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a b s t r a c t

The magneto-electronic structure of Bernal graphite is derived by the Peierls tight-binding model. Seven
important atomic interactions are taken into account and the corresponding Hamiltonian matrix is
rearranged as a band-like form for efficient calculation. The results derived from this exact diagonalization
method demonstrate that interlayer interactions play remarkable roles in Landau level structures.

© 2011 Elsevier Ltd. All rights reserved.
1. Introduction

Recently, the fabrication of graphene layers [1,2] and succeed-
ing discovery of their physical properties have attracted a great
deal of experimental and theoretical interest. Graphene layers are
regarded as ideal layered materials to explore the quantum phe-
nomena in two-dimensional electron systems. Lot of research have
been performed for their unique two-dimensional physical prop-
erties, e.g., band structures [3–12], electronic excitations [13–16],
optical spectra [17–21], exotic quantum Hall effect [22–24], and
transport properties [22–25]. Monolayer graphene (MG) is a zero-
gap semiconductor with linear valence and conduction bands
intersecting at the Fermi level, mainly owing to its hexagonal sym-
metry [26]. As for multilayer graphenes, the interlayer atomic in-
teractions affect the band structures significantly and result in
semimetallic behavior. Some of the unusual electronic structures
of monolayer and multilayer graphenes have been experimentally
identified. These advances have also led to a renewed interest in
bulk graphite [27,28].

Bernal graphite (BG), consisting of graphene layers with pe-
riodic AB-stacking, is one of the most extensively studied ma-
terials in both experimental [29–33] and theoretical [26,34–39]
aspects. BG is a semimetal because the interlayer interactions
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induce an overlap between the conduction and valence bands. In
this work, the tight-binding model with exact diagonalization is
utilized to study the Landau levels (LLs) of BG in an uniform per-
pendicular magnetic field. The corresponding Hamiltonian matrix
in a band-like form yields great efficiency of numerical calcula-
tion. This method takes most important atomic interactions into
consideration, and obtains broader magneto-electronic structures.
The comparisons of low energy LLs among monolayer and bilayer
graphenes as well as BG are also made to investigate the effects of
interlayer interactions in few-layer graphenes and BG.

2. Calculation method

The geometric structure of Bernal graphite is shown in Fig. 1(a).
The hexagonal graphene layers are periodically stacked in the AB-
stacking sequence. In a hexagonal plane, the distance between two
nearest-neighboring sheets is d = 3.37 Å and the C–C bond length
is b = 1.42 Å. Seven atomic hopping integrals are considered. γ0 =

3.12 eV represents the interaction between two nearest-neighbor
atoms in the same layer. The interaction between two nearest-
neighbor A (B) atoms in two adjacent layers is γ1 = 0.38 eV (γ3 =

0.28 eV). γ4 = 0.12 eV stands for the atomic hopping between
the closest A and B atoms belonging to two nearest-neighboring
planes. The interaction between two A (B) atoms right above and
below each other in the next-neighboring layers is γ5 = −0.003
eV (γ2 = −0.021 eV). γ6 = −0.002 eV is the difference of the
chemical environments between atoms A and B.
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Fig. 1. (a) Geometric structure and the six interatomic hoppings of Bernal graphite.
(b) low energy band structures of Bernal graphite along highly symmetric points in
the first Brillouin zone. (c) The basis of the enlarged cell in a uniform perpendicular
magnetic field.

The π-electronic structures of BG are simply reviewed and
shown in Fig. 1(b). The low energy bands at H-point are similar
to those of MG, and exhibit two linear dispersions intersecting
near EF = 0 because of the hexagonal symmetry. However, the
interlayer atomic interactions induce two pairs of parabolic bands
at K -point and the asymmetry of energy spectrum about the Fermi
level, as in bilayer graphenes. The first pair near EF = 0 has a very
weak overlap. The band-edge states of the second pair (not shown
here) occur at Ec

≈ 2γ1+2γ5+γ6 and Ev
≈ −2γ1+2γ5+γ6. Both

γ3 and γ4 display remarkable effects on the energy dispersions
of parabolic bands and the band overlap, which reflect on the
densities of states.

The Hamiltonian without any external field is H = p2/2m +

V (r), where p is the momentum of electron, and V (r) represents
the lattice potential. There are four carbon atoms in a primitive unit
cell. The tight-binding Bloch function may be expressed as

|Ψk⟩ = f1|Ak⟩ + f2|Bk⟩ + f3|A′

k⟩ + f4|B′

k⟩, (1)
where |Ak⟩(|Bk⟩, |A′

k⟩, and |B′

k⟩) is the sublattice comprised by the
2pz orbitals of the periodicA(B, A′, and B′) atoms. TheHamiltonian
built from the four tight-binding functions is

H =


EA γ1Γ −γ0(t + q) γ4Γ (t∗ + q∗)

γ1Γ EA γ4Γ (t + q) −γ0(t∗ + q∗)

−γ0(t∗ + q∗) γ4Γ (t∗ + q∗) EB γ3Γ (t + q)
γ4Γ (t + q) −γ0(t + q) γ3Γ (t∗ + q∗) EB

 ,

(2)
where EA = γ6 + γ5Γ

2/2 and EB = γ2Γ
2/2 represent the energies

including site and hopping terms of A and B atoms respectively
Γ = 2 cos(ikzd), q = exp(ikxb), and t = 2 exp(−ikxb/2) cos
(
√
3kyb/2) are the phase terms due to the neighboring atoms.
When BG is under the influence of a uniform perpendicular

magnetic field B = B0ẑ, the Hamiltonian becomes HB = (p −

eA/c)2/2m+ V (r), and the vector potential is chosen as A = B0xŷ.
The magnetic flux through a hexagon in the unit of flux quantum
(Φ0 = hc/e) is Φ = 3

√
3B0b2/2Φ0. Its inverse is assumed to

be a positive integer, i.e., 1/Φ = RB. A Peierls phase, related to
the path integral of A, exhibits a periodical oscillation along the
x-axis. Such a phase has a period of 2/Φ = 2RB; therefore, the
enlarged primitive unit cell is a rectangle with 8RB carbon atoms
(Fig. 1(c)). The enlarged unit cell method used is also utilized in
few-layer graphenes []. However, the Hamiltonian matrix corre-
sponding to graphite is much complex due to the periodicity of the
z-direction. To obtain the band-like Hamiltonian matrix, the basis
functions are arranged in a specific sequence {|A1k⟩, |A′

1k⟩, |B
′

2RBk⟩,

|B2RBk⟩, |B1k⟩, |B′

1k⟩, |A
′

2RBk⟩, |A2RBk⟩, . . . , |ARBk⟩, |A
′

RBk⟩, |B
′

RB+1k⟩,

|BRB+1k⟩, |BRBk⟩, |B
′

RBk⟩, |A
′

RB+1k⟩, |ARB+1k⟩}. The dominant Hamilto-
nian matrix elements include

⟨Bi|H|Aj⟩ = −γ0(t1,jδj,i + qδj,i+1),

⟨Bi|H|A′

j⟩ = γ4Γ (t1,jδj,i + qδj,i+1)

⟨A′

i|H|Aj⟩ = γ1Γ δj,i, ⟨B′

i|H|Bj⟩ = γ3Γ (t2,jδj,i + qδj,i+1)

⟨A′

i|H|B′

j⟩ = −γ0(t3,jδj,i−1 + qδj,i),

⟨Ai|H|B′

j⟩ = γ4Γ (t3,jδj,i−1 + qδj,i)

⟨Ai|H|Aj⟩ = ⟨A′

i|H|A′

j⟩ = EAδj,i,

⟨Bi|H|Bj⟩ = ⟨B′

i|H|B′

j⟩ = EBδj,i. (3)

The three independent phase terms are

t1,j = 2 exp


−ikx
b
2


cos


ky

√
3b
2

−
2π
2RB


j − 1 +

1
6



t2,j = 2 exp


−ikx
b
2


cos


ky
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3b
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
j − 1 +

3
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t3,j = 2 exp
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−ikx
b
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cos
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ky

√
3b
2

−
2π
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
j − 1 +

5
6
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. (4)

The 8RB ×8RB band-like Hermitian Hamiltonianmatrix is given
by (see Box I).

The band-like Hamiltonianmatrix in Eq. (5) is quite useful, even
for a very small magnetic field or a huge RB (RB > 79000 at B0 <
1 T), in efficiently solving eigenvalues (Ec,v ’s) and eigenfunctions
(Ψ c,v ’s). c and v, respectively, denote unoccupied conduction
states and occupied valence states. Through observing the main
features of the wave functions, the optical spectra [20], Coulomb
excitations [15] and transport properties can be comprehended
more clearly since these physical properties strongly depend on
the characteristics of the wave functions.

The effective mass approximation and the tight-binding model
are two main methods in theoretical research on magneto-
electronic properties of layered graphene and bulk graphite
systems. The former method treats interlayer interactions as
perturbations and drops some of them to avoid the unsolvable
problems in calculation. In the tight-binding calculations, however,
magnetic fields and all important atomic interactions can be
simultaneously taken into account without any approximation.
The limitations of the effective mass model might result in
the missing of some important information and inaccuracy. A
more reliable and accurate method with exact diagonalization is
necessary for studying the physical properties of layered graphene
and bulk graphite systems. In the tight-binding model, the
π-electronic eigenvalues are accurate over a much wider energy
range and the wave functions in real space can be well defined.
These advantages in many aspects promote the evolutions of the
tight-binding calculation. The treatment of the band-like matrix
in this work has been utilized to many kinds of external fields,
e.g., uniform magnetic fields [20], modulated magnetic fields [40],
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5)

6)

7)

8)

9)
H =



H1 Ha,j=2 0 0 · · · 0 0
HĎ

a,j=2 Hs,j=2 Ha,j=3 0 · · · 0 0

0 HĎ
a,j=3 Hs,j=3 Ha,j=4

. . . 0 0

0 0 HĎ
a,j=4 Hs,j=4

. . . 0 0
...

...
. . .

. . .
. . . Ha,j= n

2 −1 0
0 0 0 0 HĎ

a,j= n
2 −1 Hs,j= n

2 −1 Ha,j= n
2

0 0 0 0 0 HĎ

a,j= n
2

H n
2


, (

where n = 2RB. The four independent 8 × 8 block matrices are expressed as

H1 =



EA γ1Γ γ4Γ t3,n −γ0q∗
−γ0t∗1,1 γ4Γ q 0 0

γ1Γ EA −γ0t3,n γ4Γ q∗ γ4Γ t∗1,1 −γ0q 0 0
γ4Γ t∗3,n −γ0t∗3,n EB γ3Γ t2,n γ3Γ q 0 −γ0q∗ γ4Γ q∗

−γ0q γ4Γ q γ3Γ t∗2,n EB 0 0 γ4Γ t1,n γ ′

0t1,n
−γ0t1,1 γ4Γ t1,1 γ3Γ q∗ 0 EB γ3Γ t∗2,1 0 0
γ4Γ q∗

−γ0q∗ 0 0 γ3Γ t2,1 EB 0 0
0 0 −γ0q γ4Γ t∗1,n 0 0 EA γ1Γ

0 0 γ4Γ q −γ0t∗1,n 0 0 γ1Γ EA


, (

H n
2

=



EA γ1Γ 0 0 −γ0t∗1, n2
γ4Γ q 0 0

γ1Γ EA 0 0 γ4Γ t∗1, n2
−γ0q 0 0

0 0 EB γ3Γ t2, n2 +1 0 0 −γ0q∗ γ4Γ q∗

0 0 γ3Γ t∗2, n2 +1 EB 0 γ3Γ q∗ γ4Γ t1, n2 +1 −γ0t1, n2 +1

−γ0t1, n2 γ4Γ t1, n2 0 0 EB γ3Γ t∗2, n2
γ4Γ q −γ0q

γ4Γ q∗
−γ0q∗ 0 γ3Γ q γ3Γ t2, n2 EB −γ0t∗3, n2

γ4Γ t∗3, n2
0 0 −γ0q γ4Γ t∗1, n2 +1 γ4Γ q∗

−γ0t3, n2 EA γ1Γ

0 0 γ4Γ q −γ0t∗1, n2 +1 −γ0q∗ γ4Γ t3, n2 γ1Γ EA


, (

Hs,j =



EA γ1Γ 0 0 −γ0t∗1,j γ4Γ q 0 0
γ1Γ EA 0 0 γ4Γ t∗1,j −γ0q 0 0
0 0 EB γ3Γ t2,−j+1 0 0 −γ0q∗ γ4Γ q∗

0 0 γ3Γ t∗2,−j+1 EB 0 0 γ4Γ t1,−j+1 −γ0t1,−j+1

−γ0t1,j γ4Γ t1,j 0 0 EB γ3Γ t∗2,j 0 0
γ4Γ q∗

−γ0q∗ 0 0 γ3Γ t2,j EB 0 0
0 0 −γ0q γ4Γ t∗1,−j+1 0 0 EA γ1Γ

0 0 γ4Γ q −γ0t∗1,−j+1 0 0 γ1Γ EA


, (

and

Ha,j =



0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 γ3Γ q∗ 0 0 0 0 0

−γ0q γ4Γ q 0 0 0 0 0 0
γ4Γ t∗3,j−1 −γ0t∗3,j−1 0 0 γ3Γ q 0 0 0

0 0 −γ0t3,−j+1 γ4Γ q∗ 0 0 0 0
0 0 γ4Γ t3,−j+1 −γ0q∗ 0 0 0 0


. (

Box I.
modulated electric fields [41], and composite fields [42]. It is also
applicable for other few-layered graphenes and bulk graphite with
arbitrary stacking configurations. For example, the Landau levels
in rhombohedral trilayer graphene [43] were also obtained by the
strategy of band-like matrix.

3. Results and discussions

A uniform perpendicular magnetic field creates many disper-
sionless LLs at low energy in MG, as shown in Fig. 2(a). The LLs are
fourfold degenerate for arbitrary k and symmetric about Fermi en-
ergy EF = 0. The Landau level energy obeys a simple power-law
relation En ∝

√
|n|B0 in the low energy region.3 The energy spac-

ing (Es) between two adjacent LLs declines rapidly with increas-
ing energy. The fourfold degeneracy remains unchanged in bilayer
Bernal graphene, as shown in Fig. 2(a). However, the interlayer
atomic interactions lead to the asymmetric LLs about EF = 0, more
low-lying LLs, two groups of LLs (the second group is not shown
here), the drastic change of the Landau level spacing, and an energy
gap.
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Fig. 2. Low-lying Landau levels of Bernal graphite compare with that of few-
layered graphenes for B0 = 10 T. (a) Monolayer and bilayer graphenes. (b) Graphite
at kz = π and 0. The Fermi level of Bernal graphite is adjusted for the sake of
convenience.

Fig. 3. Landau levels of Bernal graphite (a) at kz = π , (b) at kz = 2π/3, (c) at
kz = π/3, and (d) at kz = 0 near the Fermi energy for B0 = 5 T.

Comparing with few-layered graphenes, the Landau levels of
BG at kz = π are almost identical to monolayer one, except for
the lowest energy splitting due to different chemical environments
of A and B atoms, as shown in Fig. 2(b). The LLs of BG at kz = 0
exhibit more characteristics, as shown in Fig. 2(b). Owing to the
participation of more interlayer interactions, the energy level
distribution becomes denser. Furthermore, the influence of these
interactions is kz-dependent so that the Landau subbands appear
along the kz direction. The chemical potential is not lying between
the two lowest LLs as a result.

From the energy dispersions shown in Fig. 1(b), turning off all
interlayer atomic hoppings at kz = π maintains the monolayer-
like feature of linear band. Similar result is shown in Fig. 2, even
when there exists a magnetic field B0. The changes of the LLs from
kz = π to 0 is also shown in Fig. 3(a)–(d) for B0 = 5 T. As kz
goes from kz = π to 0, the number of levels in the low energy
region increases, and the energy levels approach the lowest two
of them. It is obvious that the influence of interlayer interactions
intensifies from kz = π to 0. The most crowded LLs at kz = 0
correspond to a local maximum in the DOS, which results from
the parabolic bands at kz = 0 shown in Fig. 1(b). At kz = π ,
the level energies obey a power-law relation En ∝

√
|n|B0 due

to the absence of interlayer interactions, and behave like MG.
Comparing Fig. 3 with Fig. 2, the stronger field strength result in
higher Landau level degeneracy, which reflects on the larger level
spacing. The results shown in this work may be dissimilar to those
obtained by the effectivemass calculations neglectingmost atomic
interactions since the neglected interactions affect the state energy
or electron–hole asymmetry of the Landau levels [20].

4. Conclusion

The magneto-electronic structure of BG is derived by the
Peierls tight-bindingmodel. An exact diagonalizationmethodwith
a strategy of rearranging basis functions is adopted to make
the calculation efficient. In this work, seven important atomic
interactions are taken into account, and the large Hamiltonian
matrix due to weak magnetic fields is converted into a band-like
form for the enhancement of calculation efficiency. A comparison
of LLs between BG and few-layer graphenes shows that interlayer
interactions strongly influence the main features of magneto-
electronic properties, e.g., the presence of an energy gap, the
asymmetry of the LLs, and the creation of Landau subbands. The
band structures of BG contain the features of both monolayer
and bilayer graphenes owing to the kz dependence of interlayer
interactions. The tight-binding calculation utilized in this work can
be further applied to study other physical properties, e.g., optical
absorption spectra, electronic excitations and transport properties.
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