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Scaling phenomena of the buckling of 
single-walled carbon nanotubes
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Thermal Vibration

The Methodology of MD SimulationThe Methodology of MD Simulation
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MD Simulation ModelMD Simulation Model
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Solid Column ModelSolid Column Model
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Cylindrical Shell ModelCylindrical Shell Model
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Schematic of the carbon nanotube under compression via displacement control with 
the top end.  On either the top or bottom ends, four atomic layers of carbon are held 
fixed to simulate the clamped-clamped boundary condition. The single-walled 
carbon nanotube (SWNT) has a diameter of D, which is twice of its radius (R). We 
maintain the ratio λ= R/Lu to study the effects of size and self-similarity.

λ= R/Lu

SR= l / n

Radius-to-length ratio

Slenderness ratio

SR= 1 λ = 0.276
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The Buckling Behavior of SWNT(3,3) The Buckling Behavior of SWNT(3,3) 
SSRR=1.0  T=1K  Atoms=90=1.0  T=1K  Atoms=90(42)(42)

Compressive Load

diameter
D=4.125A

Fixed end
Lf=3.741A

L=17.459A

Fixed end
Lf=3.741A

Unconstrained surface
Lu=7.482A

Compressive Load
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SWNT(3,3) SSWNT(3,3) SRR=1.0 T=1K=1.0 T=1K
100steps 100steps 
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Top 
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X-side 
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No.               2 4                      5 7
Step                    Step                    8181 83                            83                            8484 8787
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The Buckling Behavior of SWCNT(5,5) The Buckling Behavior of SWCNT(5,5) 
SSRR=1.0  T=1K  Atoms=180=1.0  T=1K  Atoms=180

Compressive Load

Diameter
D=6.88A

Fixed end
Lf=3.74A

L=21.20A

Fixed end
Lf=3.74A

Unconstrained surface
Lu=13.72A

Compressive Load

Short-Column
SWNT(5,5), SR=1.0, T=1K, 180 Atoms
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SWCNT(5,5) SSWCNT(5,5) SRR=1.0 T=1K=1.0 T=1K
250.0steps 250.0steps 

Long SingleLong Single--Walled Column EffectWalled Column Effect
Long single-walled carbon 
nanotube with the (5, 5) chirality
at different buckled stages (SR = 
5.9). (a) compressed right before 
first buckling, (b) compressed 
right after first buckling, (c) 
intermediate buckling stage after 
first buckling, and (d) final 
buckling stage in the simulation. 
Three atomic layers of carbon 
were fixed at the top and two 
atomic layers at the bottom. In 
our simulations, compression 
was performed by moving the top 
fixed end downward. Total length 
of the nanotube was 78.57 Å, 
and the unconstrained length 
was 74.82 Å. Three atomic layers 
and two atomic layers of carbon 
were fixed at the top and bottom 
ends, respectively. Length is in 
units of Å. The total length of the 
nanotube does not change 
significantly due to lateral 
buckling. Our simulation 
temperature was 1 K.
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Short SingleShort Single--Walled Column EffectWalled Column Effect
Short single-walled carbon 
nanotube with the (5, 5) 
chirality at different loading 
stages (SR = 3.6). (a) 
compressed right before first 
buckling, (b) compressed right 
after first buckling, (c) 
intermediate buckling stage 
after fist buckling, and (d) final 
buckling stage in the 
simulation. At either the top or 
bottom fixed end, two atomic 
layers of carbon were fixed. 
Total length of the nanotube 
was 48.64 Å, and the 
unconstrained length was 
46.14 Å. Two atomic layers of 
carbon were fixed both at the 
top and bottom ends. Length 
is in units of Å. We have 
observed that the position of 
the kink can move along the 
tube longitudinally. The total 
length of the nanotube is 
shortened, although not 
clearly seen in the figures. 
Our simulation temperature 
was 1 K.

Long DoubleLong Double--Walled Column EffectWalled Column Effect
Buckling modes of the (5, 
5)@(10, 10) long double-
walled carbon nanotube at
different loading stages (SRi = 
15.2, SRo = , where SRi is the 
ratio for the inner tube and 
SRo is that for the outer tube.). 
(a) compressed right after the 
first buckling, (b) intermediate 
buckling stage after the first 
buckling and (c) final buckling 
stage in the simulations. Note 
compressed figure right 
before the first buckling is not 
shown. Total length of the 
nanotube was 98.52 Å, and 
the unconstrained length was 
96.03 Å. An atomic layer and 
two atomic layers of carbon 
were fixed at the top and 
bottom ends, respectively. 
Length is in units of Å.
Our simulation temperature 
was 1 K.
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Short DoubleShort Double--Walled Column EffectWalled Column Effect
Buckling modes of the (5, 
5)@(10, 10) short double-
walled carbon nanotube at 
different loading stages 
(SRi = 2, SRo = 1, where 
SRi is the ratio for the 
inner tube and SRo is that 
for the outer tube.). (a) 
compressed right before 
first buckling, (b) 
compressed right after first 
buckling, (c) intermediate 
buckling stage after first 
buckling and (d) final 
buckling stage in the 
simulations. Total length of 
the nanotube was 33.67 Å, 
and the unconstrained 
length was 23.69 Å. Four 
atomic layers of carbon 
were fixed both at the top 
and bottom ends. Length 
is in units of Å. Our 
simulation temperature 
was 1 K.

長 柱 效 應

長柱之奈米碳管挫曲型態圖 (a) 前挫曲型態 (b) 挫曲發生期間之型態 (c) 後挫曲型態

(a) (b) (c)

雙 層 效 應

雙層之奈米碳管挫曲型態圖 (a) 前挫曲型態 (b) 挫曲發生期間之型態 (c) 後挫曲型態

(a) (b) (c)

短柱之奈米碳管
挫曲型態圖

短 柱 效 應

(a)前挫曲型態

(b) 挫曲發生期間之型態Ⅰ

(c) 挫曲發生期間之型態Ⅱ

(d) 後挫曲型態

(a) (b)

(c) (d)



10

SSRR=1.0=1.0
SWNT (3,3) vs. (5,5) vs. (10,10) vs. (15,15)SWNT (3,3) vs. (5,5) vs. (10,10) vs. (15,15)

(3,3) (5,5) (10,10) (15,15)

diameter
D=4.125A

Lu=7.482A

Lu=14.965A

Lu=29.930A

Lu=59.860A

Atoms = 90(42)           190(110)             580(420)          1170(930) 

diameter
D=6.876A

diameter
D=13.751A

diameter
D=20.626A

SSRR=1.0=1.0
SWNT (3,3) vs. (5,5) vs. (10,10) vs. (15,15)SWNT (3,3) vs. (5,5) vs. (10,10) vs. (15,15)
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Strain energy density of the simulated carbon nanotubes of different armchair types, 
implying different radii, under the constraint of SR = 1. There are 1000 data points 
between every two adjacent symbols. Different curvatures near zero applied strain 
indicate different Young’s modulus due to the radius effects. The smaller, SR = 1 
nanotube exhibits larger buckling resistance.

SR = 1
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Solid Column Model Solid Column Model 
(Euler Column)(Euler Column)

www.uh.edu/engines/epi1618.htm
The second moment of area :

Lu

www.kuleuven.be

The first critical load :

Effective coefficient :

Slenderness ratio :

Critical strain :
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Cylindrical Shell Model (linear elasticity)
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Governing Eq. :

Batdorf parameter : Lh/=β

Critical strain :

where

www.phy.olemiss.edu

Cylindrical Tube Model 
(Simply supported B.Cs’)

Critical strain :

http://physics.uwstout.edu/statstr/statics/
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Critical strain for buckling vs. tube length under the constraint of SR = 1. Dashed lines are 
calculated with Poisson’s ratio being 0.3, and thin solid lines are for Poisson’s ratio of 0.19. 
The Euler column solution is for solid rods. The S0 (thin solid line) and S1 (thick solid line) 
solutions are calculated from Eq. (7) with different parameters discussed in the text. The S1 
solution is specifically to model the buckling of short, macroscopic cylindrical shells.

SR = 1

0.0761

Buckling strain vs. the ratio of radius to wall thickness (R/h). The solid symbols denote the results of our 
MD simulation of carbon nanotubes with the constraint of SR = 1 with different assumptions of the tube 
thickness; red solid circles for h = 0.34 nm and blue solid squares for h = 0.066 nm. The open circles are 
experimental data for macroscopic cylindrical shells. The S0 (thin solid line) and S1 (thick solid line) are 
solutions of Eq. (7). The long, short dashed, and dotted lines are calculated from Eq. (8) with different 
parameters for A and n. The scaling phenomena of tube buckling can be reasonably verified by
the continuum approach.

SR = 1

n

cr h
RA

−

⎟
⎠
⎞

⎜
⎝
⎛=ε

( )213/1 vA −=

where

Critical Strain



14

ConclusionConclusion

Smaller CNTs exhibit larger buckling Smaller CNTs exhibit larger buckling 
strains, i.e. high resistance to strains, i.e. high resistance to 
buckling.  buckling.  

The practical continuum model for The practical continuum model for 
the shell buckling problem can be the shell buckling problem can be 
used to predict the buckling strain of used to predict the buckling strain of 
tubes at the subtubes at the sub--nanometer scales. nanometer scales. 
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