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Chapter 2 Electron Levels in a Periodic Potential

Bloch Theorem:

In the presence of a periodic potential (V (r+R)=V (r))

w(F +R) =exp(ik - R)y (1)

—_

where R =na, +n,a, +n,a,
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Proof: Bloch theoremin1D
If V(x+R)=V(x)
then w(X+R)=exp(ikR)w(X)

O O O O O O

R=na n=0+1+2...

Define T, (translation operation)

Te[H()w(x)] = H(x+R)y(x+R) = H(X)w(x+R) = H(X) Tz (x)

Hy, =Ev,
~[T,H]=0 ) {
" TRWn :C(R)Wn

T (x) =y (x+R) = CR)(X)
Jly e+ RYP dx=[ICR) Flw (9 P de= [y (9 dx

IC(R) =1 = C(R) =¢"“®

TTy () =y(x+22) =Ty (x) = C(a)C(a)=C(2a)

C(a)=e*: C(2a)=C(a)C(a)=e?* C(R)=¢*



Proof: Bloch theoremin3D R=na +n,a, +n,a, P.16

Define T, (translation operation) : Ty (F)=w/(r + R)
T HOw (O] =H( +R)y(r +R) = H(O)y(r +R) = H(Ty(r)
e = {0 .

Tew (F) =y (r +R) = C(R)w(r)

Jlyr+R)P d°r = [ICR) Flw(n) P d°r = ly(r) [ d’r
IC(R)[P=1 — C(R) =¢®
T.T.w([)=T.T.w(F)=y(+R+R’)

TeTaw (1) =TTy (F) =T (F)

C(R)C(R)=C(R)C(R)=C(R+R) == C(R) = exp(ik - R)
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Another form of the Bloch function

w, (F) =e*"u(r) where u(F + R) =u(F)

Proof:

w. (F +R) = exp[iK - (F + R)Ju(F + R)
= exp(ik - R) exp(ik - F)u(r)
= exp(ik - R)w(F)

—_—

What is the physical meaning of K 2
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For a system with spherical symmetry v (r)=V(r)

H,l’]=0 ; [H,L]=0

-

H'7”n|m = Enlml//nlm
I—Zl)”nlm = I(I +1)hl//nlm : Wnlm (r,6?, ¢) — RnI (r)YIm (9’¢)
L I—zl//nlm =Mmh Y nim

.

Meaning of m ==> Y,_(6,¢)

1 3 .. 3 .. 3
Y, =———: Y :—,/—e'¢sm¢9; Y :,/—e‘w’sm@; Y =,/—cos€
00 \/E 11 872' 1-1 872' 10 472_

For a system with translational symmetry V(F+R)=V(r)

HT]-0 ——
{ H Yok = Enk Wk o ;VMU Umvﬁw I\I/L——fwﬁ-—
») ik-R y Wik = e’ .runk (r)
TRy, =e ‘ R';”nk

Re l//mk

k Iscontinue m==) energy band



General remarks about Bloch’s Theorem

(1) W, isnotamomentum eigenstate, #K is crystal momentum

h

— = h =r ik-r .
pl)”nk :TVWnk :Tv[ek Uk (r)]

= ik, +€"" ?Wnk ()

(2) |ann always be confined to the first B.Z.
let k'=k+G
- exp(ik - R) = exp[i(k +G)-R] = exp(ik - R)
Sy (T + R) = exp(ilz E Q)wnﬁ,(r) = exp(ilz- F?)gymz.(f)
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(3) It can be reduced to a hermitian eigenvalue problem which is restricted

to a single primitive cell of the crystal

2
Hy,=E.v,. Where H = —h—vz +U ()
2m
let v, () =exp(ik - F)u, (F)
hz = 2 _ hz = = ik-r —
——V r)=——V-[Ve“u_(r
2m Wnk( ) 2m [ nk( )]
hz =r ikr/ = hz ikK-r 721 7\ 2 7
= ——V[e""(iku, +Vu_)]=——e""(ik +V)?u_ (F)
m 2m

2

Hu, ==E u, (F) where H, =—§—m(iIZ + V)2 +U(r)

with BC.  u,(r)=u,(F+R)

It is a partial differential equation with a very complicate boundary condition.



Using variational principle, we can reduce this complicate boundary value P

problem to simple matrix digonalization problem
2

Hu, =E,u, (F) where H, :-f—m(iﬁ +V)2 +U(F)

Choose a basis function X (T) where  y (F+R)= y.(F)

uk (r) = Z CnZn (r)

- - - n - =
minimize <u, |H, |u, > with constraint <u, |u, >=1

o 0
. C H C.y. >—-A—s C.x. 1Y C y. >=0
aCI <Zn nznl klzm: mZ > 8C| <Zn Z |; Z >

o « 16, .
H _ =
07 & & CrCoMlm = A 567 20 2, CrCadum =

> C,H,-21> C.S,, =0

B |H(K)C-4SC=0| Wwhere H =<y|H %> ; S,=<xlr>

= 4;CY  2,;C% 458 A5C™M (Eno W)



