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Influence of modulated fields on the Landau level properties of graphene
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The influences of modulated electric fields and modulated magnetic fields on low-energy Landau levels (LL’s)
of monolayer graphene are investigated by the tight-binding model. The ratio of the uniform magnetic-field
strength to the modulated field strength is arbitrarily chosen for discussions. Both modulated fields cause the
LL’s to split into two twofold parabolic subbands; these subbands exhibit periodic oscillations and two kinds
of band-edge states. However, the subband dispersions and oscillation amplitudes associated with electric and
magnetic modulated fields behave differently. The main features of the electronic structure are reflected in the
density of states, which presents pairlike and square-root divergent structures for both modulated field cases. The
LL wave functions are strongly affected by both modulated fields, such as the broken symmetry, displacement
of the center location, and alteration of the amplitude strength. These changes in the LL wave functions should
be reflected in other physical properties, e.g., the optical selection rules. Furthermore, the dependence of the LL
properties on the modulation strength and modulation period is also discussed in detail.
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I. INTRODUCTION

In 2004, few-layer graphenes (FLG’s) were successfully
produced by mechanical exfoliation.1 Researchers have paid
much attention to theoretical2−23 and experimental24−30 in-
vestigations of FLG’s because these materials possess exotic
properties, such as massless Dirac fermions29 and the Klein
paradox effect.22 Experimental results demonstrated that the
physical properties of FLG’s depend strongly on the stacking
configurations.24−26 Furthermore, external fields cause FLG’s
to exhibit plenteous properties, e.g., abnormal quantum Hall
effects originating in a uniform magnetic field,3,4,18,25,30

anisotropic behavior resulting from a modulated magnetic
field,5,6 and the number of Dirac cones increased by a
modulated electric potential.7 This implies that the physical
properties of FLG’s can be modulated by external fields and
thus FLG’s can potentially be applied in nanodevices.31,32

Monolayer graphene (MG), the basic unit of FLG’s and bulk
graphite, consists of a single layer of carbon atoms densely
packed in a hexagonal lattice. Such a material is very suitable
for studying two-dimensional (2D) physical properties, e.g.,
quantum Hall effects.3,4,18,25,30 In the low-energy region, MG
exhibits linear dispersions near the K (K ′) point and is
regarded as a 2D zero-gap semiconductor. The low-energy
quasiparticles of MG are formally described by a Dirac-like
Hamiltonian,22 which is associated with relativistic particles.
Such a special electronic structure has been verified by
experimental measurements.24,29,30

External fields cause the electronic properties of MG to
exhibit many features. In the presence of a perpendicular-
uniform magnetic field B = B0̂z, low-energy electronic states
change into Landau levels (LL’s), which obey the specific
relationship Ec,v ∝ √

nc,vB0. nc and nv indicate the quantum
numbers of the conduction and valence states, respectively.
These low-lying LL’s lead to an abnormal quantum Hall
effect and particular optical excitations, which have been
proved experimentally.25,30 For a modulated magnetic field,
quasi-Landau-levels (QLL’s) and extra band-edge states exist

in the low-energy region,5,6 and the related optical-absorption
spectra possess selection rules different from those in LL’s.
Moreover, Haldane4 predicted that MG in the modulated
magnetic field could reveal quantum Hall effects even without
any net magnetic flux through the unit cell of MG. For a
periodic electric potential, low-energy linear dispersions of
MG become oscillatory and extra Dirac cones are induced by
the potential.7 Such a potential changes MG from a zero-gap
semiconductor into a semimetal.7

In this work, two kinds of composite field cases, a uniform
magnetic field combined with a modulated electric field
(UM-ME) and a uniform magnetic field combined with a
modulated magnetic field (UM-MM), are chosen for study. The
influences of both modulated fields on the LL properties of MG
are investigated by the tight-binding (TB) model. In previously
published work,8,9 the modulated fields were treated as
perturbations to affect the LL spectra; only alterations in the
density of states (DOS) of the LL’s were discussed. In this
study, however, the modulated fields are not restricted by
perturbation terms, i.e., the ratio of the uniform magnetic-field
strength to the modulated field strength is arbitrarily chosen
for discussion. Furthermore, understanding the characteristics
of the wave functions is helpful for comprehending physical
properties. The influence of the modulated fields on the main
features of the LL wave functions is discussed in detail.
The presented results show that the modulated fields lift the
degeneracy of the LL’s, split the LL’s into parabolic subbands,
create extra band-edge states, exhibit pairlike structures in
DOS, and break the main features of the LL wave functions.
Furthermore, these changes depend greatly on the modulation
period and the ratio of the modulation strength to the uniform
magnetic-field strength.

II. BANDLIKE HAMILTONIAN MATRIX
IN EXTERNAL FIELDS

Monolayer graphene, made up of carbon atoms arranged in
a honeycomb structure, is shown in Fig. 1(a). The π -electronic
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FIG. 1. (Color online) The primitive cell of a monolayer graphene
in a uniform magnetic field and a spatially modulated electric field
along the armchair direction.

structure corresponding to the 2pz orbitals is calculated by the
TB model. In the absence of external fields, the primitive unit
cell of MG consists of two carbon atoms, the a and b atoms, as
marked by the green shadow in Fig. 1(a). This implies that the
wave function is a linear superposition of two TB functions
associated with the 2pz orbitals. When MG is present in the
magnetic field B = Bẑ, a Peierls phase5,6,17−20,33 is introduced
in the TB functions related to the vector potential A = Bxŷ.
The phase difference between two lattice vectors (Rn and
Rn′ ) is defined as Gn ≡ 2π

φ0

∫ Rn

Rn′ A · dr, where φ0 = hc/e =
4.1356 × 10−15 [T m2] is the flux quantum. The Peierls phase
is periodic along the x direction when a specific strength

of the uniform magnetic field is chosen as B = φ0/(3
√

3b′2/2)
R

,
where R is related to the dimension of the Hamiltonian
matrix, and b′ = 1.42 Å [indicated in Fig. 1(a)] is the bond
length between two nearest-neighbor atoms. Consequently, an
enlarged rectangular unit cell18−20 induced by the magnetic
field includes 2R a atoms and 2R b atoms. The Bloch wave
function is presented by |�k〉 = ∑2R

n=1(Cn
ak|ank〉 + Cn

bk|bnk〉)
, where |ank〉 (|bnk〉) is the TB function corresponding to the
2pz orbitals of the a (b) atoms. Therefore, the Hamiltonian
in the subspace spanned by these 4R TB functions is a
4R × 4R Hermitian matrix. The site energies (the diagonal
matrix elements 〈ank|H |ank〉 and 〈bnk|H |bnk〉) are set to zero,
and only the nearest-neighbor atomic interaction γ0 = 2.5 eV
[indicated in Fig. 1(a)] is taken into account. The nonzero
matrix elements are given by

〈bnk|H |ank〉 = γ0 exp

[
ik · (Rn − Rn′) + 2π

φ0

∫ Rn

Rn′
A · dr

]
.

(1)

FIG. 2. (Color online) The low ky-dependent energy bands of
a monolayer graphene at (a) B0 = 1 T, RE = 790, V0 = 0, and
0.003γ0; (b) B0 = 1 T, RE = 790, and V0 = 0.006γ0; (c) B0 =
1 T, RE = 3950, and V0 = 0.003γ0; and (d) B0 = 0, RE = 790, and
V0 = 0.006γ0.

In addition to the uniform perpendicular magnetic field,
two kinds of modulated fields are introduced, respectively, to
affect the LL properties, as the diagrams in Figs. 2 and 3. In the
first case (UM-ME), the composite field is composed of B and
a modulated electric potential V (x) = V0 cos(2πx/lE). V (x)
is exerted on the system along the armchair direction, where
V0 is the potential strength and lE is the period length. As the
period is sufficiently large, the electric potential affects only
the site energies but not the nearest-neighbor hopping integral.
As a result, the site energies become

〈ank|H |ank〉 = V0 cos[(n − 1)π/RE] ≡ Vn, (2a)

〈bnk|H |bnk〉 = V0 cos[(n − 2/3)π/RE] ≡ Vn+1/3, (2b)

where RE = lE/3b′ is the modulated period. In the second case
(UM-MM), the composite field consists of B and a modulated
magnetic field Bm = Bm sin(2πx/lB) ẑ with the field strength
Bm and the period length lB (the modulation period RB =
lB/3b′). Bm is also applied to the system along the armchair
direction. The vector potential of the composite magnetic field
is chosen as A = [Bx−Bm

lB
2π

cos(2πx/lB)]̂y, and thus causes
the changes of the Hermitian matrix elements in Eq. (1).

195405-2



INFLUENCE OF MODULATED FIELDS ON THE LANDAU . . . PHYSICAL REVIEW B 83, 195405 (2011)

In both the UM-ME and UM-MM cases, a new periodicity,
which is associated with periods induced by the uniform
magnetic field and the modulated field, has to be defined.
The unit cell is enlarged along the x direction and the
dimensionality of the Hamiltonian matrix corresponds to the
least common multiple, namely RC , of R and RE or R and RB .
Figure 1(c) shows that the enlarged unit cell corresponding
to each composite field contains 4RC atoms (2RC a atoms
and 2RC b atoms), and the Hamiltonian is a 4RC × 4RC

Hermitian matrix. To obtain the bandlike Hamiltonian matrix,
the basis functions are arranged according to the following
sequence: |a1k〉, |b2RCk〉, |b1k〉, |a2RCk〉, |a2k〉, |b2RC−1k〉, |b2k〉,
|a2RC−1k〉, . . . ,|aRC−1k〉, |bRC+2k〉, |bRC−1k〉, |aRC+2k〉, |aRCk〉,
|bRC+1k〉, |bRCk〉, |aRC+1k〉. The matrix is expressed as⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

V1 q∗ p∗
1 0 · · · 0 0 0

q V2RC+1/3 0 p2RC
0 · · · 0 0

p1 0 V4/3 0
. . .

. . .
... 0

0 p∗
2RC

0 V2RC

. . .
. . . 0

...
... 0

. . .
. . .

. . . 0 p∗
RC

0

0
...

. . .
. . . 0 VRC+4/3 0 pRC+1

0 0 · · · 0 pRC
0 VRC+1/3 q

0 0 0 · · · 0 p∗
RC+1 q∗ VRC+1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

.

(3)

The elements pn and q are defined as pn ≡ t1k(n)+ t2k(n) and
q ≡ t3k(n), where t1k(n) = γ0 exp[i(kxb

′/2 + ky

√
3b′/2 +

Gn)], t2k(n) = γ0 exp[i(kxb
′/2 − ky

√
3b′/2 − Gn)], and

t3k(n) = γ0 exp[−i(kxb
′)] are three nearest-neighbor

hopping integrals. Gn = −π[(n−1)+1/6]
R

+ 6(RB )2

π

φ′
φ0

cos[ π
RB

(n −
5
6 )] sin( π

6RB
) is the Peierls phase in the off-diagonal elements

associated with the uniform and modulated magnetic fields;
Vn and Vn+1/3 are the site energies in the diagonal elements
induced by the modulated electric field. By diagonalizing the
matrix, the energy dispersion Ec,v and the wave function �c,v

are obtained.
The TB model can be utilized in a variety of situations, and

its main features are summarized as follows. TB calculations
can simultaneously include external fields and all interlayer
atomic interactions of FLG’s. Each atomic interaction plays an
important role in the electronic properties, especially at low-
energy dispersions, where ignoring interactions and adopting
perturbation methods is sometimes unsuitable to describe the
low-energy properties. The TB model is applicable for any
strengths and forms of external fields, e.g., uniform electric
fields, uniform magnetic fields, modulated electric fields,
modulated magnetic fields, and composite fields of these.
This model can be applied to layered systems with various
stacking configurations, such as FLG’s and bulk graphite
with AA-, AB-, and ABC-stacking configurations. The main
characteristics of the π -electronic states can be analyzed
completely over a wide energy range (∼ ±5 eV). Important
features of the wave functions are well defined, including the
quantum numbers and the spatial carrier distributions. The
present study is very useful for comprehending other physical
properties, such as the optical-absorption spectra, Coulomb
excitations, and transport properties.

FIG. 3. (Color online) Same plot as Fig. 2, but shown at (a) B0 =
1 T, RB = 790, Bm = 0, and 0.1 T; (b) B0 = 1 T, RB = 790, and
Bm = 1 T; (c) B0 = 1 T, RB = 3950, and Bm = 0.1 T; and (d) B0 = 0,
RB = 790, and Bm = 1 T.

III. ELECTRONIC PROPERTIES IN EXTERNAL FIELDS

This work mainly focuses on the electronic properties of
MG under the influence of external fields, in particular the
impact of periodic modulated fields on the low-energy LL
properties. First, a discussion regarding the electronic states
under a uniform perpendicular magnetic field is offered. The
magnetic field causes the states to congregate and induces
dispersionless LL’s. The unoccupied LL’s (c) and occupied
LL’s (v) are symmetric about the Fermi level (EF = 0), as
shown in Fig. 2(a) at B = 1 T by solid red dots. Each LL
is characterized by the quantum number nc,v ,18−20 which
corresponds to the number of zero points in the localized
carrier distribution (discussed below). Each LL is fourfold
degenerate when the spin degeneracy is not taken into
consideration. Its energy may be approximated by a simple
square-root relation |Ec,v

n | ∝ √
nc,vB,2,3 which is valid only

for |Ec,v
n | � ±0.5 eV.3 For the sake of convenience, the LL

with nc,v = n is expressed as LLn in the following discussions.
In the UM-ME case, the main characteristics of the LL’s

are drastically changed by the introduction of a modulated
electric field (V0 = 0.003γ0 and RE = 790), as shown in
Fig. 2(a) by the solid black dots. The period brought out
by B = 1 T is R = 79 000 and thus the period of the
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UM-ME case is RC = 79 000. The energy dispersions of the
subbands are induced and the state degeneracy is broken.
The dispersions indicate that most of the localized electronic
states are transformed into extended states. Each LL splits
into two doubly degenerate parabolic subbands; these two
subbands are mirror-symmetric to each other about ky = 0.
Each subband exhibits periodic oscillations with two kinds of
extra band-edge states at kbe

y ’s, as indicated by nα and nβ in
Fig. 2(a), respectively. The dispersions near these two kinds
of band-edge states are slightly different. Furthermore, the nα

(nβ) states of two subbands split from the LLn possess the
same state energy. These extra band-edge states make great
contributions to the density of states, a fact that is reflected in
many of the physical properties, such as the optical spectra,
the Coulomb excitations, and the transport properties. The
unoccupied conduction subbands with nc = 0 and the occupied
valence ones with nv = 0 overlap and present the strongest
energy dispersions. Subbands split from different LL’s have
different amplitudes; the higher the state energy is, the smaller
the subband amplitude will be. It is noticeable that the energy
difference between 0α (0β) and the LL0c,v

located at EF = 0
is nearly the value of the modulated electric potential, i.e., the
approximate state energies of 0α and 0β are, respectively, V0

and −V0, as indicated in Fig. 2(a).
The strength of the modulated electric field [RE = 790 and

V0 = 0.006γ0 in Fig. 2(b)] greatly modifies the oscillatory
parabolic subbands. The band-edge state energies are shifted;
the local maxima ascend and the local minima descend. The
kbe
y ’s of these subbands are independent of V0, but associated

with RE . The energy dispersions are closely related to the
modulation strength. Each subband amplitude doubles when
the field strength is enlarged from 0.003 to 0.006γ0 [Figs. 2(a)
and 2(b)], i.e., the amplitude is proportional to V0. This implies
that overlapping of subbands is enhanced with increasing field
strength; the conduction and valence bands near the Fermi level
could overlap even with nc,v 
= 0. Take the B0 = 1 T case
for example. At V0 > 0.012γ0, the conduction (nc = 1) and
the valence (nv = 1) bands overlap, and the energy difference
between 0α (0β) and the LL0c,v

becomes smaller than V0 (not
shown). Accordingly, the subbands become more complex
with increasing V0 and should lose the oscillation periodicity
at sufficiently large electric fields.

When the modulation period changes, the band structures
behave differently. The larger period considerably lessens the
degree of subband oscillations, as shown in Fig. 2(c) at RE =
3950 and V0 = 0.003γ0. The number of band-edge states is
reduced and the band curvatures are diminished. The wave
vectors of the band-edge states vary with RE . Moreover, each
subband exhibits several complete periodic oscillations in the
first Brillouin zone. The number of complete periods is exactly
equal to RC

4RE
. For example, Fig. 2(c) illustrates that there exist

10 complete periods, or 20 band-edge states for each split
subband, within −1 � ky � 1. Given the value of RC

4RE
and the

positions of the kbe
y ’s in a certain period, all band-edge states

can be obtained. These band-edge states are determined by RE

and B, and independent of V0.
In the absence of uniform magnetic fields, modulated

electric fields alone modify the electronic properties greatly.7

The energy bands, as shown in Fig. 2(d) at RE = 790 and

V0 = 0.006γ0, are located near ky = ±2/3 (the K and K ′
points in this work). For the energy region (|Ec,v| > V0) farther
away from EF , energy subbands are parabolic and doubly
degenerate. Each subband has only one band-edge state. On
the other hand, the parabolic bands are nondegenerate and
oscillate in the lower-energy region, |Ec,v| � V0. The periodic
oscillation is absent in the first Brillouin zone. Moreover, an
overlap is induced between the conduction and valence bands
near EF . The energy subbands under the influence of only a
modulated electric field possess fewer band-edge states than
those caused by a composite field.

Compared with modulated electric fields, modulated mag-
netic fields in the UM-MM case have different impacts on the
Landau levels. The LL with nc,v = 0 remains dispersionless
at EF = 0, keeps its fourfold degeneracy, and does not show
any additional band-edge states, as shown in Fig. 3(a) by the
solid black dots at RB = 790 and Bm = 0.1 T. The nc,v � 1
parabolic oscillatory subbands become wider with increasing
energy, and behave dissimilarly to the subbands resulting
from the modulated electric fields. The kbe

y ’s under electric
modulated fields are also different from those under magnetic
ones. On the other hand, the dispersionless LL’s with nc,v =
n � 1 under modulated magnetic fields split into two parabolic
subbands with double degeneracy; both subbands possess two
kinds of band-edge states, nμ and nν [indicated in Fig. 3(a)].
Each subband exhibits periodic oscillation, which is similar to
the case of modulated electric fields. For example, the mirror
symmetry and the number of complete oscillation periods are
the same for both magnetic and electric modulations.

Increasing Bm induces more complex energy spectra, as
shown in Fig. 3(b) for RB = 790 and Bm = 1 T. The parabolic
subbands with nc,v � 1 display wider oscillation amplitudes,
stronger energy dispersions, and greater band curvatures, while
the wave vectors associated with the kbe

y ’s do not depend on Bm.
The greatest and smallest band curvatures occur at the local
minima (ν band-edge states) and maxima (μ band-edge states),
respectively. The subband amplitudes are linearly magnified
by Bm, which results in the increase of the overlaps among the
conduction bands and the valence bands. It is noticeable that
neither the minima of the conduction bands nor the maxima
of the valence bands exceed the Fermi level. That is to say,
no overlap exists between the conduction and valence bands,
regardless of the modulation strength. Furthermore, since
the overlap of subbands becomes larger with rising Bm, the
oscillation in a complete period is broken when Bm is large
enough.

The periods and strengths of modulated magnetic fields
affect the energy band structure in a different way. The larger
RB leads to a weaker periodic oscillation, as shown in Fig. 3(c)
at RB = 3950 and Bm = 0.1 T. As a result, the number of band-
edge states is reduced and the band curvatures are diminished.
Moreover, the oscillatory period is proportional to RB . It is
worth noting that the influence of sufficiently large RB and
RE on the band features is similar, i.e., an increase in RB or
in RE decreases the amount of band-edge states and the band
curvatures.

The modulated magnetic field alone [RB = 790 and Bm =
1 T as shown in Fig. 3(d)] has diverse effects on the energy
bands.5,6 In the lower-energy region, parabolic subbands
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appear around ky = ±2/3 in the first Brillouin zone and do not
present periodic oscillations.5,6 The conduction and valence
bands nearest to EF = 0 are partially flat and nondegenerate.
Some parabolic subbands own one band-edge state at ky =
±2/3 (ky = 2/3, for example, marked by triangles) and
four extra band-edge states k

sp
y ’s (marked by squares),5,6 as

shown in Fig. 3(d). These subbands close to ky = 2/3 and
k

sp
y ’s are, respectively, doubly degenerate and nondegenerate.

The subbands at k
sp
y ’s reveal the strongest dispersions; these

dispersions vanish at ky = 2/3. The subbands possess some
properties similar to those of the LL’s resulting from a uniform
magnetic field. Such energy bands can be regarded as QLL’s,6

which are different from the case of an electric modulated field.
On the other hand, since the influence of the field becomes
much weaker with increasing energy, the parabolic subbands at
higher energies are similar to the twofold-degenerate subbands
obtained in the Bm = 0 case. At lower energies, however, the
double degeneracy of electronic states is broken. Moreover, the
ky range of the weak dispersion and partial flat bands grows
with increasing field strength (modulation period).

Based on the arrangement of odd and even atoms in the
primitive cell, the wave function can be expressed as

|�k〉 =
2RC−1∑
m=1

(
Ac,v

o |amk〉 + Bc,v
o |bmk〉

)

+
2RC∑
m=1

(
Ac,v

e |amk〉 + Bc,v
e |bmk〉

)
, (4)

where o (e) represents an odd (even) integer. Ac,v
o (Ac,v

e ) and
Bc,v

o (Bc,v
e ) stand for the amplitudes of the wave functions

of the a and b atoms, respectively. The wave functions
associated with the odd and even atoms in Eq. (4) have
only a phase difference of π , that is, Ac,v

o = −Ac,v
e and

Bc,v
o = −Bc,v

e . Besides, the conduction and valence wave
functions are similar. Therefore, it suffices to discuss only
the amplitudes Ac

o and Bc
o to comprehend the characteristics

of the wave functions. First, we consider the carrier density
|�c

n|2 [corresponding to ky = k1 in Fig. 2(a)] under the uniform
magnetic field B0 = 1 T, as shown in Fig. 4 by the solid red
dots. For the first Landau level (nc,v = 0) at EF = 0, carrier
density stems from only Ac

o and no carrier density comes
from Bc

o [Figs. 4(a) and 4(b)]. The spatial carrier density is
distributed around, and symmetric about, its center location
(the five-sixths position of the enlarged primitive unit cell). The
same carrier density distribution also exists at the one-sixth
position (not shown). Ac

o has no zero points and dominates
the wave function. In this work, the number of zero points
of Ac

o is utilized to define the quantum number of each LL.
Therefore, the quantum number of the first LL is set to zero.
With increasing energy, Bc

o starts to make contributions to
the probability density [Figs. 4(d), 4(f), and 4(h)], while the
density contributed by Ac

o is gradually reduced [Figs. 4(c),
4(e), and 4(g)]. Moreover, the number of zero points of Ac

o is
higher than that of Bc

o by 1 at each Landau level.
In the presence of the modulated electric field (RE =

790 and V0 = 0.003γ0), the carrier density of the LL wave
functions is altered; this is shown in Fig. 4 by the black
lines. The carrier density of nc,v = 0 is almost independent
of the modulated electric field [Figs. 4(a) and 4(b)], while it

FIG. 4. (Color online) The probability density contributed at ky =
k1 for B0 = 1 T, RE = 790 at V0 = 0 (red lines), and 0.003γ0 (black
lines) by the (a), (c), (e), (g) Ao and (b), (d), (f), (h) Bo atoms.

is affected at sufficiently large field strengths (V0 > 0.01γ0).
With nc � 1, as shown in Figs. 4(c)–4(h), the symmetric
features of the amplitudes Ac

o and Bc
o are broken. The carrier

density increases on the right side of the distribution at the
five-sixths position, while it is reduced on the left side. The
spatial distribution and position of the center location are
changed and dissimilar for different nc’s. On the other hand,
the total carrier densities of the Ac

o or Bc
o sublattices associated

with both the presence and absence of the modulated electric
fields are the same.

Concerning the UM-ME case, the strength of the uniform
magnetic fields, as well as the strength and period of the
modulated electric fields, strongly affect the spatial carrier
density, as shown in Figs. 5(a)–5(f). The modulated strength
V0 would significantly break the amplitude symmetry and the
carrier density distribution of the LL wave functions. Figures
5(a) and 5(b) illustrate that the stronger V0 results in more
asymmetry of the amplitude and greater modification of the
spatial distribution. The strength of the uniform magnetic
fields, on the other hand, leads to the opposite results, as
shown in Figs. 5(c) and 5(d). Under a larger uniform magnetic
field, the modulated electric field has only a weak influence on
the symmetry of the amplitude. That is to say, there exists
a competitive relationship between the modulated electric
field and the uniform magnetic field. Therefore, the degree
of broken symmetry is associated with the ratio of V0 to
B0. Furthermore, the modulated electric field with a larger
period is more uniform in space than that with a smaller
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FIG. 5. (Color online) The probability density contributed by the
Ao and Bo atoms at ky = k1 for different situations: (a),(b) B0 = 1 T,
RE = 790, V0 = 0.003γ0, and 0.006γ0; (c),(d) RE = 790, V0 =
0.003γ0, and B0 = 1 and 5 T; and (e),(f) B0 = 1 T, V0 = 0.003γ0,
and RE = 790 and 3950. The probability density contributed at
ky = k2 (black lines) and k3 (blue lines) for B0 = 0, RE = 790, and
V0 = 0.006γ0, as shown in (g) and (h).

period, and the influences of different periods are dissimilar.
For example, a modulated electric field with RE = 3950
causes relatively weaker periodic oscillation [Fig. 2(c)] than
a field with RE = 790, and thus has a reduced impact on the
symmetry of the wave functions [Figs. 5(e) and 5(f)]. This
reflects the fact that the more uniform the modulated field is,
the more symmetric the distribution of the wave functions is.
When only the modulated electric field is applied [Figs. 5(g)
and 5(h)], the Ac

o and Bc
o sublattices [associated with ky = k2

and ky = k3 in Fig. 2(d)] are mirror-symmetric to each other
at the center of the enlarged primitive unit cell. The carrier
density is no longer localized at the five-sixths position, rather
it is distributed over the entire primitive cell.

In the UM-MM case, the modulated magnetic field also
induces rich features of the wave functions. The carrier density
corresponding to ky = k4 in Fig. 3(a) is expressed in Fig. 6
by the black line. Modulated magnetic fields barely affect
the carrier density of nc,v = 0. However, modulated magnetic
fields cause an obvious change in the distribution, as shown in
Figs. 6(a) and 6(b) for RB = 790 and Bm = 1. In addition,
the symmetry is slightly broken and the center location
is altered. Regarding nc � 1, the width of the distribution
increases and the strength lessens for the carrier density
distribution, as shown in Figs. 6(c)–6(h). With increasing

FIG. 6. (Color online) Same plot as Fig. 4, but shown at ky = k4,
B0 = 1 T, RB = 790, and Bm = 0 and 1 T.

quantum number, the displacement of the distribution center
decreases and the nonsymmetry feature of the distribution is
more conspicuous. The sublattices for Ac

o of nc and Bc
o of

nc + 1 possess an equivalent number of zero points, which are
similar to those of the LL wave functions. Nevertheless, the
modulated magnetic fields exert a different influence on these
two sublattices with the same quantum number. For example,
the Ac

o sublattice exhibits a more pronounced nonsymmetry
than the Bc

o sublattice [Figs. 6(e) and 6(h)].
Different modulation strengths and periods have various

interactions with uniform magnetic fields. The smaller ratio
of Bm to B0 leads to less curvature and a weaker periodic
oscillation of the subbands, as shown in Figs. 3(a)–3(c).
The corresponding carrier density retains a rather symmetric
amplitude, i.e., smaller Bm as well as larger B0 both result in
a more symmetric distribution. For example, the amplitudes
on the left and right sides of the center location are almost the
same at Bm = 0.1 and B0 = 1, as shown in Figs. 7(a) and 7(b)
by the black line, and similar results at Bm = 1 and B0 = 5 can
be seen in Figs. 7(c) and 7(b). It is worth mentioning that the
amplitude symmetry is most thoroughly destroyed when B0

is equal to Bm. For Bm > B0, however, the amplitude restores
the symmetry (not shown). This is distinct from the situation
in the UM-ME case. Furthermore, the symmetry under larger
modulated periods, shown in Figs. 7(e) and 7(f), corresponds
to the weak oscillation of energy bands.

Modulated magnetic fields alone lead to rather drastic
alterations in the carrier density,6 as shown in Figs. 7(g) and
7(h). The carrier density is composed of two subenvelope
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FIG. 7. (Color online) Same plot as Fig. 5, but shown at ky = k4

for different situations: (a),(b) B0 = 1 T, RB = 790, and Bm = 1
and 0.1 T; (c),(d) RB = 790, Bm = 1 T, and B0 = 1 and 5 T; (e),(f)
B0 = 1 T, Bm = 1 T, and RB = 790 and 3950. The probability density
contributed at ky = k5 (black lines) and k6 (blue lines) for B0 = 0,
RB = 790, and Bm = 1 T, as shown in (g) and (h).

functions centered at two different positions, respectively. The
sublattice Ac

o (Bc
o) associated with ky = k5 = 2/3 in Fig. 3(d)

has two subenvelope functions with nc = 0 and 1 (nc = 1 and
0) located at, respectively, the one-fourth and three-fourths
positions of the enlarged primitive unit cell, as shown in
Figs. 7(a) and 7(b) by the black lines. As the wave vector moves
to ky = k6 (the extra band-edge state), the two subenvelope
functions of Ac

o (Bc
o) shift to the center of the primitive unit

cell and overlap, as shown in Figs. 7(a) and 7(b) by the blue
lines. The overlap of the two subenvelope functions thus leads
to the stronger amplitude.

In the composite field cases, the broken symmetry and
altered amplitude strength of the LL wave functions imply
that the unperturbed eigenstates are no longer the LL wave
functions and the modulated field cannot be regarded as a
perturbation term anymore in the composite field calculations.
For the calculations of the composite field cases, a pertur-
bation theory would be inappropriate when the modulation
strength is too strong or the modulation period is not large
enough. Through observing the features of the wave functions
obtained in this work, one can verify whether the perturbation
calculations are suitable in various composite cases. On the
other hand, the alterations in the main features of the LL wave
functions should be reflected in other physical properties, e.g.,
a modification of the optical selection rules.

In addition to the energy dispersions and the characteristics
of the wave functions, the density of states also deserves to
be mentioned since it directly reflects the main features of the
electronic structure. For the uniform magnetic-field case, the
low-lying electronic states are dispersionless LL’s, and each
LL possesses only one band-edge state. For the composite
cases, the modulated fields destroy the uniformity of the
magnetic field and lead to oscillatory energy dispersions with
extra band-edge states. The band-edge states corresponding to
the LL’s and the oscillatory energy dispersions, respectively,
lead to two kinds of prominent peak structures in the density
of states, as shown in Fig. 8. The DOS spectrum of the LL’s is
shown in Fig. 8(a) by the red line; it exhibits a δ-function-like
peak structure. The δ-function-like peaks correspond to the
zero-dimensional (0D) electronic structure and their peak
heights are all the same. After applying a modulated electric
field (RE = 790 and V0 = 0.003γ0), each peak splits into two
square-root divergent peaks, as shown in Fig. 8(a) by the black
line. The square-root divergence implies that the 0D band
structure becomes 1D band dispersions; the dimensionality is
decreased by 1 owing to the modulated electric field. The peaks
related to the nα and nβ states form a pair structure around the
center of the δ-function-like peak with nc = n. The peak of
the nβ state is slightly higher than that of the nα state since the
dispersion of the nβ state is slightly weaker than that of the nα

state. With increasing frequency, the peak heights grow since
the dispersions of the subbands become much weaker and

FIG. 8. (Color online) (a) Density of states of the Landau levels
(red line) at B0 = 1 T and DOS for the energy dispersions at B0 =
1 T, RE = 790, and V0 = 0.003γ0 (black line). (b) DOS correspond-
ing to the energy dispersions at B0 = 1 T, RB = 790, and Bm = 0.1
T (blue line).
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different subbands overlap. For the modulated magnetic field,
the DOS of each LL, except the LL0c,v

at EF = 0, is split into
two peaks, which correspond to the μ and ν states in Fig. 3(a).
Similar to the modulated electric-field case, the two peaks
resulting from the nμ and nν states possess different peak
heights owing to the distinct dispersions near these two states.
These two peaks construct a pair structure around the center
of the peak with nc = n. However, the peak height declines
with increasing peak frequency. This reflects the fact that the
subband dispersions become weaker with increasing energy.
The DOS spectrum can be verified by scanning tunneling
spectroscopy (STS) measurements.34,35

The experiments regarding two-dimensional electron gas
(2DEG) under modulated fields and composite fields were
discussed in previously published works.36−40 The modulated
electric field can be carried out by depositing an array
of parallel metallic strips on the surface or through two
interfering laser beams,36−38 and the modulated magnetic
field can be produced by ferromagnetic stripes or applying a
uniform magnetic field to the system with a step structure.39,40

For the composite field case, the magnetoconductivity and
magnetoresistance of 2DEG have also been reported.37,38

The above-mentioned 2DEG experiments may be applied
to investigate the physical properties of FLG’s under the
modulated or the composite fields. In addition, a periodically
rippled graphene has been successfully fabricated.41 Such a
rippled structure can also result in a periodic potential.

IV. CONCLUDING REMARKS

In the two composite field cases (UM-ME and UM-MM),
the influences of the modulated electric fields and modulated
magnetic fields on the LL properties are investigated by the
tight-binding model with an exact diagonalization method. The
modulated field strengths are varied from a perturbation term
to a comparable one relative to the uniform magnetic-field
strength. The results corresponding to different ratios of the
modulated field strength to the uniform field strength are
dissimilar. Different modulation periods also yield distinct
results. For both the UM-ME and UM-MM cases, each LL,
except the LL0c,v

at EF = 0 for the UM-MM case, splits
into two twofold-degenerate parabolic subbands; these two
subbands are mirror-symmetric to each other. Each subband
periodically oscillates and possesses two kinds of band-edge
states, α and β (μ and ν) states for the UM-ME (UM-
MM) case. The number of complete oscillation periods is
exactly equal to RC

4RE
( RC

4RB
) for the UM-ME (UM-MM) case.

With increasing state energy, the oscillation amplitudes grow
(decline) and the dispersions are weaker (stronger) for the
UM-ME (UM-MM) case. The energy dispersions in both the
UM-ME and UM-MM cases become stronger with increasing
modulated field strength. However, these dispersions become
much weaker when the modulation period is increased. This
implies that a modulated field with a larger period is more
uniform than one with a smaller period. With regard to the
density of states, the δ-function-like peaks associated with the
LL’s, except the LL0c,v

for the UM-MM case, split into two
square-root divergent peaks resulting from the two kinds of
band-edge states for both composite field cases. In the UM-ME
(UM-MM) case, two peaks associated with the nα and nβ (nμ

and nν) states form a pair structure around the center of the
peak corresponding to the LL with nc,v = n. Furthermore, the
square-root divergent structure implies that the dimensionality
of the electronic structure increases by 1 owing to the presence
of the modulated fields.

The main features of the LL wave functions are destroyed
by both modulated fields, a fact that is reflected in the
broken symmetry, the alteration of amplitude strength, and the
displacement of the center location. For both composite field
cases, the larger modulation period results in a less pronounced
impact on the symmetry of the wave functions than the smaller
period. This reflects the fact that more uniform modulated
fields lead to more symmetric features of the wave functions.
On the other hand, the broken symmetry and amplitude
alteration of the wave functions are enhanced with increasing
modulation strength for the UM-ME case. Nevertheless, in the
UM-MM case, the symmetry is thoroughly destroyed when Bm

is equal to B0 and restored for Bm > B0. The broken symmetry
and altered distribution of the LL wave functions indicate that
a perturbation theory for the composite field cases would be
unsuitable as the modulation strength is sufficiently large or the
modulation period is too small. Furthermore, the alterations in
the characteristics of the LL wave functions should be reflected
in other physical properties, e.g., modified optical selection
rules. The presented results could be verified by experimental
measurements, such as cyclotron resonance24−26 and STS34,35

measurements.
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