
Effects of Transverse Electric Fields on Quasi-Landau Levels

in Zigzag Graphene Nanoribbons

Hsien-Ching CHUNG, Ming-Hsun LEE, Chen-Peng CHANG
1�,

Yuan-Cheng HUANG
2y, and Ming-Fa LIN

z

Department of Physics, National Cheng Kung University, Tainan 70101, Taiwan
1Center for General Education, Tainan University of Technology, Tainan 701, Taiwan

2Center for General Education, Kao Yuan University, Kaohsiung 821, Taiwan

(Received October 12, 2010; accepted January 20, 2011; published online March 25, 2011)

The magnetoelectronic properties of one-dimensional zigzag graphene nanoribbons are investigated using the Peierls
tight-binding model with uniform magnetic and electric fields. They are mainly determined by external fields and
quantum confinement effects. Magnetic fields lead to quasi-Landau levels (QLLs), enhance partial flat bands, and result
in Landau wave functions. Electric fields significantly distort dispersionless QLLs, change the band symmetry, induce
more band-edge states, split partial flat bands, and drastically alter the distribution of wave functions. The density of
states directly reflects the main features of energy bands, such as the numbers, frequencies, heights, and divergence
forms of prominent peaks, which can be confirmed experimentally. Magneto-optical absorption spectra are predicted to
be markedly changed under the influence of external electric fields.

KEYWORDS: Landau levels, electronic properties, wave functions, graphene nanoribbons

1. Introduction

Monolayer and few-layer graphenes have been success-
fully observed, attracting many studies in recent years.1–3)

They are two-dimensional (2D) systems exhibiting rich
physics and applications owing to their special electronic
properties. From the relativistic-like energy spectrum near
the Fermi surface, their carriers are massless Dirac fermions
and relativistic physics can be found.4,5) Also, they could
serve as next-generation electronic devices owing to their
large mean free path and high carrier mobility.6) However,
graphene nanoribbons are more realistic materials for
electronic applications owing to their finite width and
unique geometric and electronic properties.7–16) A quasi-
one-dimensional (quasi-1D) system has been fabricated by
chemical methods,17) lithographic processes,18–20) growth on
a SiC wafer,21,22) and the unzipping of nanotubes.23) This
system exhibits many interesting properties, such as
magnetic,24–29) optical,30–34) and transport properties.35–39)

The low-energy band structure of zigzag graphene
nanoribbons in the absence of external fields consists of
doubly degenerate partial flat bands lying on the Fermi
energy (EF ¼ 0) and many parabolic bands symmetric at
about EF ¼ 0. A transverse electric field forms a nonuniform
electric potential in space. It modifies the energy dispersions,
destroys the degeneracy of partial flat bands, modulates the
band gap, and causes metal–semiconductor (or semiconduc-
tor–metal) transition. In addition, a controllable energy gap
obtained by applying a transverse electric field has great
potential for nanoelectronic application.40)

A perpendicular magnetic field constrains electron motion,
which confines electronic states and induces dispersionless
Landau levels (LLs) in 2D graphene systems.41) In quasi-1D
nanoribbons, boundary conditions imposed by ribbon edges
confine the formation of LLs. Hence, there exists a competi-

tion between magnetic and quantum confinements. LLs are
transformed into quasi-Landau levels (QLLs), and these
QLLs gradually disappear as the state energy jEc,vj grows.
Furthermore, energy dispersion is symmetric with respect to
EF ¼ 0, and partial flat bands are enhanced by a magnetic
field.

In this work, we investigate how transverse electric fields
affect QLLs and partial flat bands by the Peierls tight-
binding method. It is found that dispersionless QLLs are
distorted and partial flat bands are split under a nonuniform
electric potential. The main features of the modified energy
bands directly reflect in the density of states (DOS), such
as the numbers, frequencies, heights, and divergence forms
of prominent peaks. Wave functions, which provide further
information about electronic states and charge density
distribution, are discussed in detail.

2. Tight-Binding Model with Magnetic and Electric
Fields

A graphene nanoribbon is a carbon-based sp2 system with
hexagonal symmetry. Its 2pz orbitals, perpendicular to the
planar � bonds, form relatively weaker covalent � bonds.
Only low-energy �-electronic structures are considered in
the tight-binding model. A zigzag nanoribbon, shown in
Fig. 1, is chosen as the model for study. A (dots) and B
(circles) atoms are nearest neighbors to each other with a
C–C bond length b ¼ 1:42 �A. Ny denotes the number of
zigzag lines along the transverse y-axis, and the width is
W ¼ ð3Ny � 2Þb=2. The origin of the coordinates is set at
the ribbon center. The periodic length is Ix ¼

ffiffiffi
3

p
b, and

the first Brillouin zone is confined within the region
�� � kx � �. There are 2Ny carbon atoms in a primitive
unit cell. The Bloch function is a linear superposition of the
2Ny tight-binding functions. They are expressed as

j�i ¼
XNy

m¼1

cAmj�Ami þ
XNy

m¼1

cBmj�Bmi; ð1aÞ

j�AmðBmÞi ¼
X
n

expðikx � tnÞj2pz;dAmðBmÞ þ tni; ð1bÞ
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where tn is the translation vector, dAmðBmÞ is the position
vector of the A (B) atom on the mth zigzag line, and cAmðBmÞ
is the site amplitude. As a result, the Hamiltonian in the
subspace spanned by tight-binding functions is a 2Ny � 2Ny

Hermitian matrix. Only nearest-neighbor interactions are
taken into consideration, and on-site energies in the diagonal
elements are set to zero.

When a perpendicular magnetic field B0 ¼ B0ẑ is applied,
the Hamiltonian matrix element can be given by a zero-field
element multiplied by the phase factor expði2��ijÞ.42) The
Peierls phase �i j ¼ 1=�0

RRj

Ri
A0 � dl is a line integral of the

vector potential from the ith site to the jth site. A0 ¼
ð�B0y; 0; 0Þ under the Landau gauge keeps the translation
invariance along x̂ so that kx is still a good quantum number.
�0 ¼ hc=e is the magnetic flux quantum.

A transverse electric field F0 ¼ F0ŷ with a strength of
about �0:3mV/ �A is exerted. It is too weak to alter the
bond length significantly. Hence, the effects of F0 on the
geometric structure and tight-binding parameters could be
neglected. F0 is treated by perturbation. It modifies the site
energies of carbon atoms, and only the electric potential
energy U ¼ �eF0y needs to be added.

Under the influence of magnetic and electric fields, the
Hamiltonian matrix built from the tight-binding functions in
eq. (1b) is represented by

H ¼

U HP 0 0 � � �
H�

P U �0 0

0 �0 U HP � � �
0 0 H�

P U �0

�0 U HP � � �
H�

P U

..

. ..
. ..

. . .
. ..

.

U HP

� � � H�
P U

2
66666666666666664

3
77777777777777775

:

ð2Þ
H may be regarded as a block matrix with Ny � Ny blocks,
each with 2� 2 elements. All blocks are zero except for the
diagonal ones as well as those next to them. The former
contain two independent elements U and HP. U ¼ �eF0y is
the site energy.

HP ¼ 2�0 cos

ffiffiffi
3

p
bkx
2

��P

� �
;

where

�P ¼ � m� Ny þ 1

2

� �
B0

�0

3
ffiffiffi
3

p

2
b2:

The latter have only one nonzero term �0. The nearest-
neighbor hopping integral �0 is 2.598 eV.43) The diagonali-
zation of the Hamiltonian matrix yields the state energy
Ec,vðkxÞ and the wave function j�c,vðkxÞi, where the super-
script c (v) denotes the conduction �� bands (valence �
bands).

3. Magnetoelectronic Properties

The low-energy band structure of the 1D zigzag
nanoribbon contains large numbers of parabolic bands and
degenerate partial flat bands. These bands are symmetric
at about kx ¼ 0 (Ekx ¼ E�kx ), and only those with positive
wave vectors are discussed in Fig. 2(a). The parabolic
bands result from the quantum confinement effects, and the
conduction and valence bands are symmetric to each other at
about the Fermi level. The band-edge states exist approxi-
mately at kx ¼ 2�=3. The degenerate partial flat bands lie on
EF ¼ 0 within 2�=3 < kx � �. Their wave functions at the
zone boundary of kx ¼ � are localized exactly at the edge
site. When kx deviates from �, the distribution becomes an
exponential decay; as kx approaches 2�=3, it shows a rather
moderate decrease.

Magnetic fields, which constrain electron motion, bring
states of similar energies together. The original parabolic
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Fig. 2. (Color online) Low-energy bands of Ny ¼ 500 graphene nano-

ribbon at (a) (B0 ¼ 0, F0 ¼ 0); (b) (B0 ¼ 6T, F0 ¼ 0); (c) (B0 ¼ 6T,

F0 ¼ 0:3mV/ �A). The inset shows the energy dispersion of the negative

wave vector and reveals the antisymmetry of energy bands.

Fig. 1. (Color online) Zigzag graphene nanoribbon in the uniform

perpendicular magnetic (B0 k ẑ) and transverse electric (F0 k ŷ) fields.

The dashed-line rectangle represents a primitive unit cell. The numbers of

mth zigzag line are on the right side. The notations in the rectangle denote

the AðBÞ atom on the mth zigzag line.
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bands become composite, constructed from parabolic bands
and dispersionless QLLs. Such composite subbands remain
symmetric at about kx ¼ 0 and EF ¼ 0, and are labeled by
the indices nc,v ¼ 0; 1; 2; . . . from EF ¼ 0. The state energies
of QLLs show the relation Ec,v

n / ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffijnc,vjB0

p
. The distribu-

tion of QLLs is centered at kx ¼ 2�=3, and each one is
dispersionless within a certain range of wave vector
[Fig. 2(b)]. This is because the electrons in Landau states
perform cyclotron motion. The electrons at kx ¼ 2�=3
revolve around the ribbon center. When kx departs from
2�=3, the cyclotron will move toward the ribbon edges.
Once the electrons reach the edge, this cyclotron motion is
terminated, and the dispersionless bands become dispersive.
On the other hand, when the state energy jEc,vj increases, the
width of QLLs will gradually decrease and finally reach
zero. This phenomenon results from the fact that the states of
higher energies have greater cyclotron radii, which narrows
the moving region of the cyclotron motion. It is also
noticeable that the magnetic field extends the partial flat
bands.

The electric potential affects the motion of electrons,
causing marked changes in QLLs and partial flat bands.
QLLs transform into a combination of parabolic, linear,
and nonlinear bands, denoted by PLN, as in Fig. 2(c). The
band symmetry at about kx ¼ 0 and EF ¼ 0 no longer
exists. However, the PLN bands are antisymmetric around
the origin (Ec

kx
¼ �Ev

�kx
), and the conduction and valence

subbands have an energy overlap near EF ¼ 0. There are
more band-edge states of different energies in the over-
lapping region. Moreover, the degeneracy of the partial
flat bands is split with an energy spacing �U ¼ eF0W [in
Fig. 2(c), �U ¼ 0:32 eV], which is the potential energy
difference between two ribbon edges.

The wave functions give more information on the charge
density distribution. To analyze the wave function more
efficiently, it is decomposed as

j�i ¼
X
odd

Aoj�Aoi þ
X
odd

Boj�Boi

þ
X
even

Aej�Aei þ
X
even

Bej�Bei; ð3Þ

where Ao’s, Bo’s, Ae’s, and Be’s are the site amplitudes
of sublattices A and B on odd and even zigzag lines,
respectively. j�Aoi’s, j�Boi’s, j�Aei’s, and j�Bei’s are the
corresponding tight-binding functions. Since the site ampli-
tudes between the odd and even zigzag lines have a phase
difference of �, only Ao’s and Bo’s are discussed.

We first focus on the wave functions of the degenerate
flat bands at kx ¼ 2�=3 shown in Fig. 3. In the absence of
external fields, the wave functions corresponding to one of
the degenerate bands slowly decrease to zero from the left
side of sublattice A and from the right side of sublattice B
[solid lines in Figs. 3(a) and 3(b)]. As kx goes from 2�=3 to
�, they induce exponential decay, which is associated with
the edge-localized states of the partial flat bands. As for
the other degenerate band, although the wave functions are
similar to the above ones, they are in phase in sublattice A
[Figs. 3(a) and 3(c)], but out of phase in sublattice B
[Figs. 3(b) and 3(d)].

Magnetic fields modify the wave functions of nc,v ¼ 0

degenerate bands. In sublattice A, the j�i’s of both bands

change from a slow decrease to an edge-localized exponen-
tial decay [bold lines in Figs. 3(e) and 3(g)]. The same
modification occurs in those with wave vectors approaching
the zone boundary when no external fields are applied. In
sublattice B, the decreasing wave functions on the right side
vanish, and the carriers are localized in the middle [bold
lines in Figs. 3(f) and 3(h)]. Such Gaussian-shaped localiza-
tion is a Landau wave function with no zero point. Hence,
j�i’s are the edge-localized wave functions on the left side
of sublattice A and the Landau wave functions in the middle
of sublattice B. Although magnetic fields modify the carrier
distribution significantly, half of the carriers remain in
sublattice A. There is no carrier transfer between sublattices
A and B.

Electric fields split the degenerate bands and alter the
wave functions markedly. For the nc ¼ 0 subband under the
influence of F0, the edge-localized state in sublattice A
disappears, and a Landau wave function with no zero point is
localized in the middle [thin line in Fig. 3(e)]. In sublattice
B, the amplitude of the Landau wave function is enlarged
[thin line in Fig. 3(f)]. Thus, the nc ¼ 0 subband possesses
only the Landau wave functions, and the carriers move from
the edge of sublattice A towards the center of sublattice B
(about 40% in this case). For the nv ¼ 0 subband, the edge-
localized wave function in sublattice A is enhanced [thin line
in the inset of Fig. 3(g)], and the Landau wave function
in sublattice B vanishes [thin line in Fig. 3(h)]. Hence,
the nv ¼ 0 subband shows only the edge-localized wave
functions, and the carriers transfer from the center of
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the edge-localized states.
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sublattice B to the edge of sublattice A (about 99%).
Obviously, electric fields not only change the wave functions
greatly, but also cause the carrier transfer.

The wave functions of QLLs of higher energies are also
seriously affected by electric fields. In the absence of F0,
they have an oscillating pattern with several zero points
(nodes). The number of zero points of j�i increases with
increasing energy jEc,vj [heavy dots in Figs. 4(b), 4(d), and
4(f)]. In the same QLL, the number of zero points in
sublattice B is larger than that in sublattice A by one, and it
determines the subband index nc,v [heavy dots in Figs. 4(d)
and 4(c)]. The wave functions with odd numbers of zero
points are antisymmetric, while those with even numbers are
symmetric. The local maxima and minima of wave functions
are of high charge density. Moreover, there is a simple
relation between the wave functions of nc,v þ 1 in sublattice
A and those of nc,v in sublattice B, i.e., AoðeÞðnc,v þ 1Þ _
BoðeÞðnc,vÞ for nc,v � 1. For example, j�i of nv ¼ 2 in
sublattice A is proportional to j�i of nv ¼ 1 in sublattice B
[heavy dots in Figs. 4(i) and 4(h)].

Electric fields significantly shift the wave functions,
strongly affecting the distribution of charge density. This
leads to distorted oscillating patterns, nonuniform ampli-
tudes reducing from the shift directions, and the disappear-
ance of wave function symmetry and anti-symmetry. The
j�i’s of nc � 1 move to the left side of the ribbon [light
dots in Figs. 4(a)–4(f)], while those of nv � 1 move to the
opposite side [light dots in Figs. 4(g)–4(j)]. Those of higher
state energies reveal further movements. It seems that
electric fields ‘‘squeeze’’ the wave functions and charges to
ribbon edges. In addition, the relation of the wave functions
between two adjacent QLLs no longer exists. However, the
number of zero points of each j�i remains the same, and
there is no charge transfer between sublattices A and B.

The wave functions in the same QLL at different wave
vectors are shifted and restricted by electric fields and
boundaries, respectively. In the absence of F0, the QLL
wave functions of nc ¼ 2 at kx ¼ 2�=3 are located in the
middle of the ribbon [heavy dots in Figs. 5(e) and 5(f)]. As
the wave vector deviates from 2�=3, they move to the left or
right side of the ribbon and touch the edges. This behavior is
the same as the kx-dependent cyclotron motion mentioned
before. In the presence of F0, j�i’s are distorted and shifted
to the left side of the ribbon. The movements of charges at
different wave vectors (k3, k4, and k5) should be equal owing
to the uniform electric field [light dots in Figs. 5(e), 5(g),
and 5(i)], even if the corresponding state energies are
different. However, this is not true for the wave functions
near the edges. For kx ¼ k1 or k2, j�i’s are pushed over the
edge by F0 [light dots in Figs. 5(a) and 5(c)] and restricted
by the boundary. Hence, the uniform movements at different
wave vectors are broken.

The DOS, which is given by Dð!Þ ¼ P
kx
�ð!ðkxÞ � !Þ,

directly reflects the main features of the energy spectrum. In
the absence of external fields, there are many asymmetric
divergent square-root peaks corresponding to the band-edge
states of the 1D parabolic bands and a symmetric delta-
function-like peak associated with the degenerate partial flat
bands shown in Fig. 6(a). The frequency spacings among
these asymmetric peaks are the same, and the height of each
peak, with respect to the subband’s curvature, increases as
the frequency grows. Magnetic fields induce the aggregation
of the states of similar energies so that many asymmetric
square-root peaks become several symmetric delta-function-
like peaks [Fig. 6(b)], and also enhance the symmetric peak
at ! ¼ 0, which corresponds to the partial flat bands [inset
of Fig. 6(b)]. The symmetric peaks caused by the mag-
netic aggregation are higher than the original asymmetric
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ones. Their height and frequency are proportional to
the bandwidth and

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffijnc,vjB0

p
, respectively. Meanwhile, the

frequency is related to the state energy of QLLs, and the
peak height gradually decreases and then disappear at higher
frequencies. Asymmetric peaks stem from the disappearance
of symmetric peaks, and their frequency spacings are smaller
than those in the absence of magnetic fields.

The effects of transverse electric fields on the DOS are
discussed as follows. There are a lot of asymmetric peaks,
two delta-function-like peaks, and a platform at ! ¼ 0

[Fig. 6(c)]. The asymmetric peaks near the Fermi energy
correspond to the band-edge states of PLN bands, while
those at higher frequencies are associated with the band-
edge states of parabolic bands. The two delta-function-like
peaks are related to the split partial flat bands with a
frequency difference �! ¼ eF0W, and the height of each
peak becomes half of that prior to the splitting [right inset of
Fig. 6(c)]. The variation of the symmetric peak under weak
electric fields is illustrated in the central inset of Fig. 6(c).
As the electric field increases, the symmetric peak becomes
flat, which is contributed by the parabolic bands and
the linear parts of PLN band. These flat portions, which
correspond to PLN bands, lead to the platform at ! ¼ 0. It is
noticeable that electric fields degrade the delta-function-like
peaks of dispersionless QLLs, resulting in many square-root
divergent peaks near EF ¼ 0. Furthermore, the symmetry
of the DOS at about EF ¼ 0 remains because of the
antisymmetry of the energy spectrum.

The calculated electronic properties, such as the band
structures, wave functions and DOS, can be verified by
experimental measurements of optical absorption spectra

and by scanning tunneling spectroscopy (STS). The posi-
tions and heights of the peaks in the DOS correspond to the
bias voltage and tunneling conductance (dI=dV ) in STS
experiment, respectively. It is found that symmetric peaks
disappear, and that there are many asymmetric peaks due to
the band-edge states. On the other hand, electric fields distort
the dispersionless QLLs and break the main features of
wave functions. These results directly reflect on the optical
properties. It is deduced that electric fields modify the
magneto-optical absorption spectra under uniform magnetic
fields,31,33,34,44) that is, they induce more absorption peaks.

4. Conclusions

Perpendicular magnetic fields induce dispersionless QLLs
and enhance partial flat bands in band structures of zigzag
graphene nanoribbons. They are symmetric with respect to
kx ¼ 0 and EF ¼ 0. At higher state energies, both the width
and energy spacing of QLLs become smaller. Magnetic
fields lead to Landau wave functions in QLLs, resulting in
edge-localized and Landau states in sublattices A and B of
partial flat bands (nc,v ¼ 0 subbands), respectively.

Transverse electric fields turn dispersionless QLLs into
composite PLN bands and separate partial flat bands with an
energy spacing of �U ¼ eF0W. The energy spectrum
becomes antisymmetric and more band-edge states occur
near EF ¼ 0. In the DOS, electric fields destroy symmetric
peaks associated with QLLs, cause many asymmetric peaks
corresponding to band-edge states, and split the peaks
of partial flat bands, all of which can be confirmed by
experiments. Furthermore, the distribution of wave functions
is markedly changed by electric fields. The Landau states
and edge-localized states, respectively, are in the nc ¼ 0

and nv ¼ 0 subbands, and there is charge transfer between
sublattices A and B. The Landau wave functions of nc,v � 1

are distorted, and shifted to the ribbon edges, and their
spatial symmetry is broken. At the same kx, j�i’s of higher
energy reveal greater movement, and the relation between
the wave functions of two adjacent QLLs vanishes. In the
same QLL, the wave functions of different wave vectors
have the same movement except for those touching the
ribbon edges. On the basis of the above studies, it is
predicted that the magneto-optical selection rule under
uniform magnetic fields will be broken, and that more
absorption peaks corresponding to the band-edge states will
appear.
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ribbon at (a) (B0 ¼ 0, F0 ¼ 0); (b) (B0 ¼ 6T, F0 ¼ 0); (c) (B0 ¼ 6T,

F0 ¼ 0:3mV/ �A). The insets on the right side indicate the peaks due to

partial flat bands. The peak variation under different electric fields is in the

central inset of (c).
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