Lie algebra su(N), 2°*<N < 2, can be generated
in the first p-shells through the process of the subalgebra extension.



All 4 Cartan decompositions,
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A Predicision Rule of the Decomposition for s1(8)
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A Predicision Rule of the Decomposition for su(6)
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In total, 2° choices of Cartan decompositions for a given quotient
algebra {Q(¢;2° —1)}.



A-Representation of the Conjugate Partition and
Quotient Algebra of su(N)

A A-generator, 4; or iy, is an off-diagonal N x N matrix and serves

the role of o, or o, in the i-th and the j-th dimensions,

2 =[0CHDGL Ay =il G]+i] 5G],
A diagonal N x N matrix plays the role of o,
d = k) (k[

N(N -1 conjugate pairs of 4, and ;hj with any N —1 independent d,,

form a complete set of independent generators of su(N).

Orthogonality
Aij = Ay Or /Alij, C is the intrisic center subalgebra of su(N),

TI‘{ZijZkl}=0 and Tr{/NlijC}: 0, Aij # Au.



The essential commutation relations to the construction of conjugate
partitions and quotient algebras for su(N), 1<i,j, k, | <N,

[ﬂ’j ’dkl]:izij(_é‘ik +0; +5jk —5;)

i J

[zij , dkl]: i/luj(é}k _51 _§jk +5j|)

[,

j !

Ai] = 2id,

[4 + A]=1id, +idad, +iA1, +idid,

7z

] !

A= 4,8, —10,8, +12,8, — 14,5

[;’tij , j,m] = i;ﬁtiké‘jl _iz"é‘jk —i;ijk@, +i2j|5ik
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A-Representation of a Quotient Algebra of su(8)

Ay + Agq + Age + Agg
/112 + /134 - 156 o /178
/112 - 234 + 2’56 o /178
/112 o 134 o /156 T /178

Aig + Apy + Agy + Agg
/113 + /124 - /157 o /168
/113 o /124 + /157 - }“68
/113 o /124 - /157 + 168

Ay + Aoy + Agg + Ag;
/114 + /123 - 158 o /167
/114 - 223 + 2’58 - /167
/114 o 123 o /158 T /167

diag{1,111,-1-1-1-T}
diag{11-1,-111-1 -1}
diag{l,—-11,-11,-11 -1
diag{11-1-1-1-111}
diag{l, —1,1,-1-11,-11}
diag{l,-1,-111,-1-11}
diag{l,-1,-11,-111 -3

A2 — Ass 56 — A 78
A12 + A3a — Ase — A7s
A12 — Asa — Ase + A7s

A1z — Aoa + As7 — Aes
A1z — Aoa — As7 + Ass

;1\14 + ;1\23 + 258 + 267
214 + 223 —258 —267
;1\14 —223 + ;1\58 —;1\67
;1\14 —223 —;1\58 + ;1\67

W 011



100

WlOl

110

Wlll

115 + 126 + 137 + 148

Ay + Ay
115 o 126
j’15 o }“26
A

A

/116 o /125
116 o /125

17 + 128 + /135 + 246

17 /128

17 /128

Aig + Ay
Aig + Ay
118 o 127
118 o 127

16 T 125 + /138 + /147
16 + 125 o /138 o

A
/117 + )“28 B 135 B
A
A

+ Agg + Ays

o 236 + /145

diagfL,111-1-1-1 -1
diag{L,1-1,-111-1-1}
diag{lL-11,-11-11-T}
diag{L1-1-1,-1-111}
diag{l,-11-1-11-1T}
diag{l,-1,-111,-1-11}
diag{l,-1-11,-111-T}
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A-Representation of a Conjugate Partition and Quotient

W01 212 + /’i34
WlO ﬂ’l3 + /124
W]_]_ j’14 + 223

An alternative,

A

_/?34

A4
A2

A3

Algebra of su(4)

C
diag{l1,-1,-1}
diag{l,-1,1,-1}
diag{l,-1,-1,1}

C
diag{l,1,-1,-1}
diag{l,-1,1,-1}
diag{l,-1,-1,1}

A2 + Az A12 — Aaa Wo

Az + A2 A1z — A2 W

A+ A2z Auu—Azs W

A12

A13

A4



W,,, OF W oo 172 3 4 5 6 7 8
NS N NS N

N A3 Aoy Ag7 Agg
Wio OF W 010 1 2 3 4 5 6 8
W/ W/

- Ay Ao3 Agg A7
W, or Won 1 2 3 4 5 6 8
~_ > 7 ~ > 7

- g Aog A3g Ay7
Wy, OF W 100 1 2 3 4 5 6 7 8
T~ =

N Ag Aog A3y Ay
Wi OF Wiy 172 3 4 5 6 7 8
T

- A7 Aog Azg Dy
W,,, Or W 1 2 3 4 5 6 7 8
i e

N Ag Ay7 A3g Ay5
W, or Wi 1 2 3 4 5 6 7 8

[\Né’ ’WU]CW§+77’ [VVQ’ 1W77]CWQ’+77’ and [VV{ 1W77]CW§+77

conjugate partit = Q.A. binary pariti & its permut  binary partit discerned only in eigenspace
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A-Representation of a Conjugate Partition and
Quotient Algebra of su(6)

Ay = Ay

Ay + Aoy — Asg

Ay + Ay — 2 24
At Ay s = Ay
Aot Ay Ay A
A+ A s~ Ag
Ao T Az s~ As
Ags + Ayg Aus — Ayg
A + Ays Agg — Aus

diag{l,-1,1,-11-1}
diag{L1,-1,-1,0,0}
diag{l,1,11,-2,-2}
diag{l,-1,-1,1,0,0}
diag{l,-1,1,-1,-2,2}

A2 — Aaa
A2 + Azs + Ase

212 + 234 — 2:156

213 +;7:24
214 + 223
;\115 +;\126
216 +225
:135 + ;146

A3s + Aas

213 - 224
214 - 223
215 - 226
216 - 225
235 - 246
236 - 245
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The removing process

s1(8) s5u(6)
Ay + Agy + Asg + Arg Ay + Agy + As I
W001 ﬂ12+/’234_ﬂ’56_ﬂ”78 . ﬂ12+}‘34_ﬂ56 ﬂ12+ﬂ34_256 W001
%2_1344_}‘56_/’178 212_/1344_/156 /11 +ﬂ,3 _215
&2_234_/156_'_/178 212_%4_256 i ! °

Algebra Isomorphism
The quotient algebra of the Lie algebra su(N), where 2°* <N < 2P and p e Z*,
IS isomorphic to that of su(2°).

Theorem Every Cartan subalgebra ¢ of the Lie algebrasu(N), 2°* < N < 2°,
can generate a quotient algebra of rank zero {Q(¢; 2" —1)}.



Path, a Recursive Decomposition

A bifurcation tree by the KAK theorem,

1-st level “4[1]
2-nd level “4[2] "4[2]
3-th level
A[p] A[p] A[p] A[p] A[p] A[p]
p-th level
"[p] t[p] t[p] t[p] "[p] t[p] t[p] t[p]

For an arbitrary U e SU(2°™* < N < 2P), t[k],i € tyq and &y ; € Ay,

it it ia

U _ elt[p})lela{p])lelt[p],l Ve e 2p 1 ela[l e p Zp 1 .o e [P],Zp e [P],Zp_l e [p]»zp

e{A[k]; k=1,2,---,p, p+1} _ Qpr_l L. Qle{c[k]; k=1,2,---,p, p+1} (Q1)+ . (Qp_1)+ (Qp)+
A[k] — Qk+C[k]Qk



Primitive Gate Decompositions

Every unitary transformation can be fully decomposed into a
product of local and nonlocal gates.

Computation Universality

A set of any one single bipartite nonlocal gate with local gates
Is computationally universal.

But, is this the unique type of decomposition that we can have?
Are there alternatives or any more refined choices? Yesl!



The Three Different Types of Decompositions of su(N)

p.518, Helgason

Type-Al
SU(N) > SO(N) - SU(N) ->SO(N) — ---

Type-All
SU(2N) — Sp(N) — SU(2N) - Sp(N) — ---
Type-Alll

SU(p+qg) — SU(p)®SU@Q)®U - SU(p+0q) - SU(p)®SU(q) ®U — ---



Criteria of a Center Subalgebra

Lemma For a partition of su(2”) = A @&W, @Vvl D---OW_ @V/V; ®---OW, @qu
consisting of the center subspace .A and a number q of conjugate pairs {W_ ,V/\/;},

1<m<q, A is abelian if the property of the conjugate partition is satisfied,

W, AlcW,, W, A]cW,_ and [W, W ]cA.

Lemma For two arbitrary conjugate pairs {W_ ,V/\/;} and {W ,VVn}, there exists
a unique conjugate pair {WS,VVS}, 1<m,n,s<q, A isabi-subalgebraora
coset of abi -subalgebrain a Cartan subalgebra € < su(2") if the condition

of closure is satisfied,

W W ]cW, W, W]cW., W W, ]cW, and W W ]cW..



Isomorphism Relations

As the bi-addition for the spinor generators in a Cartan subalgebra €,
the operation M1 is allowed for the set {5 :°8 — ¢} U € consisting of €

and all maximal bi-subalgebras B in € such that a third one is always

derivable from two arbitrary maximal bi-subalgebras 8, and ‘B, c €,
B,MAB,=(B,nNB,)U(B NB,)cC,

where B; =€ -8, and ‘B, =¢ -B,. Boip=B,MB;

in an appropriate coordinate.

The isomorphism relations hold, hypercube topology
{B:BcCluC=C=7Z)
={W: W csu(2’)-¢€ and [W,B]=0,Bc}uc.
A Cartan subalgebra ¢ < su(2”) has a total number 2° —1 of maximal

bi-subalgebras, each of which determines a conjugate - pair subspace
by the commutator rule [V,5] = 0.



Partition of su(2”) by a Cartan Subalgebra ¢

2P -1
conjugate pairs

¢ W, W, W e

su(2”)

A conjugate - pair subspace WV is determined
from a maximal bi-subalgebra 8 < € according
to the commutator rule PV, 8] = 0.

The 3rd maximal bi-subalgebra 8, = ‘5,15, B
and the subspace W, =[], W]
satisfy the relation [)1},°B,]=0.




su(2”)

2" cosets

(S
H_J

¢ is partitioned into 2"
cosets by an r-th maximal

bi-subalgebra B!"! < ¢.

2" partitioned
Every conjugate-pair conjugate pairs

subspace is partitioned

into 2" partitioned
conjugate pairs by the
coset rule of partition.

W (B, 8" i) W (3B, 8!":i)

: 2" pari:itioned
conjugate pairs
Every partitioned conjugate
pair is further bisected into

two conditioned subspaces

by the coset rule of bisection.
2" partitioned
conjugate pairs




Theorem In the quotient - algebra partition of rank r {F, (B} given by an
r-th maximal bi-subalgebra 8! of a Cartan subalgebra ¢ c su(N), 2°*<N < 2°,
there determine a quotient algebra of rank r given by B!, denoted as {Q(B8!)},
when B! is taken as the center subalgebra, or a co - quotient algebra of rank r
given by a non-null conditioned subspace W * (8, B!";1) e {R, (B'")} else from B!,
denoted as {Q(W * (B,8!:1))}, when W*(B,8!":1) as the center subalgebra,

here B¢, ceZ, and | €Z,.

Lemma A quotient - algebra partition of rank r for the Lie algebra su(N) is
isomorphic to that of su(2”), where 2°* <N <2°, 0<r<r, < p, and the

dimension has the factorization N =2° N ' with N' being odd.

Main Theorem Every Lie algebra su(N) admits structures of quotient and
co - quotient algebras up to rank r, and its quotient and co - quotient algebras

of rank r are isomorphic to those of su(2°), where 2 <N <2°,0<r<r, < p,

and the dimension has the factorization N =2°N " for N' being odd.



Determination of Cartan Decompositions

Lemma The subalgebra t of a Cartan decomposition su(N)=t®pisa
proper maximal subgroup of a quotient - algebra partition {7, (3B'")}
under the operation of tri - addition.

Theorem The quotient-algebra partition of rank r {P, (8"")} given by an

r-th maximal bi-subalgebra 5! of a Cartan subalgebra ¢ < su(N) admits
Cartan decompositions of types Al, All and Alll as1<r < p and only
types Al and Alll asr =0.

Types of a decomposition t @ p the maximal abelian subalgebra of p is

a Cartan subalgebra ¢ — type Al
a maxiaml bi-subalgebras < ¢ ——type All
the complement 5° =¢ -8 —— type Alll



Corollary A quotient algebra of rank r {Q(8!";2"*" —1)} admits Cartan
decompositions of types Al and Allas 1<r < p and only type Al asr =0.

Corollary The co-quotient algebra of rank r {Q(W *(B,8!":1); 27" —2*2)}
given by a non-null conditioned subspace W (8,B!":1) e {O(B!")} else from
B = B admits Cartan decompositions of types Al, All, and Alllasl<r< p
and only the types Al and Alll asr =1.

Corollary The co-quotient algebra of rank r {Q(W (B, 8!");s); 2" —1)}
given by a conditioned subspace W (58, 8!":1) e {O(8!")} with B & B
admits Cartan decompositions of types Al, All, and Alllas1<r < p and only
the types Al and Alll asr =0.



Let ©,{B"} denote a collection of all Cartan decompositions of type AQ
determined from quotient-algebra partitions generated by the set of all r-th

maixmal bi-subalgebras {88!} in Cartan subalgebras {¢} c su(2”), where
the type AQ is referring to the type Al, All or AllL.

There exist the identities for the sets of decompositions for 1<r,r" < p
and1l<r'<p,

QI{Q:}: 9, %[r]}’ @u{%[l]}: D %[rl]}’ and QIII{Q:}: O %[r“]}-

These sets are respectively the complete sets of decompositions of types
Al, All and Alll.



Decomposition Sequences and the I-th Level Decomposition

A decomposition sequence sed,,. is prepared from a quotient algebra
{O(A;q)} given by a center subalgebra A,

€0y ={Ay; :1=0,1---M, A, =Aand A, =t}

The I-th member subspace .4, Is a maximal abelian subalgebra in the vector
subspace p,, of the (I —1) - th level decomposition t,, @ p;;, 1< <M.

The subalgebra t, ;, = t;; ® py;, 1., an (I —1)-th level decomposition, is an

(I -1) - th maximal subgroup of the quotient-algebra partition of rank r {7, (B!1)}
under the operation of tri - addition, where t, ={7, (B3, po; =10},
1<I<M<p+rand0<r<np.



Types of the I-th Level Decomposition

The I-th level decomposition t;, ® p;,, in a given decomposition sequence

Is of type AQ if there exists a Cartan decomposition of type AQ t, @ p,,
such that
ty; =ty and py; < pg,,

where the type AQ is referring to type Al, All or AlllI.

Every level of the decomposition in a sequence allows all the three types
Al, All and AllL.



Optimal Quantum Circuits

The number of CNOTSs required in the selected decomposition sequence is

n -
3.92p-4 3zzn'(2m 1)! »2p-2n-2 Reduction by = 0 525 _§ 5
-~ 1 n—m 'ml gate identities 16 2
1. % 10° ' ' ' ' ?
800000 | Fol
- ;I' ]
% E !
= I ¥
400000 | I,
L ;‘rJ
200000 | .
_ S
Ofmorcoteg e -g---0-==8""
s i 6 8 10

p
Up to specific mathematical motivations or physical constraints, the problems
of determining the optimal guantum evolutions can be termed into the concept
of searching appropriate decompoistion sequences, namely Quantum Control.



Error-Correction Codes

The process of error-correction:

encoded transmission

M
|¢> byU |l//>:zaI|W|> > |(//m'>:Em|W>
— N— .

, corruptions by a set of errors

Y —_
k-qubit n-qubit state written in a E={E.,E,, -~ Ey} = iZ:l:aiEm 2

information  hasis {|y.), |v), - |wy O}

decoded | ¢ .> measure and correction‘ |
by U, m ]

)

A quantum code satisfies the following condition relating its basis states
to the error operators
5” 5mn — orthogonality for a non-degenerate code

Wil EnEy ) =
6;Cpn — non-orthogonality for a degenerate code



Constructing Quantum Error-Correction Codes

Every Cartan subalgebra of the Lie algebra su(2")
can decide the codes [[ p, M ]] with the code length
p and code-subspace dimension M.

su(2”)

E, =S, _Q::V\{)

S I v
An initial state |y,) is prepared by the spinors : . .

of an arbitrary Cartan subalgebra ¢ < su(2") and S, _ y;;M 1
the Set {SO |WO>’ Sl|W0>’ ”"SM—1|WO>} formsa _

basis of a code [[p, M ]] for a set of spinors

B={S, Sy s Syl e, I -

=

Given a set of N SF.)IHOI’ errors E={E,, El,.---, Evih £ _ W
the code [[p,M]] is nondegenerate for E if the N

errors of E are distributed in N different conjugate MW
pairs respectively, or the code [[p,M]] is degenerate ; :

for E if at least two errors of E are included in the same W,

conjugate pair.



Classifications of Quantum Codes

For the quantum code [[p, M ]], the code space is spanned by M independent

codewords

lwo) =Sy |wodr 1w =S we), -+ lwya) =Sy lvo).

B={S,, S;i-:*, S;,_1}
/)

—

N
codeword spinors

B

a bi-subalgebra or coset of su(2°)
I Yes
I No
Il Yes

vV No

1 &
/) == 2 (-1)" | )
. V2" = ,

initial state
{2}
a subgroup or coset of Z}
Yes additive
Yes non-additive
No non-additive
No non-additive



Holy Grails of QIS Theory

Decoherence Entanglement

The sufficient and necessary conditions to determine the separability of
a quantum state of an arbitrary dimension.

?
p* =20 ®p], 2P =1p; 20,
j j

Found such conditions for a large class of states.



Summary

A quotient-algebra partition in brief is a partition over a unitary Lie
algebra where each subspace of the partition is abelian and all the
subspaces obey the quaternion condition of closure. The scheme of the
quotient algebra has a very wide scope of applications. The subjects

are ranging from optimal (scalable) quantum gates, quantum error
correction codes, quantum entanglement, coherence and many others of
Interest currently in rapid progress.
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