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This study shows that a spatially modulated sinusoidal electric field can significantly tune the magneto-
absorption spectra of a graphene ribbon. The pattern of absorption spectra evolves with the amplitude of
electric potential (V0). When V0 is weaker than the state energy of the first Landau level, E1, the modulated
electric field not only changes the peak intensity and peak position of the absorption lines, but also generates
new peaks. These additional peaks follow the unusual optical selection rule. When V0 is stronger than E1, the
intensity of original peaks, induced by the uniform magnetic field, shrinks, and an anomalous lowest peak
appears. Most importantly, the energy position of the first peak strongly depends on both the amplitude of the
electric potential and the strength of the magnetic field. These characteristics can be used to modulate the
threshold frequency of the magneto-absorption spectra.

1. Introduction

Graphene is an atomic layer made of carbon atoms arranged
in a hexagonal lattice. The discovery of graphene1 has motivated
many studies2-4 because of its interesting physical properties
and possible application. Graphene is a zero gap semiconductor,
whose conduction bands touch the valence bands at the Fermi
energy (EF ) 0). A graphene exhibits the linear energy
dispersions near the Dirac point. The charge carriers in graphene
are described by the relativistic massless Dirac equation. The
unique energy dispersions give rise to interesting electronic and
transport properties, e.g., the electron-hole symmetry, finite
conductivity at zero charge-carrier concentration, electric-field
control of the carrier type, and a novel quantum Hall effect.

To control the electronic properties, a two-dimensional
graphene is patterned to a quasi-one-dimensional (quasi-1D)
graphene ribbon, which offers scientists the opportunity to study
the physical properties of a low dimensional system with
particular boundary conditions. Graphene ribbons can be
produced by using heat treatment, pulsed-laser deposition
technique, or chemical vapor deposition.5-9 Quasi-1D zigzag
and armchair graphene ribbons, on the other hand, are mostly
theoretically studied.10-19 A zigzag (armchair) graphene ribbon
has two parallel zigzag (armchair) edges along the longitudinal
direction. The basic properties of quasi-1D graphene ribbons
are different from those of a two-dimensional (2D) graphene.
For example, in contrast to the featureless absorption spectra
of a typical 2D graphene, the optical spectra of a graphene
ribbon exhibit the many 1D van Hove type peaks,12 resulting
from many 1D parabolic bands.

The magnetic field is further used to modulate the electronic
and optical properties of a graphene ribbon. The magneto-optical

spectra of a graphene ribbon are dominated by the magnetic
confinement and quantum confinement.20,21 As the magnetic
confinement dominates over quantum confinement, the Landau
levels form and energies are independent of the ribbon edges.
That is to say, the Landau-level energies and magneto-absorption
spectra are identical to those of a 2D graphene. The state energy
of the n Landau level obeys the relation En ) (pVF/lB)(2n)1/2,
where VF is the Fermi velocity and lB ) (p/eB)1/2 is the magnetic
length. The absorption peaks are located at ω ) [(n - 1)1/2 +
�n](pVF/lB)�2. In this work, we show that a spatially modulated
sinusoidal electric field can tune the magneto-absorption spectra
of a graphene ribbon, e.g., the peak intensity and peak frequency
can be changed, and a new generation of peaks is created. The
extra peaks obey an unusual selection rule. The evolution of
the absorption spectra with the magnitude of electric potential
reveals detailed information about the first peak. Most impor-
tantly, the frequency of the first peak depends on the amplitude
of the electric potential and the strength of the magnetic field.
The modulated electric field might be employed to control the
threshold frequency of the magneto-absorption spectra. Realisti-
cally, a modulated electric field with a periodic potential could
be produced by two interfering laser beams22 or through
depositing an array of parallel metallic strips on the surface.23

Above all, the results of the study might help to design opto-
electronic devices. The rest of the paper is organized as follows:
First, the geometry of zigzag graphene ribbons and the
computational method are introduced in section 2. Then, how
a spatially modulated sinusoidal electric field affects the
magneto-absorption spectra is investigated in section 3. Finally,
concluding remarks are offered in section 4.

2. Theory

The low-energy properties of a quasi-1D graphene zigzag
ribbon (GZR) are mainly controlled by the contribution of the
π electrons. GZR is obtained by cutting a two-dimensional
graphene along the longitudinal direction with two parallel
zigzag edges [Figure 1a]. The number N of the longitudinal
zigzag lines characterizes the width of a GZR. In the ribbon
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plane, carbon atoms are arranged in hexagonal-symmetry
lattices, where carbon atom A is the nearest neighbor of carbon
atom B. The C-C bond length is b ) 1.42 Å. The ribbon width
is w ) b[(3/2)N - 1]. There are 2N atoms, denoted |A1〉, |B1〉,
..., |AN〉, |BN〉, in a primitive unit cell, and each atom contributes
one 2pz orbital to the π electronic structure. The periodical length
along the x axis is Ix ) �3b, and the first Brillouin zone is
-π/Ix e kx e π/Ix.

Now, a GZR is subjected to a spatially modulated sinusoidal
electric field and a uniform perpendicular magnetic field B )
(0, 0, B) [Figure 1b]. The modulated electric field is simulated
by a sinusoidal potential Vmod ) V sin[2π(yi/L)], where yi and
V represent respectively the y coordinate of the ith carbon atom
and the maximum of the potential energy induced by the
modulated electric field. L is the periodic length of the modulated
potential. Within the framework of nearest-neighbor tight-
binding model, the Hamiltonian operator of the system is

where i (j) denotes the atom sites. Ci
+ (Ci) is the creation

(annihilation) operator. εi(Vmod) is the electric-field-modulated
site energy of the carbon atom. The spatially modulated
sinusoidal electric field Vmod adds an electric potential to the
bare site energy of the π orbital of a carbon atom. For simplicity,
the bare site energy is set to zero. The value of the hopping
integer is γ0 ) 2.569 eV.24 The uniform perpendicular magnetic
field causes the Peierl’s phase θi, j ) ∫i

jA dl/Φ0, with Φ0 ) ch/e
being the flux quantum. With the Landau gauge, the vector
potential is A ) (-yB, 0, 0). Such a gauge preserves the
translation invariance along the x direction, i.e., kx is still a valid
quantum number. Thus, the wave function Λ is decomposed to
Λ ) eikxxΨ(kx, y), and the envelope function Ψ(kx, y) satisfies
the Hamiltonian equation HΨ(kx, y) ) E(kx) Ψ(kx, y). The 2N
× 2N Hamiltonian representation H is

The diagonal term εi and off-diagonal matrix element hj,
respectively, are

where εi is the electric-field-modulated site energy and Φ the
magnetic flux passing through the hexagonal ring. E(kx) and
Ψ(kx, y) are easily obtained by diagonalizing the Hermitian
matrix.

The magneto-absorption spectra of a quasi-1D zigzag graphene
at T ) 0 show that the electromagnetic field (Ex||x̂) excites
electrons from the occupied π bands to the unoccupied π* bands.
The absorption function is given by15

where f (i) denotes the final (initial) state. f[E(kx)] is the Fermi-
Dirac distribution function and 〈Ψf(kx, y)|(Ê ·Pb/me)|Ψi(kx, y)〉 is
the velocity matrix element. Within the gradient approximation,
〈Ψf(kx, y)|(Ê ·Pb/me)|Ψi(kx, y)〉 ) 〈Ψf(kx, y)|(∂H/∂kx)|Ψi(kx, y)〉. The
transition channel of the absorption line is determined by the
thermal factor f[Ef(kx)] - f[Ei(kx)] and the velocity matrix
element.

3. Results and Discussion

The evolution of the magneto-absorption spectra of the N )
1000 zigzag ribbon with the amplitude (V) is shown in Figure
2. The period of the modulated electric field is L ) w, and the
strength of the magnetic field threading through the ribbon is B
) 7 T. Notably, the magneto-absorption spectra of a graphene
ribbon are strongly dependent on the magnitude of the electric
potential, the magnetic field strength, and the ribbon width. Our
numerical calculations indicate that in order to avoid quantum
confinement on the electric-field-modulated magneto-absorption
spectra, the ratio of the ribbon width to the magnetic length
has to satisfy the empirical formula (w/lB) > 20. As the width
of the ribbon is wide enough, the predicted magnetoelectronic
and optical properties are close to those of a graphene and
independent of the ribbon edge structures. In this work, (w/lB)
∼ 22 for a field strength of B ) 7 T. The magnetic bands show
undistorted sinusoidal curves in the vicinity of kxIx ) 2π/3,
details of which are discussed below. As shown in Figure 2,
the black, red, blue, purple, and green curves correspond to the
electric potentials V ) 0, 0.02γ0, 0.03γ0, 0.035γ0, and 0.06γ0,
respectively. In the black curve, discrete delta-function-like

Figure 1. (a) Geometrical structure of a zigzag ribbon. (b) Charac-
teristics of the spatially modulated electric field Vmod.
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peaks exist, which belong to the Landau peaks that are induced
by the uniform magnetic field. The peaks are located at ωn )
[(n - 1)1/2 + �n)E1, where E1 ) (3/2)γ0b�B is the state energy
of the first Landau level. The two peaks ω1 and ω2, for example,
originate in the interband transitions. They are shown by the
vertical lines ω1 and ω2 in Figure 3a between two neighboring
Landau levels (flat dashed lines). Such a transition follows the
selection rule δ|ni|,nf

) ( 1,16 where ni (nf) is the subband index
of the initial (final) state. The n ) 0 Landau level is located at
E ) 0, and Landau levels En ) ((|n|)1/2E1 away from E ) 0
are indexed by n ) (1, (2, ....

Under the additional influence of the modulated electric field,
the spectra features are considerably modified. As shown in
Figure 2, the absorption line pattern evolves with the electric
potential in three stages as the magnitude of V is increased. At
the first stage (V < E1), the modulated electric field generates a
compound peak P1, changes the intensity of the peak P1, splits
the peaks ω2 and ω3, and induces new peaks between ωn and
ωn+1, as shown by the red and blue curves in Figure 2. At the
second stage (E1 < V0 < E2), the changes of the peak intensity,
the split of the peaks, and the generation of new peaks are also
found in the purple curve. Most important of all, an anomalous
peak t1 is induced as V is tuned to 0.035γ0. At the third stage
(E2 < V0 < E3), the intensity of absorption lines in higher energy
region (ω2 > ω > ω1) shrinks, as illustrated by the green curve.
Meanwhile, the peak t1 vanishes and the peak t2 occurs as the
electric potential is changed to V ) 0.06γ0.

The specifics of absorption spectra at the first stage are
discussed. The modulated electric field V ) 0.03γ0 (blue curve
of Figure 2), for instance, changes the spectra features, as
indicated by the change of peak ω1 to p1, the modification of
the shape of the peak P1, the split of peak ω2, and the induction
of peaks P2 and P3, and the generation of new peaks P1′ and P2′ .
The peak P1 is a compound peak comprised of a main peak
and several steps. The transition channels corresponding to peaks
P1, P2, P3, P1′ , and P2′ are identified and shown in Figure 3a,
where the sinusoidal energy dispersions cross the dashed flat
lines at kx ) 2π/3, indicating that the Landau levels are changed
into sinusoidal energy dispersions by the modulated electric
field. The subband indices n ) 0, (1, (2, ..., for the flat Landau

levels are used to label the sinusoidal subbands. Except for the
n ) 0 sinusoidal subband crossing the Fermi level EF ) 0, the
n ) 1, 2, ... (n ) -1, -2, ...) subbands exist at E > 0 (E < 0).
Each sinusoidal subband has one local maximum and one local
minimum in the region 0.6π < kx < 0.75π. There are two possible
channels, denoted by the yellow and dashed yellow lines in
Figure 3a, that lead to the compound peak P1. The excitations
(yellow lines), from the local minimum of the ni ) 0 subband
to the nf ) 1 subband and the transition between the local
maximum of the ni ) -1 and nf ) 0 subbands contribute to
the main peak of P1. The dashed yellow lines, located between
the local minimum and the local maximum, represent the
transitions between the ni ) 0 (ni ) -1) and nf ) 1 (nf ) 0)
subbands, which are responsible for the step structures of the
peak P1. The original ω2 peak splits into the P2 and P3 peaks
because the corresponding P2 and P3 transitions in Figure 3a
are not the same in energy. The change from the ni ) -1 to nf

) 2 (ni ) -2 to nf ) 1) subband, as illustrated by the purple
(light blue) line in Figure 3a, induces the P2 (P3) peak.
Obviously, the P1, P2, and P3 peaks follow the optical selection
rule δ|ni|,nf

) (1. The transitions corresponding to the extra P1′
and P2′ peaks are also displayed (green and red lines in Figure
3a). These transitions do not follow the selection rule δ|ni|,nf

)
(1. The transition P1′ (green lines in Figure 3a) occurs in the
vicinity of kx ) 2π/3, where the energy dispersions are sublinear
in kx.

The characteristics of absorption spectra in the absence of a
modulated-electric field are deliberated. According to eq 3, the
matrix element ∂H/∂kx ) -2γ0 sin(kxIx - jΦπ) ∼ -2γ0 sin(kxIx)

Figure 2. Magneto-absorption spectra of the N ) 1000 graphene zigzag
ribbon vs electric potential V of a spatially modulated sinusoidal electric
field. Black curve has V ) 0, red curve has V ) 0.02γ0, blue curve has
V ) 0.03γ0, purple curve has V ) 0.0035γ0, and green curve has V )
0.06γ0, respectively.

Figure 3. (a) Magnetic bands of the N ) 1000 graphene zigzag ribbon
at B ) 7 T for V ) 0.03γ0. (b) Red (black) curves are the wave functions
associated with the n ) 0 and (1 subbands at V ) 0.03γ0 (V ) 0).
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is almost independent of the coordinate y and therefore can be
taken out of the integral 〈Ψf(kx, y)|(∂H/∂kx)|Ψi(kx, y)〉.25 Then,
the absorption spectra function can be expressed as

The transition channel is determined by the thermal factor
and the overlap integral between the final and initial states
〈Ψf(kx, y)|Ψi(kx, y)〉. The nearest-neighbor interaction and ∂H/
∂kx cause the electron hopping from A (B) site to B (A) site at
the same zigzag line, and the overlap integral is 〈Ψf(kx, y)|
Ψi(kx, y)〉 ) 〈ψf(A)|ψi(B)〉 + 〈ψf(B)|ψi(A)〉, where ψf(A) (ψi(B))
is the subenvelope function located at the A (B) site. At V ) 0,
the wave functions related to the n ) 0 and n ) (1 Landau
levels at kx ) 0.622 and kx ) 0.66 are depicted in Figure 3b by
the black curves. The wave function Ψn(y) is decomposed into
four subenvelope functions: Ψn(y) ) φn(Ao) + φn-1(Bo) +
φn(Ae) + φn-1(Be), where the subenvelope function φn is the
wave function of the harmonic oscillator, which is the product
of the Hermite polynomial Hn and the Gaussian function. Ao

(Be) denote the A(B) carbon atom located at the odd (even)
zigzag lines along the y axis.16 φn has n nodes, where the
amplitude of the subenvelope function is zero. The localizations
of the subenvelope functions are dependent on the wave vector
kx. The optical selection rule δ|ni|,nf

) ( 1 is determined by the
overlap integral 〈Ψf(kx, y)|Ψi(kx, y)〉 ) C(δ|ni|(1,nf

.16 The delta-
function-like absorption peak is located at ωn ) [�n + (n -
1)1/2]E1. Moreover, at kx ) 0.622, the subenvelope functions
ψ(Bo) and ψ(Be) related to the n ) 0 state are strongly localized
at the ribbon edges. They belong to the edge states and make
no contribution to the optical spectra.

The modulated-electric field has a great influence on the
magneto-absorption spectra through the changes induced in the
energy dispersions and associated wave functions. The numerical
calculation results show that the state energy depends on the
subband index n, the wave vector kx, the magnetic field strength,
the amplitude and period of the modulated electric field, as
illustrated in Figures 3a. The transition energies corresponding
to the P1 channels are not identical and thus they induce a
compound peak P1 in Figure 2. The original ω2 peak splits into
the P2 and P3 peaks because the corresponding P2 and P3

transitions in Figure 3a are not of the same energy. The red
curves in Figure 3b are the subenvelope functions related to kx

) 0.622 and 0.66 in the presence of the electric field with V )
0.03γ0. The electric field modifies the amplitude of the suben-
velope functions. The electric field does not destroy the
symmetry of the subenvelope function; that is, the node number
of the subenvelope function is the same as that of subenvelope
function at V ) 0. The transition from the n ) 0 to 1 states at
kx ) 0.622, which contributes to the main structure of the peak
P1, follows the selection rule δ|ni|,nf

) (1. At kxIx ) 0.66π, the
electric field not only modifies the amplitude but also shifts the
spatial distribution of the envelope functions Ψ1(y). Notably,
the electric field does not significantly change the shape of the
wave functions. As a result, the overlap integral 〈Ψf(kx, y)|
Ψi(kx, y)〉 at kxIx ) 0.66π makes contribution to the step structure
of peak P1. Such a transition abides by the selection rule δ|ni|,nf

) (1. The step structures of P1 originate in the transition from
the n ) 0 to 1 (n ) 0 to 1) states at the region from kxIx )
0.65π to 0.67π (kxIx ) 0.67π to 0.69π). On the other hand, the

extra peaks P1′ and P2′ , which are the result of the transition
from the n ) -1 to 1 states, obey the selection rule δ|ni|,nf

) 0.
As shown by the last two wave functions in Figure 3b, the
modulated electric field drives the hole and electron states in
different y directions and result in an overlap integral
〈Ψf(kx, y)|Ψi(kx, y)〉 * 0. Therefore, such unusual transitions are
allowed.

The dependence of the magneto-absorption spectra on the
amplitude V of the modulated-electric field is explored. The
purple curve in Figure 2, corresponding to V ) 0.035γ0, exhibits
an anomalous absorption peak t1 located at the threshold
frequency ω ≈ (�2 - 1)E1. The peak t1 originates in the
transition from the band edge of the ni ) -2 subband to that of
the nf ) -1 subband, as shown in Figure 4(a). The state energy
Ei ≈ -�2E1 + V0 (Ef ≈ -E1 + V0) at the band edge of the ni

) -2 (nf ) -1) subband is lower (higher) than the Fermi
energy. The state at the band edge of the ni ) -2 (nf ) -1)
subband is an occupied (unoccupied) state. As a result, the
thermal factor f[Ef(kx)] - f[Ei(kx)] allows this transition. As V
is changed to 0.06γ0, an absorption peak t2 at the threshold
frequency ωth ≈ (�3 - �2)E1 is observed (green curve of
Figure 2). The transition from the band edge of the ni ) -3
subband to that of the nf ) -2 subband, as shown in Figure
4b, brings about the peak t2. Meanwhile, the intensity of the
P1, P2, P1′ , and P2′ peaks shrinks [Figure 2] because the hole
and electron wave functions are pushed in different y directions
by the stronger modulated electric field. The overlap integral
〈Ψf(kx, y)|Ψi(kx, y)〉 decreases quickly and thus shrinks the
intensity of the P1, P2, P3, P1′ , and P2′ peaks.

A(ω) ∝ ∑
f,i

∫1stBZ

dkx

2π
γ0

2 sin2(kxIx)Im ×

[ f[Ef(kx)] - f[Ei(kx)]

Ef(kx) - Ei(kx) - ω - iΓ]|〈Ψf(kx, y)|Ψi(kx, y)〉|2 (5)

Figure 4. (a) Magnetic bands of the N ) 1000 graphene zigzag ribbon
at B ) 7 T for V0 ) 0.0035γ0. (b) Same plot but for V0 ) 0.06γ0. (c)
The threshold frequency vs electric potential V under different magnetic
field strengths. The local minima of the sinusoidal bands of the n ) 0,
(1, (2, (3, ... subband vs V are shown in the inset of panel b.
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The variation of threshold frequency ωth with the amplitude
of the modulated-electric field (V) at different magnetic field
strengths is shown in Figure 4c. At a certain magnetic field,
ωth decreases from one platform to the next; i.e., there are several
platforms in the increase of V. ωth′ s are the frequencies of the
peaks ω1, t1, t2, ..., and tn, which are absorption lines located at
ω1 ) E1, t1 ≈ (�2 - �1)E1, t2 ≈ (�3 - �2)E1, ..., and tn ≈
[(n + 1)1/2 - �n]E1. The downstep or the jump occurs at V ≈
E1, �2E1, �3E1, .... Each platform has a different length ∆Vn,
which is equal to ∆Vn ) [�n - (n - 1)1/2]E1. Obviously, ωth

and ∆Vn are dependent on the strength of the magnetic field B.
The local minima (maxima) of the sinusoidal bands decline
(grow) almost linearly with V. The local minima of the n ) 0,
(1, (2, (3, ... subband versus the magnitude of V are shown
in the inset of Figure 4b. The lines intersect E ) 0 at V ≈ E1,
�2E1, �3E1, .... The red arrows represent the transition channels
resulting in the peaks ω1, t1, t2, ..., and tn. The black arrows
depict the forbidden transition channels, which are closed by
the thermal factor. When the electric potential V < E1, the first
peak P1, originating in the transition from the band edge of the
ni ) -1 subband to that of nf ) 0 subband, is located at ω )
E1. As E1 < V < E2, the edge state of the n )(1 subband crosses
the Fermi energy. The excitation from the band edges of the n
) -2 (n ) 1) subband to that of the n ) -1 (n ) 2) subband
is allowed and gives rise to the anomalous absorption line t1.
On the other hand, the increase of V forces both the edge states
of the n ) 0 and 1 subbands to cross the Fermi energy. The
peak ω1, due to the transition from the n ) 0 to 1 subbands, is
forbidden by the thermal factor. The peak P1 vanishes and the
peak t1 appears. As E2 < V0 < E3, the peak t1 is replaced by the
absorption line t2. In addition, the rise of temperature broadens
the width of absorption peak and lowers the peak intensity.
Besides the inter-π-band transition, new transition channels (the
intra-π*-band and intra-π-band excitation) occur as T * 0. As
the amplitude of the modulated potential V increases, the
temperature effect might shorten ∆V, the length of each
platform.

4. Conclusions

Our study shows that the magneto-absorption spectra of
graphene ribbons are modifiable by the application of a spatially
modulated sinusoidal electric field. The absorption spectra are
investigated under the condition that the period L of modulated
electric field is equal to the ribbon width w and w > 20lB (lB is
the magnetic length). Under such circumstances, the flat Landau
levels are changed into undistorted sinusoidal subbands. More-
over, a spatially modulated sinusoidal electric field considerably
influences the magneto-absorption through changes of the peak
intensity and the peak position of the absorption lines and the
creation of new peaks. The additional peaks follow an unusual
optical selection rule. The pattern of the absorption spectra is
strongly dependent on the amplitude of the electric potential of

the spatially modulated sinusoidal electric field. Most impor-
tantly, the threshold frequency of the magneto-absorption spectra
is tunable by varying the amplitude of the electric potential and
the strength of the magnetic field. This work might facilitate
the design of the opto-electronic devices. The results of the study
could be verified by optical measurements.26-28
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