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Richard Feynman 1980
Certain qguantum mechanical effects cannot be

simulated efficiently on a classical computer

Peter Shor 1994

polynomial time quantum algorithm for
factoring integers  15=3 x5

Number of order 10130
limit of current classical_method
42 days, number field sieve, 101 operations/second

Number of order 1026V
classically intractable (million years)
quantum algorithm: 8 times longer



Classical bit: Oor 1

Quantum bit (qubit): 2-d complex vector

5 0 5 1
b-(3) - (l

\n-}:a|0}+b\1}=(i), a,bcc, l|a*+b*=1

Quantum measurement:

{ 1)« [(1|a)|* = |al®
0) = [(0]a)|® = |b]®  (a| = (|a))T



Cryptography

& Cryptography with private key

A B CDE ... XY Z T,
00 01 02 03 04 ... ... 23 24 25 26 27 28 29

S H A KUEN N O T ST I R R E D

18 07 00 10 04 13 26 13 14 19 26 18 19 08 17 17 04 03 Plaintext number (P)
15 04 28 13 14 06 21 11 23 18 09 11 14 01 19 05 22 07 Key numbers (K)

03 11 28 23 18 19 17 24 07 07 05 29 03 09 06 22 26 10 Code number(C')

Key numbers: randomly selected from 0 — 29

C=P+K (mod 30)

Alice sends C' to Bob

Bob: decription €' — K (mod 30) = P



No private key: Alice <4mmm Bob N=PQ




Impossible : Quantum Copier

No-Cloning

Quantum Information Is a
new kind of information
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Failed  eavesdropping on quantum information
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Suitable for key distribution



Experimental realization (among others)
by N.Gisinetal:
»A Plug and Play system for quantum cryptography*

23 km of standard optlcal flbre supplled by B SiﬁEP‘“l



Multiqubits (qubit array): HOH®..0H

two qubits: basis vector |0); @ [1) =|01),
n qubits: 2" basis vectors

), |11)

Entangled states

0> +holl >) @ ... % (a,|0 > +by[1 >

o ># (a4]0 > +by|1>) @ (ag

%(\[}U} +|11)) EPR (Einstein, Podolsky and Rosen) pair

—(100) +101)) = [0) & ([0} + 1)) Separable state

I.



Quantum gates: unitary transformations U

Single-qubit:

1 0 e g
I = (U 1 ) . |0) — |0y, 1) — |1)

0 1 o .
R = (1 0) - 10) — 1), 1) —[0)

U _]— 5 ) 5 5 ) 1
v=(1 0 ) = m—-p

1 0 : : : \,
7 = ( 0 _1 ) : |0) —|0), 1) — —|1,

. 1 1
Hadamard Transformation == -~ ( )

v2i1 —1

Controlled-NoT gate, C,, (on two qubits)

Cuot : |00) — ]00) 1000
01) — [01) ¢ _|0o1oo0
10) — |[11) ot 0001
11) — |10) 0010




Impossible : Quantum Copier

No-Cloning Theorem:
No U suchthat  U(|a0)) = |aa), U(|50)) = |35)
[Proof] ) = (1/V2)(la) +15))

1 1
U(|70)) = U(ﬁ{lfﬂ}) +100))) = ﬁ{lﬂﬂf) +156))

U(|70)) = I = ;(Iffﬂ-*)+|ﬂ'.3}+|.3ﬂ>+|.3.~"3'}}

Optimal cloning:  Unitary trans. = best fidelity

(general case: d-dim. ; N to M copies)
S. Albeverio, S.M. Fel, Euro. Phys. J. B 14(2000)669
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Entanglement enhanced

Telep: rtation

1 qubit 2 bit

oo

Alice g Bob
VAN M AAN Y Iaans S

1 qubit




Entanglement enhanced

Telep: tation




Entanglement enhanced

Telep: rtation

1 qubit 2 bit i 1 qubit

Alice Bob




Entanglement enhanced

Telep: rtation

1 qubit 2 bit

W " RN

Alice i Bob
VWV YAAN Y 'AAN

1 qubit




_ | | | | 1
Alice: ¢ =al0)+b[1) h="7 (|00) +[11))

1
O R by = ﬁ (a|000) 4 a|011) + b|100) + b|111))

(HRIRI)(Chot @ 1)@ @) =

I.

1(100)(al0) + b1)) 4 01)(a

1) +bj0))

+|10)(al0) — b|1)) + |11)(a]l) — b|0)))

bits received state decoding
Alice 00 a {:}:} + b 1:} I Bob
V] 01 all) + bl|0) X U
10 a|0) — b|1) Z
11 a|l) — b|0) Y




General case: d-dim.; mixed states; optimal

_ nF(x) 1

Optimal fidelit
P Y o foolx) —t+—

S. Albeverio, S.M. Fel, Phys. Lett. A 276(2000)8

S. Albeverio, S.M. Fei and W.L. Yang, Commun. Theor. Phys. 38 (2002) 301-
304; Phys. Rev. A 66(2002)012301.

M. Horodecki, P. Horodecki and R. Horodecki, Phys. Rev. A 60, 1888 (1999).

Fully entangled fraction

Flx)=max{{D|(1@UT) x (1@U)|d)}

|[Dy=1/nZ=";|i7)  (Maximally entangled pure state)

M. Li, S.M. Fel and Z.X. Wang, Phys. Rev. A,78(2008)032332.



Quantum computation

Toffoli gate (Controlled-Controlled-NoT)

T = |Uf} "h[]‘ RI@I+ |1j '151| ® Chot

Quantum circuit: a 1-bit full adder

c) - - . C)
X ) . X)
y) — - y)
0) - > : s)
0) c')

X, v data bits, s sum (modulo 2), ¢ (¢') carry bit



Deutsch: possible to construct reversible quantum
gates for any arbitrary classically computable

function f Uf‘?{:[}} . ‘Krf(}{))
Quantum Parallelism:

1

W:(00...0) =
0..0= =

[00...0) £[00..1) -+ ]11...1) =




Quantum algorithm: Manipulating quantum
parallelism = desired results with high probability

Shor's factorisation algorithm

Period finding and quantum Fourier transform

f(x). period r: f(x) =f(x +r)

f(x) can be efficiently computed from x. N/2 < r < N for some N
QC: 2n qubits, n = [2log N]

Two registers’, X and Y. each n qubits

Initially prepared in the state

0)[0)



H applies to each qubit in the X register:

w—1

— Z 1x)|0). w = 2"
V‘“’

Ug|x)|0) = |x)[f(x

w—1
— E Ix)|f(x
v/ W 0
Measure Y: f(x) =u
Y register state collapses onto |u)
M-1
1 Y
— E |dy + jr)|ua
VM

dy+jr.j=0.1.2.. . M — 1. all x such that f(x) = u,

M =~ w/



Quantum Discrete Fourier transform:

w—1

[I;f'f |K;‘ S eiQﬁkx._.-"w “{E‘

\;W 0
1 w/r—1 1
Upr—— z dy +ir) = —= > f(k)[k)
VW/r VI
. 1 if kis a multiple of w/r
(k)| =
0 otherwise

\

Measure = v = Aw/r, A unknown



11

A
" W =2

7,
W

[f A and r have no common factors, cancel v/w down to an irreducible fraction and thus

obtain A and r

[f A and r have a common factor (unlikely for large r), algorithm fails, repeat the algo-

rithm

repetitions no greater than ~ log r (usually much less) probability of success is arbitrarily

close to 1



Take f(x) = a* mod N

% »

N the number to be factorized, a << N is chosen randomly
Elementary number theory: for most choices of a. r is even

a’™™ = a® mod N
a" =1 mod N
(a™* 4+ 1)(a"* —1) =0 mod N

a™? 4+ 1 shares a common factor with N

L. Grover quantum searching: O(N/2) — O(v'N)



Quantum Information Processing

Initial State \W >, = Final State \W >

Unitary Transformations
+ Measurements

Quantum Entnglement:

<+ Quantum computation
4+ Quantum teleportation
4 Dense coding

4+ Quantum cryptography
4 Quantum error correction



Quantum Entanglement

H: N-dim. complex Hilbert space, |i)

Pure state (Vector) on H®H@..@H

N
) = Zl:{ 1 ajj. k... k), ajj. x € C cHOH®..QH
1Jﬁ., = N .
— (X aili)) @ (X bili)) ®...® (kz cklk)) Separable!
i=1 j=1 —1

N
> agagac— 1 [k S ) o f) ook

i, de—1



Pure State V) EH@H®..aH
Mean value of O (O) = {¢|O]v) = Tr(|¢)(¥|O) = Tr(pO)
W=y p=)|
Mixed state:

p=) pilti) Wi, O0<pi<l, Y pi=1

.

vy) such that |iy) are separable ¥ i: p Separable!

P=YPpip L@ ... p. Separable



Measure Bipartite HeH

Multipartite H@H@..@H
Entanglement of Formation

Pure state  1¥) = 2. aill) € HOH
ij
E(|0)) = =T (py logy py) = =Tr (pa log, po)

= AAT="Trou) (U], pa=(ATA) = Traf) (], (A)j=ay

Mixed

e = ZPI\’L i) (Wi, E(p) = min ZlPiE( i)



Two qubits N=2 1 1 — C2
: B(Jy)) = h(-Y2 =

h(x) = —xlogy X — (1 = x) logy(1 — X

Concurrence C: [¢) = ap1|00) 4 aga|01) 4+ ag|10) + ag|11)
C=2Jagay —apag|, |a | +]apl* + |ay[* +ag|* =1

E ~ C: monotonically increasing
E([v)) = E(C([¢)))  E(p) = E(C(p))

EI{;}}I = I"»'IE]I{':]UJ'L:[ — :\2 — .-:"13 — ;"nq}
AM 2 Ao > Ag = Ag cigenvalue of +/ pp

- . W. K. Wootters, Phys. Rev. Lett.
p=(oy@ay)p'(oy @0y) g 5945 (1998)



High dimension N>2: no general solution

Isotropic states: p— U® U'p(Ux U")

B.M. Terhal, K.H. Vollbrecht, Phys. Rev. Lett. 85, 2625 (2000)

If AAT hasonly two non-zero eigenvalues
generalized concurrence

S.M. Fel, J. Jost, X.Q. Li-Jost, G.F. Wang,
Phys. Lett. A 310 (2003) 333

High dimensional construction:
S.M. Fel, X.Q. Li-Jost, Rep. Math. Phys. 53(2004)195

More non-zero eigenvalues
S.M. Fel, Z.X. Wang, H. Zhao, Phys. Lett. A 329 (2004) 414-419



Theory of Quantum Entanglement

(1)

4th \Winter School on Quantum Information Sciences
Feb. 14, 2009
Lanyang Campus, Tamkang University, Yilan



Measure: Bipartite HeH

Entanglement of Formation
Pure state [¥) =X ajjlij) e H@H
1]
E(|y)) = =Tr (p1 logy p1) = Tt (p2 logy po)

= AA = Toofu) (U], p2 = (ATA) = Trofu) (v, (A)y=ay

Mixed

e = ZPI\’L i)(¢i),  E(p)=min leiE( i)



LLower Bound for EoF

Partial transpose wrt subsystems

T Py \ Ry

pPo= p (i p T2 KL) = (ki plil}
Pu P Pz Pu Pu P! Pa P

po| P PriPa Pu| | Pu Pulfa Pe
Ps1 P2y Pz Paa Pz P i P33z P




Realignment:

f le

VA
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\

2X2 case

Yo,

1m

mm J

Z: mxm block matrix with block size nxn

vec(Z,,)'
vec(Z,,)"

vec(Z,,)"

vec(Z, )"

A = [a; ;] ==> vec(A) =

p: ______________

Ay
ml

A




Pure state i) = Z Visleifiy  p = |) {1

I =118l = (O Vik)? = A Ae |1, m)]
k=1

R() = min{ E(Y) | (Z Viir) =X} = By )]+ [1 = 3 (V)] loga(m — 1)
k=1

1
Hy(z) = —zlogyz — (1 —x)log,(1 —z) ~(A\) = m[ﬁ +(m —1)(m— \)]?
Let & < E be a convex, monotonically increasing function

- - o (1))
Elp) =3 _piB() 2 3 pE0) 2 €(3pX) = eIl
; : i "

1< S palle)™ 1 lIAl < D pallel

o _ “c0” means the convex hull, which is the largest convex
¢ ()") o CD[R(A)] function that is bounded above by a given function



Theorem.— For any m®n (m < n) mixed quantum state
p, the entanglement of formation E(p) satisfies

0, A=1
E(p) 2 I H [y ()] + - y(M)]log,(m—-1),  AelL 4(mm‘1)],
log, (m—1) (A—m)+log, m, Ae[4(m_1),m],
m-—2 m

R(A) = H,[y(A)]+[1-y(A)]llog,(m-1) A — 111:a;>{(H/()T1 el

1 2
y(A) = F[\/K’L V(m=1)(m - A)] Hy(z) = —zlogyz — (1 — x)log,(1 — x)

K. Chen, S. Albeverio, S.M. Fel, Phys. Rev. Lett. 95(2005)210501
S.M. Fel, X. Li-Jost, Phys. Rev. A 73(2006)024302



Lower Bound for Concurrence
; y : Uhlmann 2000, Rungta et
C{|?—>) — \/2{1 — T]:‘p%) al, Albeverio and Iléei92001

v) (v i)

Theorem: For any m@n (m < n) mixed quantum state
p, the concurrence C(p) satisfies

pr =1

) C'(p) = min } Z p: C(

(piliis)

2 T 1l
Clp) > V gy (mas(l" 070 - 1)

K. Chen, S. Albeverio, S.M. Fel, Phys. Rev. Lett. 95(2005)040504



ExamEIe |

3x3 Bound Entangled State

L1 FRUE R
o) = 5I010) = 1), Jen) = —=(10) ~ |1)i2)
o e —
) = (1 = 12). ) = (1)~ 12)[0
) = 5(10) 4 11) + 12))(0) + 1) +[2))

I =1

| o
= d- ;} i) (x

[R(p)|| = 1.087

C(p) > 0.05 the state is entangled !



ExamEIe |

(1)

)+ F(\ \P><\P

)

Isotropic states Pr =

Wy = J1/d> 9, |ii) F>1/d: entangled

Hp T — H% H — dF Rudolph, quant-ph/0202121;
F 5 Vidal and Werner, PRA 65, 032314 (2002).
2
Concurrence = — ung VES, ,
Clo:) TeED (dF —1) Rungtaand Caves, PRA 67, 012307 (2003)
EOF E(,OF) — CO[R(dF)] Terhal and Vollbrecht, PRL 85, 2625 (2000)

The lower bounds are exact for both concurrence and EOF !



Lower Bound for Concurrence of Tripartite States

‘¢)> - H}l ® HB ® HC’ dim. m, n, P

C(lv)) = \/3 = Tr(p + p% + PE)

C'(p) = min n.C'(|2),
(p) }ZP (¢4))

{pi:| i)

X.H. Gao, S.M. Feil and K. Wu, Phys. Rev. A 74
(Rapid Comm.)(2006)050303



Lower bound: covariance matrix approach pas Hi=HE.
Ay (resp. By) be d* observables on ‘H4 (resp. HY)
--- orthonormal normalized basis of the observable space
{Mip} ={Axr @ 1,1 ® B}
Covariance matrix

(M M) + (MM AC
Yiilpap, {Mi}) = - - o 2 (M) (M) w==) (G—T E’)

(_'.f[j«_;.:, ~ Q”C”HF — fl — T?‘pij — (1 _ T.mzﬂ)
B V2M(M —1)

=> Multipartite

M. Li, S.M. Fei and Z.X. Wang, J. Phys. A 41 (Fast track commun.)
(2008)202002



Monogamy relations A

7N\

Pure three qubit state  |¢} apc ©
T

Concurrence  Cip +Cic < Ci(mey
pa =Trc(|dlapci®l) pac=Tre(|d)apci?|)
Negativity AN = |74 -1

Nip+Nic < Mo

High dimensional case

Y.C. Ou, H. Fan and S.M. Fel, Phys. Rev. A,
78(2008)012311.



Separability

‘ Entanglement is invariant under local unitary tran.

N
W)= 3 aj i) U@l

i.j=1

Invariants [, = Tr(AA)*, a=1,..,N

=J N @on)

C

2[{."

N-1

N =2: C% =C= 2‘&11&22 — 812821‘

Ci=0(1) & |¥,) separable max.entangled



Multipartite g,y = O

1.....1pa=1

. _ N
Invariants: L= ) ai1~----in-la;1.....'1m =1
i1,....in=1

| IR YR OCT: M- W W

| N |
M _ dB-T,—.. -1 d=9M-1_1
N \d(N—l]( 2 d) ( )

CN =0 & |Tum) separable

S. Albeverio and S.M Fel, J. Opt. B: 3(2001)1



Separability of mixed states: no general criteria

.

vj) such that |;) are separable Vi: p  Sep.

p=2_PiL1 @ p2 @ ... D py, Sep.



a) Peres (PPT) criterion:

p separable = partial transpose ,oTl >0

Peres PRL 77, 1413 (1996)
Positive partial transpose (PPT): (ij|p™ (K1) = (kj|pil)
p=>PipI ®py D ... ® py,

2x2,2x3: PPT <==> Separable

Horodeckis, Phys. Lett. A 223,1 (1996)



b) Realignment:

N
Separable = s— Hp H < 1

M

: sum of all the singular values of M

Chen and Wu, Quant. Inf. Comp. 3, 193 (2003)
Rudolph, Quant. Inf. Proc. 4, 219 (2005)
Albeverio, Chen, Fel, Phys. Rev. A 68(2003)062313



¢) Reduction: p1 = Trop, po = Trqp
o separable = py @ 1-p > 0,10 pa—p >0

d) Majorization:
vector X = (XLXJEA ---Jﬁli),- Hj[[ Z H,Jrz 2 2 Hﬂi

X 1s majorized by y: x <y if
SR .
2 Xj =2 Vj = (k=d)
J=1 =1

x <y if and only x = Dy D:stochastic matrix

PAB  separable ==y Mp<M Mp<)s

AMBs Aas AB - elgenvalues of PABs PAs PB



e) Rank 2 (Necessary and sufficient condition)

p: a rank two state in H @ H.

[E1), |E2)  Eigenvectors (non-zero)
S. Albeverio, S.M. Fei and D. Goswami, Phys. Lett. A286(2001)91
Hi @ Ho @ ... 2 Hm

S.M. Fel, X.H. Gao, X.H. Wang, Z.X. Wang and K. Wu,
Phys. Lett. A300(2002)559;
Int. J. Quant. Inform. 1(2003)37



Multipartite Schmidt-correlated State

N—-1

. N -
p= Z Gmn|m - -m) (- -0, Zmzé Um = 1.

i, =L

Fully separable <¢m==> PPT

Fully separable (maximally entangled)

lo]l=1(N)

M.J. Zhao, S.M. Fei and Z.X. Wang, Phys. Lett. A 372(2008)2552



Bell Inequalities

Separable wemp  |(A1d2 + A1By + B1Ay — B1By)| <2

All generalized GHZ states [¢) = cosa[0,...,0) +sinall,....1)
of many qubits violate the Bell inequality maximally

]‘ ! !
E |{B.-"*J—1(A.-"f + AN) + (AN - ANJ}LHﬂ <1

By_, dquantum mechanical Bell operator of
WWZB inequalities for N-1 particles

Only two measurement settings of each party

K. Chen, S. Albeverio and S.M. Fel, Phys. Rev. A (R)74(2006)050101



Tripartite B.Z. Sun and S.M. Fei, Phys. Rev. A 74 (2006) 032335
For states p 1n Sy_g3, Sy—13 and Syy_g, respectively

(DYl < V2, [(DY),] <1, [(DY),] <1

(DY), <1, [(DP),| < V2, [(DY)),]| <1

(D), <V2

Multi-mode states
Z.G. LI, S.M. Fei, Z.X.Wang and K. Wu, Phys. Rev. A 75(2007)012311



Classification under
Local Unitary Transformations

p=(010..0 Un)p(U18..0Un)" UiU} =UJU; =1

Orbits (dimension topology geometry)

Equivalence criterion

/= U000 Uyp(UoUyo.. 0 Uy |21



Pure state: [&)= ) ay ulij. k) W)= ) ap ik

L),k 1.,k

) =y uy ©... 2 um|P)

) = aylij) A’ =ujAuy
i
I, =Tr(AA")" a=12..N

Mutipartite:

S. Albeverio, L. Cattaneo, S.M. Fel, X.H. Wang, Rep. Math. Phys. 56
(2005)341-350; Int. J. Quant. Inform. 3 (2005) 603-609.

Z.H. Yu, X. Jost-Li, Q.Z. Li, J.T. Lv and S.M. Fei, Differential Geometry of
Bipartite Quantum States, Rep. Math. Phys. 60(2007)125-133
X.H. Wang, S.M. Fei and K. Wu, J. Phys. A 41 (2008) 025305



Mixed state (bipartite): Equivalence criterion

‘ |. Invariants under local unitary transformations

I
o= Z Ai ) (4|
i=1

N N
) = Z ay k) 2|y, ay, € €, Z agay; = 1 (ﬁi)kl = A
k1=1 k1=1

fi= m\”i} {fl*’i\ = AiA;[r B = (Tl‘ﬂ“i:-‘ {Hi‘)* = AIAi

Q(p)y = Tr(pp),  Olp)y; = Tr(0i8;)
Generic  det({}(p))#0  det(®(p)) #0



X(plije = Tr(ppyme)  Y(pige = Tr(6i6h )

Theorem: 2 Equiv.LU. &=
J*(p) = Tra(Trip%). s=1,....N?

Qp), Ofp), X(p), Y(p)

S. Albeverio, S.M. Fel, P. Parashar, W.L. Yang,
Phys. Rev. A 68 (Rapid Comm.) (2003) 010303

Not full B.Z. Sun, S.M. Fel, X.Q. Li-Jost, Z.X. Wang, J. Phys. A39 (2006) L43
rank

If p1, B each of its eigenvalues has multiplicity one
S. Albeverio, S.M. Fei, D. Goswami, Phys. Lett. A 340(2005)37;
J. Phys. A 40(2007)11113



Il1. Matrix tensor product decomposition approach

p=XAX". ) =YAY' A =diag()\1. Ag. ... A\uN)

Theorem|. If p and ' are not degenerate, they are equivalent
under local muh Iy T]a-lll%'f{}]‘ll]i-lfi{}]lh' if and only if V = XDYT
D = diag(e™, ¢, ....e™N), contains A nitary tensor decom-
posable element for some 6; € R, rank(V) =1

V=vieV, ™ rank(V)="71

S.M. Fei, N.H. Jing, Phys. Lett. A 342(2005)77
X.H. Gao, S. Albeverio, S.M. Fei, Z.X. Wang, Commun. Theor. Phys. 45

(2006) 267-270.

SLOCC | m=P2Q)nPoQ)




Evolution of quantum entanglement:
Bipartite system with one subsystem undergoes a noisy channel

) (x|
N, © @ N
@ i
= (1 @ $)[x) (x|
C'(p') ~ Cflx)] ?
Ny(N1—1)/2 Nag(Na—1)/2
o=y X X [ Cas = (X|(La @ La)IX")
L,,a=1,-- V(‘ul—l]Q i _ _
Ly, B=1,--, Na(Na —1)/2 generators of SO(N7) and SO(N3) resp.



x) = (M, 2 1)|¢) M, = VN2 300y Y002, Ayli) i
6) = Y02y In) @ n) /v N2
p'=(M, @ 1)ps(M] @ 1) ps=(1 2 $)|¢) (¢

If pg isa pure state (e.g. channel $ is unitary or stochastic quantum operation
given by a local filter)

Ni(N1—1)/2  Na(Nz—1)/2
Cle'l=.

ro2 M Ng(Na—1)/2 3
) Sl Cly =22 Y020 2 oy [1X)]Cy slpy]

a=1 A=1

For N1 22 system: Clp'] = C[[X)]C [ps]
(2x2: Nature Physics 4, 99 (2008))

: N N
For general mixed initial state: Cl(1®9%$)po] < %C(pg)ﬂ’[ﬁﬂ

Z.G. LI, S.M. Fel, Z.D. Wang and W.M. Liu, Phys. Rev. A,79 (2009) 024303



Distillation:

& ’ﬂ £)
U G p 0 U
Measurement wmms)> o / 9

Entangled, but not distillable: Bound entangled

All PPT entangled states are bound entangled!




pure states

No Classical
Counterpart

O All states

v unentangled states:
mixtures of products

bound entangled (PPT)

states: not distillable

bound entangled
(NPPT) states [2]

Much remains to be clarified!
S.M. Fei, X.Q. Li-Jost, B.Z. Sun, Phys. Lett. A 352 (2006) 321







