
( ) exp( ) ( )r R ik R rψ ψ+ = ⋅
vv vv v

Bloch  Theorem : 

In the presence of a periodic potential ( )( ) ( )V r R V r+ =
vv v

1 1 2 2 3 3R n a n a n a= + +
v v v vwhere

Chapter 2 Electron Levels in a Periodic Potential 
P.14



22 2 2

( ) ( ) ( ) ( )

| ( ) | | ( ) | | ( ) | | ( ) |

RT x x R C R x

x R dx C R x dx x dx

ψ ψ ψ

ψ ψ ψ

∴ = + =

+ = =∫ ∫ ∫
2 ( )| ( ) | 1 ( ) i RC R C R e θ= ⇒ =

( )
n n n

R n n

H E
T C R
ψ ψ
ψ ψ

=
=

[ ( ) ( )] ( ) ( ) ( ) ( ) ( ) ( )R RT H x x H x R x R H x x R H x T xψ ψ ψ ψ= + + = + =

[ , ] 0RT H∴ =

RTDefine (translation operation)

2( ) ( 2 ) ( ) ( ) ( ) (2 )a a aT T x x a T x C a C a C aψ ψ ψ= + = ⇒ =

2( ) ; (2 ) ( ) ( ) ( )ika i ka ikRC a e C a C a C a e C R e= = = =

( ) exp( ) ( )x R ikR xψ ψ+ =
( ) ( )V x R V x+ =

then
if 0, 1, 2....R na n= = ± ±

Proof:  Bloch theorem in 1 D P.15



( ') ( ) ( ) ( ') ( ')C R C R C R C R C R R= = +
v v v v v v

( ) exp( )C R ik R= ⋅
vv v

( ) ( )RT r r Rψ ψ= +v
vv v

[ ( ) ( )] ( ) ( ) ( ) ( ) ( ) ( )R RT H r r H r R r R H r r R H r T rψ ψ ψ ψ= + + = + =v v
v v vv v v v v v v v

[ , ] 0RT H∴ =v

( )
n n n

n nR

H E
T C R

RTvDefine (translation operation)

ψ ψ

ψ ψ

=

=v
v

22 3 2 2 3 3

( ) ( ) ( ) ( )

| ( ) | | ( ) | | ( ) | | ( ) |

RT r r R C R r

r R d r C R r d r r d r

ψ ψ ψ

ψ ψ ψ

= + =

+ = =∫ ∫ ∫

v
v vv v v

v vv v v

:

2 ( )| ( ) | 1 ( ) i RC R C R e θ= ⇒ =
rv v

' ' '( ) ( ) ( )R R R R R RT T r T T r T rψ ψ ψ+= =v v v v v v
v v v

' '( ) ( ) ( ')R R R RT T r T T r r R Rψ ψ ψ= = + +v v v v
v vv v v

Proof:  Bloch theorem in 3 D 1 1 2 2 3 3R n a n a n a= + +
v v v v P.16



Another form of the Bloch function

( ) exp[ ( )] ( )

exp( )exp( ) ( )
exp( ) ( )

k r R ik r R u r R

ik R ik r u r
ik R r

ψ

ψ

+ = ⋅ + +

= ⋅ ⋅

= ⋅

vv v vv v v

v vv v v

v v v

Proof:

( ) ( ) ( ) ( )ik r
k r e u r where u r R u rψ ⋅= + =

v v vv v v v

What is the physical meaning of       ?k
v

P.17



For a system with spherical symmetry ( ) ( )V r V r=v

[ ]2, 0 ; , 0zH L H L⎡ ⎤ = =⎣ ⎦

2 ( 1) ; ( , , ) ( ) ( , )
nlm nlm nlm

nlm nlm nlm nl lm

z nlm nlm

H E
L l l r R r Y

L m

ψ ψ
ψ ψ ψ θ φ θ φ
ψ ψ

=⎧
⎪ = + =⎨
⎪ =⎩

h

h

Meaning of l,m ( , )lmY θ φ

00 11 1 1 10
1 3 3 3; sin ; sin ; cos

8 8 44
i iY Y e Y e Yφ φθ θ θ

π π ππ
−

−= = − = =

For a system with translational symmetry ( ) ( )V r R V r+ =
vv v

[ ], 0H T =

( )
nk nk nk

ik R
nk nk

H E

T R e

ψ ψ

ψ ψ⋅
=⎧⎪

⎨
=⎪⎩

v vv ( )ik r
nk nke u rψ ⋅=

v v v;

Re nkψ

Re mkψ

is continue energy bandk
v

P.18



'k k G= +
v v v

' ' '

exp( ' ) exp[ ( ) ] exp( )

( ) exp( ' ) ( ) exp( ) ( )nk nk nk

ik R i k G R ik R

r R ik R r ik R rψ ψ ψ

⋅ = + ⋅ = ⋅

∴ + = ⋅ = ⋅v v v

v v vvv v v
Q

v vv v vv v v

, ,

, ,

( ) ( )n k G n k

n k G n k

r r

E E

ψ ψ+

+

=

=

v vv

v vv

v v

k
v

(2)      can always be confined to the first B.Z.

let

[ ( )]

( )

ik r
nk nk nk

ik r
nk nk

p e u r
i i

k e u r
i

ψ ψ

ψ

⋅

⋅

= ∇ = ∇

= + ∇

v v

v v

v vh hv v

v vh v
h

General remarks about Bloch’s Theorem

nkψ k
v

h(1) is not a momentum eigenstate,       is crystal momentum

P.19



(3) It can be reduced to a hermitian eigenvalue problem which is  restricted
to a single primitive cell of the crystal

( ) exp( ) ( )nk nklet r ik r u rψ = ⋅
vv v v

2
2 ( )

2nk nk nkH E where H U r
m

ψ ψ= = − ∇ +
vh v

2 2
2 ( ) [ ( )]

2 2
ik r

nk nkr e u r
m m

ψ ⋅− ∇ = − ∇⋅ ∇
v vv v vh hv v

2 2
2[ ( )] ( ) ( )

2 2
ik r ik r

nk nk nke iku u e ik u r
m m

⋅ ⋅= − ∇ +∇ = − +∇
v vv vv vv v vh h v

2
2( ) ( ) ( )

2
. . ( ) ( )

k nk nk nk k

nk nk

H u E u r where H ik U r
m

with B C u r u r R

== = − +∇ +

= +

v vhv v

vv v

It is a partial differential equation with a very complicate boundary condition.

P.20



(1) (2) (3) ( )
1 2 3; , ; ; .......... ; ( , )N

n nk nkC C C Cλ λ λ λ ε ψ⇒
% % % %

Using variational principle, we can reduce this complicate boundary value 
problem to simple matrix digonalization problem

( ) ( )k n n
n

u r C rχ=∑v v

| | int | 1k k k k ku H u with constra u u< > < >=minimize

( )n rχ v
Choose a basis function ( ) ( )n nwhere r R rχ χ+ =

vv v

* *| | | 0n n k m m n n m m
n m n ml l

C H C C C
C C

χ χ λ χ χ∂ ∂
< > − < >=

∂ ∂∑ ∑ ∑ ∑

* *
* * 0n m nm n m nm

n m n ml l

C C H C C S
C C

λ∂ ∂
− =

∂ ∂∑ ∑ ∑ ∑

0m lm m lm
m m

C H C Sλ− =∑ ∑

( ) 0H k C SCλ− =
v

% % % %
| | ; |lm l k m lm l mH H Sχ χ χ χ=< > =< >where

2
2( ) ( ) ( )

2k nk nk nk kH u E u r where H ik U r
m

== = − +∇ +
v vhv v
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