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Why we are interested in it - motivation

What is the approach - basic concept

How it is done and what have been done - results

What can be done with these waveforms - application
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A function generator is used in 
many physical science laboratories 
to generate a wide variety of 
synthesized electrical signals such 
as the sine, square, triangle and 
ramp functions. These signals are 
used for testing and diagnostic 
applications.
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sine square

triangle sawtooth
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HP 200A
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RF and Microwave function generators

Their speed are limited by the speed of IC circuits to <100GHz.
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Synthesize various forms of ultrashort pulses

in the optical frequency (1015 cps) regime
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Prefix for small and large numbers:

micro   10-6 mega  106

nano    10-9 giga   109

pico     10-12 tera    1012

femto   10-15 peta   1015

atto      10-18 exa    1018

zepto    10-21 zetta   1021

yotta     10-24 yocto 1024



IAMS

300 nm = 1 fs

single-cycle pulse  attosecond pulse

Frontier in optical physics
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Laser pulses get shorter
over the years

Peak intensity
increased
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Mode-locked Dye and
Ti:Sapphire lasers;

HHG pulses . Chirped Pulse
Amplification 

Ultrafast science

High field physics

Molecular modulation  
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The "Trotting Horse”
Controversy

Palo Alto, CA  1872

Leland Stanford Eadweard Muybridge

Time Resolution:
1/60th of a second

Bet:  Do all four hooves 
of a trotting horse ever 
simultaneously leave 
the ground?
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Birth of strobe photography

Harold 
Edgerton
MIT, 1942

Time scale: a few microseconds
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PHYSICS TODAY   October  2004
Search and Discovery

Attosecond Bursts Trace the Electric Field of Optical Laser Pulses
The familiar textbook sketch of light's oscillating electric field can now 

be drawn directly from measurements.

Sinusoidal pulse

Single-cycle pulse
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Wouldn’t it be nice if we can have 
complete control of the motion of 
electrons in space and in matter, 
or just about anywhere?

Electrons are charged particles. Their motion follows 
changes in the electric field. To control electron motion, 
we want electric fields of an arbitrary shape that we can 
produce at will.
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Develop an Optical Function Generator

Control free/bound electron motion with light

LIGHTWAVE ELECTRONICS

GOAL

With these waveforms we hope 
that we can do using lightwaves
what others have done with 
microwaves:
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How do we do it?

Basic Concepts
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Joseph Fourier

Fourier was 
obsessed with the 
physics of heat 
and developed 
the Fourier series 
and transform to 
model heat-flow 
problems.

Joseph Fourier 1768 - 1830
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Sine wave 
#1

Sine wave #2

time

Many waves are sums of sinusoids.

•Consider the sum 
of two sine waves 
of different 
frequencies:

Sum

The spectrum of 
the sum of the two 

sine waves:

Frequency 
#1

Frequency 
#2

frequency
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Fourier 
decomposing 

functions

•Here, we write a
•square wave as 
•a sum of sine 
waves.

sin(t)

sin(3t)

sin(5t)
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Any function can be written as the
sum of an even and an odd function.

F(x) =E (x) +O (x)
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Fourier series

0 0

1 1( ) cos( ) sin( )m m
m m

f t F mt F mt
 

 

 

  

Fm  f (t) cos(mt) dt F m  f (t) sin(mt) dt

So if f(t) is a general function, neither even nor odd, it 
can be written:

and

where

even component              odd component
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Fm vs. m

m

We really need two such plots, one for the cosine series and another for the 
sine series.

Let the integer m
become a real 

number and let 
the coefficients 

Fm become a 
function F(m).

F(m)

1

0 20
10

30

We can plot the coefficients of a Fourier series.
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F() is called the Fourier Transform of f(t). It contains 
equivalent information to that in f(t). We say that f(t)
lives in the time domain, and F() lives in the frequency 
domain. 
F() is just another way of looking at a function or wave.

( ) ( ) exp( )F f t i t dt 




 

The Fourier transform
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f(t) F()

Short
pulse

Medium-
length
pulse

Long
pulse

The shorter 
the pulse, 

the broader 
the spectrum!

This is the essence 
of the Uncertainty 
Principle!







t

t

t
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0
0( ) ( )j tFTx t t e X  

( ) ( ) i tX x t e d 






 

Correlation between time and frequency

Fourier transform:

Time Frequency

2
T

 24


T

2.6 fs 12,820 cm-1    , 780 nm
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Periodic waveforms are sums of sinusoidal waves
(a)Monochromatic light: sinusoidal wave  

(b)

( ) ( ) cos( )E t A t t  

1 1 1 2 2 2( ) ( ) cos( ) ( ) cos( )E t A t t A t t      

(b) Beating of two waves, 1 and 2
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(c) Many waves propagating to form a wave packet (left)

(d) Ultimate wavepacket is a single-cycle and sub-cycle pulse train (right)

(c) (d)

What is a single cycle optical pulse

Time

Frequency

( ) ( ) ( ) cos( )n n n n
n n

E t E t A t t    
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Single-cycle and sub-cycle waveforms

0n  / 2n 

cosine pulse half-cycle cosine pulse sine pulse
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Phase coherence

( ) ( ) ( ) cos( )n n n n
n n

E t E t A t t    

(a) In phase n=no (b) Random phases
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Our approach: Fourier Synthesis

Periodic waveforms are sums of sinusoidal waves

( ) ( ) ( ) cos( )n n n n
n n

E t E t A t t    

n=nm

single cycle cosine
saw tooth

square
triangle
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Tasks
1. Generate a broad (prefer octave spanning) 

spectrum or comb of frequencies (with 
equal spacing)

2. Align the phases of the comb frequencies

3. Determine that the synthesized field is 
correct

Challenge: these must be done in the optical domain

that is   ~100 THz, ~ 1 femtosecond
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Methods to produce optical waveforms
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Synthesize optical pulses

Isolated single cycle pulses -- extremely broadband lasers 

Franz Kartner, MIT
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Huang et al., Nature Photonics, August, 2011
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Vcosmt

LiNbO3
0

0 m

0

0 m

0 m

0 m


polarizer

Electrooptic Crystal

Refractive Index 0 cos mn n t  

Frequency comb expansion by modulation

0q mq   

modulation
frequencyqth sideband
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CW frequency comb produced by electro-optic modulation

Mode spacing
Tens of GHz
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CW comb produced by four wave Kerr mixing in a micro-toroidal ring

Mode spacing
~1 THz

P. Del’Haye et al.,Nature, 2007
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Waveform synthesis by line-by-line pulse shaping

Andrew Weiner
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Shaped envelopes using CW frequency combs
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inter-nuclear
distance

time

m

0 cos mn n t  

Refractive Index

infrared
input

multi-
color

output

molecular

modulator

q=0+qm q= -2,-1,0,1,2,3….

Bandwidth expansion by molecular modulation

S. E. Harris and A. V. Sokolov, Phys. Rev. A 55, R4019 (1997);
S. E. Harris and A. V. Sokolov, Phys. Rev. Lett. 81, 2894 (1998).
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All Three Spectra

VisibleIR UV
1.56 m 195 nm

10 J1 mJ10 mJ 100 J

H2 Rotation Spectra: 29 sidebands, spaced by 587 cm-1

D2 Vibration Spectra: 16 sidebands, spaced by 2994 cm-1

395 nm

nm

1 m

1.06m

Multiplicative Spectra: ~ 200 sidebands, spaced by < 587 cm-1

Harris group:
Phys. Rev. A (R)(1997)
Phys. Rev. Lett. 81 (1998)
Opt. Lett. 24 (1999)
Phys. Rev. Lett. 84 (2000)
Phys. Rev. Lett. 85 (2000)
Phys. Rev. A 63 (2001)
Phys. Rev. Lett. 91 (2003)
Phys. Rev. Lett. 93 (2005)
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Katsuragawa, PRL 101, 243602 (2008)

W.-J.Chen et al. PRL 100, 163906 (2008)

Commensurate comb
Constant CEP
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Use the first two terms of the Fourier series

1, 2n  Then, 2 1

0 1 22
m  
  

 

 

2 12 since 2 12   then,

0 1 22   

1 12 (2 )    

 a constant we can choose and control

1 is doubly significant. The period of the waveform 
is determined by the fundamental frequency and its shape 
is dominated by the first few terms of the Fourier series.
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Dye Laser

Ti:Sapphier 
Laser

H2

602 nm

802 nm

n

a

b

0E
1E

2E
3E

1E
2E 3E

Raman sideband generation 

2406 nm
1203 nm

Linear 
polarizer

Prism pair

IR Laser at 2406 nm
Pulse duration ~ 2-5 ns
Peak power ~2-5 MW

Instantaneous electric field 
10 MV/cm

PMT

Total spectral span > 4 octaves (70,000 cm-1)
(~500 as)
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Liquid crystal 
phase modulator

Dye Laser

Ti:Sapphier 
Laser

H2 Xe

602 nm

802 nm

PMT

Phase
Modulator

n

a

b

0E
1E

2E
3E

1E
2E 3E

Four Wave Mixing

Raman sideband generation 

  

2406 nm
1203 nm

602 481 40180212032406

Linear 
polarizer

Prism pair

BBO

Linear 
polarizer

1= 2406 nm = Raman resonance - 
2= second harmonic = 1203 nm
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IR OPA

Raman cell

LC modulators

Cross correlator

Optical waveform synthesizer set up

Laser source
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Harmonic frequency combs contain the 
fundamental frequency component that sets the 
periodicity and have multi-octave spectral width 
with a mode spacing of tens to hundreds of THz.
These are ideal conditions for arbitrary optical 
waveform synthesis.
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Multiple harmonic generation in a 
monolithic crystal

2nd harmonic 3rd harmonic 4th harmonic 5th harmonic

2406 nm 
Pump laser

SHG
2406 nm

2406+2406 = 1203 nm

2406+802   = 602   nm

2406+602   = 481   nm

SFG
SFG

SFG

2406+1203 = 802   nm

0

0

n m

n m

n
n

  
  

 

 

Optics Letters Nov 2009
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Photolithography

The poled domain periods in the crystal

2406 nm 
pump laser

34.09

13.14

13.18
15.90
15.95
15.99
16.01

16.01
15.99
15.95
15.90

22.44

(m)
Cascaded QPM has a tight (10 nm) tolerance on 

domain widths

Lung-Han Peng, NTU
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Multiple harmonics n = n1 are also generated in a QPM Xtal:

1 2 3 4 5 6
1E-3

0.01

0.1

1

10

20896.2820746.916597.5212448.148298.764149.38cm-1
401.67482602.5803.312052410W avelength (nm) 

20896.2820746.916597.5212448.148298.764149.38cm-1
401.67482602.5803.312052410W avelength (nm) 

(401.7 nm) (482 nm) (602.5 nm) (803.3 nm) (1205 nm) (2410 nm) 

A
ve

ra
ge

 P
ow

er
 (m

W
)

Harmonic Order (wavelength)

 123 oC
 126 oC

Cascaded QPM processes for multi-harmonics generation

20% of the fundamental power is converted to the harmonics

Up to the 7th harmonic has been observed

2      3      4      5         6          7  
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5

5mm

5
3 2

25

34.3

39.3

25

Liquid crystal spatial light modulator
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Broad bandwidth (1.2um~401nm) Now, our home-made liquid crystal 
modulator can cover wavelength 
from 2.4um to 401nm. Modulator 
for wavelength short than 344nm 
is now under testing.

The essential component: spatial liquid crystal modulators
For this idea to work we must have modulators that are broadband and 
can be configured to modulate either the phase or the amplitude of the 
input beam. We custom-make these modulators to match the size and 
spacing of our beam components.  The LC material is E7 from Merck.
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ACOUSTO OPTIC 
PROGRAMMABLE DISPERSIVE 

FILTER (AOPDF)

Acousto-optic amplitude and phase 
modulation

quasi-longitudinal vs transverse control
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Mach-Zehnder interferometer to test and adjust phases
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UB-AOM PPLTBreadboard set up
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Comparison of ways of generating a frequency comb for waveform synthesis

1. Broad continuous laser spectrum

isolated pulses -- important for pump-probe experiments
poor shaping resolution -- cannot get arbitrary shapes easily

2. Electro-optic modulation

tens to hundreds of comb lines -- high waveform shaping fidelity
insufficient bandwidth -- shaping of envelopes only

3. Harmonic comb

multi-octave comb
field shaping achieved
limited number of lines
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Synthesized waveforms
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Instantaneous field waveforms synthesized with 5 harmonic componInstantaneous field waveforms synthesized with 5 harmonic componentsents

Chan et al, Science 2011

Single-cycle cosine Square wave

Peak to peak spacing:   8.02 fs
Narrowest field FWHM:  843 as
Envelope width:   1.5 fs

Saw tooth
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All optical waveform characterization

Shaper-Assisted Linear Cross-Correlation for optical field retrieval

SALC2

A. Galler and T. Feurer, Appl. Phys. B 90, 427-430 (2008).

Sinusoidal pulse

Single-cycle pulse
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Sawtooth Sawtooth waveform synthesized with 5 harmonic componentswaveform synthesized with 5 harmonic components

relative amplitudes {1,1/2,1/3,1/4,1/5} and CEP = relative amplitudes {1,1/2,1/3,1/4,1/5} and CEP = --/2/2
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Instantaneous field waveforms synthesized with 5 harmonic componInstantaneous field waveforms synthesized with 5 harmonic componentsents

Chan et al, Science 2011

Single-cycle cosine Single-cycle sine Square wave

Peak to peak spacing:   8.02 fs
Narrowest field FWHM:  843 as
Envelope width:   1.5 fs
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Arbitrary waveforms (correlation traces shown)
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Application of arbitrary 
waveforms to high harmonic 
generation (HHG)
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Attoseconds 
arise first 
here

Mapped by 
classical physics 
to  hereThe key attosecond idea

~10 eV

~200 eV

Coherence is transferred from 
photon to electron to photon to.
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2 2 2

3.2

/ 4
cutoff p p

p a

h I U

U e E m





 



Generating attosecond pulses

High-order harmonic generation

Ponderomotive potential
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Black: 
sinusoidal field

Red:
optimized field

Sinusoidal field is not optimized for HHG
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laser 
field

NeutralsWaveguide Plasma

k = qklaser - kHHG = 0

k  q
u

11

2 0

4a2









 P (1)

2
0

  Natmre0 




















VLaser=VX-ray=C

Phase matching of high harmonic beams
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SUMMARIZE

Why we are interested in it - Frontier research in 
optical physics

What is the approach - Fourier synthesis

How it is done and what have been done - harmonic 
frequency comb + AM/PM + SALC2

What can be done with these waveforms - attosecond 
science and HHG process modification


