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a b s t r a c t

The deformation effects on the electronic properties of AA- and AB-stacked bilayer graphenes are

explored through the tight-binding model. The mechanical deformation of graphene lattices is based on

the elasticity theory. Electronic properties are dependent on the existence of uniaxial stress, interlayer

interactions, and the stacking sequence. Uniaxial stress drastically changes energy dispersions, band-

edge states, state degeneracies, and density of states ðDðoÞÞ. The interlayer interactions induce two pairs

of band structures and double the number of the special structures in DðoÞ. Each prominent peak at the

middle energy splits into two separate peaks in the presence of uniaxial stress. Analysis of the stacking

sequence shows some important differences between AA- and AB-bilayer graphenes, such as the

relationship between uniaxial stress and the low-energy DðoÞ, and zero-gap semimetal–semiconductor

transition. The calculated results could be verified by experimental measurements.

& 2009 Elsevier B.V. All rights reserved.
1. Introduction

Recently, few-layer graphenes have been produced by me-
chanical friction [1,2], micromechanical cleavage [3], and synth-
esis [4]. They exhibit rich physical properties, for instance, band
structures [5,6], electronic excitations [7,8], optical absorption
spectra [5,6], transport properties [9,10], and novel quantum Hall
effect [9,10]. Two-dimensional graphenes have a high potential in
nanoelectronic applications. This work focuses on the study of the
effects of uniaxial strains on the electronic structures of AA- and
AB-stacked bilayer graphenes. The dependence on the interlayer
interactions and stacking sequence is investigated in detail.

We use the tight-binding model to study electronic properties of
bilayer graphenes in the presence of uniaxial stress. The strain effects
on bond lengths and hopping integrals are taken into account with
the elasticity theory [11] and Harrison’s rule [12]. This study shows
that the deformation induces drastic changes in band-edge states, and
band width, and that the deformation splits prominent peaks in DðoÞ
due to the broken state degeneracies. There are some important
differences between AA- and AB-stacked bilayer graphenes. The
predicted electronic properties could be verified by scanning
tunneling spectroscopy and optical spectroscopy methods.
2. The tight-binding model with deformations

The tight-binding model is used to calculate the p�electronic
structure for two kinds of graphene-related systems, namely AA-
ll rights reserved.
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and AB-stacked bilayer graphenes. In the presence of uniaxial
stress, the C–C bond length is changed proportionally. The atom
positions with and without strain applied are labeled as R0 and R,
respectively. Based on the linear elasticity theory [11], the
relation between R0 and R can be described by R0i ¼ ð1þeiÞRi,
where ex ¼�e=6, ey ¼ e, and ez ¼�e=3 are under the uniaxial
stress along the zigzag ðŷÞ direction. The strain e is defined as the
ratio of the deformed length to the original length. Positive e and
negative e represent tension and compression, respectively. The
variations of the bond length significantly affect the atomic
hopping integrals according to Harrison’s rule g0i ¼ ‘

02
i =‘

02
i gi, where

‘i and ‘0i represent the bond lengths without and with deforma-
tion, respectively.

The geometric structure of an AA-stacked bilayer graphene is
stacked by two monolayer graphenes with the interlayer distance
Ic ¼ 3:35 Å, and the carbon coordinates ½x; y� of both layers are the
same. A primitive cell consists of four carbon atoms. The
Hamiltonian of a AA-stacked bilayer graphene is a 4� 4
Hermitian matrix with the elements presented by

Hl;m ¼

a00h1þa
00

0h�2 if m¼ lþ1;m¼ 4I

m¼ lþ1;m¼ 4Iþ2

a03h�1þa
00

3h2 if m¼ lþ1;m¼ 4Iþ3

a01 if m¼ lþ2;m¼ 4Iþ1

a03h1þa
00

3h�2 if m¼ lþ3;m¼ 4I

0 otherwise

8>>>>>>>>><
>>>>>>>>>:

ð1Þ

where h1 ¼ eikxbð1�e=6Þ, h2 ¼ 2cosðkyða=2Þð1þeÞÞeikxðb=2Þð1�e=6Þ, a00 ¼ a0

=ð1�e=6Þ2, a000 ¼ a0=ð1þ17e=12þ109e2=144Þ, a01 ¼ a1= ð1�e=3Þ2,

a03 ¼ a3ðb
2þ I2

c Þ=½b
2ð1þeÞ2þ I2

c ð1�e=3Þ2�, and a003 ¼ a3ðb
2þ I2

c Þ

=½b2ð1þ17e= 12þ109e2=144Þþ I2
c ð1�e=3Þ2�. a0 ¼ 2:596 eV charac-

terizes the intralayer nearest-neighbor atomic interactions
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[13,14]. As for the interlayer interactions, only two hopping
integrals of nearest-neighbor atoms are taken into account. These
integrals can be represented by a1 ¼ 0:361 eV between two A
atoms or two B atoms, and a3 ¼�0:032 eV between A and B atoms
[14]. Since the chemical environment is the same for A and B
atoms, the diagonal Hamiltonian matrix elements are set to zero. I

is an integer, and Hml ¼H�lm.

The geometric structure of an AB bilayer graphene can be
obtained simply by moving one layer of a AA bilayer graphene by
a C-C bond length (1.42 Å) along the armchair direction. The
Hamiltonian matrix elements associated with the four Block
functions are given by

Hl;m ¼

g06 if m¼ l;m¼ 2Iþ1

g00h1þg
00

0h�2 if m¼ lþ1;m¼ 4Iþ2

g00h�1þg
00

0h2 if m¼ lþ1;m¼ 4I

g01 if m¼ lþ2;m¼ 4Iþ1

g03h1þg
00

3h�2 if m¼ lþ2;m¼ 4I

g04h�1þg
00

4h2 if m¼ lþ1;m¼ 4Iþ3

m¼ lþ3;m¼ 4I

0 otherwise

8>>>>>>>>>>>>>><
>>>>>>>>>>>>>>:

ð2Þ

and Hml ¼H�lm, where g06 ¼ g6,g00 ¼ g0=ð1�e=6Þ2, g000 ¼ g0=ð1þ

17e=12þ109e2=144Þ,g01 ¼ g1=ð1�e=3Þ2,g03 ¼ g3ðb
2þ I2

c Þ=½b
2ð1�e=6Þ2

þ I2
c ð1�e=3Þ2�,g003 ¼ g3ðb

2þ I2
c Þ=½b

2ð1þ17e=12þ109e2=144Þþ I2
c ð1�

e=3Þ2�,g04 ¼ g4ðb
2þ I2

c Þ=½b
2ð1�e=6Þ2þ I2

c ð1�e=3Þ2�, and g004 ¼ g4ðb
2

þ I2
c Þ=½b

2ð1þ17e=12þ109e2=144Þþ I2
c ð1�e=3Þ2�. g0 ¼ 2:598 eV cha-

racterizes the intralayer nearest-neighbor atomic interactions
[14,15]. The interlayer hopping integrals are g1 ¼ 0:364 eV

between two A atoms, g3 ¼ 0:319 eV between two B atoms, and

g4 ¼ 0:177 eV between A and B atoms. The site energies are set to

zero. However, A and B atoms have different chemical environ-
ments, and the difference in the site energy is characterized by
g6 ¼�0:026 eV.
Fig. 1. The p�electronic structures of AA-bilayer graphenes at e¼ 0, 7e along the

zigzag direction. The arrows represent the symmetry points G, M, K, and M0 . The

low-energy band structures near the K point along k̂x and k̂y are, respectively, in

(b) and (c).

3. Electronic properties

An undeformed AA-stacked graphene exhibits two pairs of
low-energy bands, and the inner one is focused in this paper. The
inner pair of energy bands has an overlap near the K point with
energy spacing Es ¼ 2a1. The bands intersect at the Fermi level
(black intersections in Fig. 1(b) and (c)). Moreover, they are linear
and almost isotropic near kF, and the slopes [3ða07a3Þb=2] are
very close to those of a monolayer graphene. The other pair
of linear bands begins exactly at Ec;v ¼ 7a1. Electronic states
at the saddle points have energies Ec;v ¼ a17 ða0�a3Þ and
�a17 ða0þa3Þ. Deformation breaks the state degeneracies of
the saddle points (red and green curves in Fig. 1(a)). The state
degeneracies between the M and M0 points are destroyed. The
energy spacings at the M and G points increase (decrease) with
weakened (strengthened) strain, while the reverse is true for Es at
the M0 point.

The stacking sequence has a different impact on the band
structures of AA- and AB-bilayer graphenes. The band structure of
a AB-stacked graphene is more asymmetric (black curves in
Fig. 2(a)). This band structure at low energy shows parabolic
dispersions which overlaps slightly (black curves in Fig. 2(b) and
(c)). The low-energy bands of a AB-stacked bilayer graphene are
very sensitive to deformation. With the increase in the uniaxial
tension (compression), the overlap along k̂y is reduced (enlarged)
and the overlap along k̂x is enlarged (reduced). As the deformation
increases, the overlap along k̂y (k̂x) is reduced and vanished, and
then the band gap starts to rise (red (green) curves in Fig. 2(c)
(2(b))). At the same time, the other overlap along k̂x (k̂y) still
keeps growing. There still exists a small amount of free carrier
density as jej is sufficiently large due to the overlap between
valence and conduction bands. The deformation effects reflect on
the density of states. In addition, the energy spacing increases
(declines) at the M and G points when the uniaxial compression
(tension) is intensified (green (red) curves in Fig. 2(a)). The
behavior of Es is opposite at the M0 point.
4. Density of states

The density of states, which directly reflects the main features
of the p�electronic structure, is given by

DðoÞ ¼
X
c;v

Z
1stBZ

dkxdky

ð2pÞ2
G
p

1

½Ec;vðkÞ�o�2þG2
ð3Þ

where Gð ¼ 0:4 meVÞ is the phenomenological broadening para-
meter. The AA-stacked system shown in Fig. 3 owns a finite DðoÞ
at EF ¼ 0. At low frequency, DðoÞ rises slowly as o increases from
o¼�a1 to o¼ a1 (inset of Fig. 3). This rise of DðoÞ is evidenced
by the slowly decreasing slope of the inner air of energy bands. As
joj4a1, DðoÞ starts to grow rapidly due to another pair of band
structures. AA-bilayer graphenes exhibit semi-metallic properties
with a non-zero DðoÞ at the Fermi level, which is contributed by
the overlap between the inner pair of the linear bands. The saddle
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Fig. 2. The p�electronic structures of AB-bilayer graphenes at e¼ 0, 7e along the

zigzag direction.

Fig. 3. Density of states at different e’s.
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points induce the symmetric peaks at o¼ a17 ða0�a3Þ and
�a17ða0þa3Þ. The frequency differences between the adjacent
peaks are od ¼ 2ða17a3Þ; these differences are large sufficiently
to be verified by optical measurement. The band-edge states at
the G point make contributions to the shoulder structures near
o¼ 73a0. The uniaxial tension (compression) leads to an
increase in the low-energy DðoÞ because of the smaller (larger)
energy band slope. Every symmetric peak is split into two
pronounced peaks, which are due to the different state energies
between the M and M0 points. The stronger peaks are associated
with the M0 point, while the weaker ones correspond to the M

point. The frequencies corresponding to the shoulder structures
also grow (decline) with compression (tension).

Interlayer interactions have some analogous effects on both
AA- and AB-bilayer graphenes. Like AA-bilayer graphenes, two
pairs of logarithmic divergence peaks and shoulder structures are
observed in DðoÞ in AB-bilayer graphenes (Fig. 3). However, the
stacking sequence results in some important differences in DðoÞ,
especially at low frequency. AB-bilayer graphenes have more
complex structures in DðoÞ at low frequency. There are two weak
peaks near ErmF ¼ 0, shown in the red curves in the inset of Fig. 3,
which arise from the parabolic band-edge states. AB-bilayer
graphenes exhibit a non-zero DðoÞ at the Fermi level, and
therefore behave like a semimetal with low free carrier density.
The prominent peaks in the vicinity of o¼ 7g0 have a smaller
od. This indicates that the interlayer interactions of AB-bilayer
graphenes are weaker. There is no simple relationship between
the changes in the low-energy DðoÞ and uniaxial stress. In the
tension case, as stress is sufficiently large, DðoÞ drops almost to
zero due to the occurrence of the energy gap along k̂y and the
small intersection between the energy bands and the Fermi level
in the energy-wave-vector 3D space. That is to say, the area
enclosed by the (kx; ky) states with energy Ec;v ¼ EF ¼ 0 is so small
that DðoÞ almost vanishes. Uniaxial tension transforms the semi-
metallic AB-bilayer graphene into a zero-gap semiconductor
(semi-metal-to-semiconductor transition). As for uniaxial com-
pression, when e increases, DðoÞ decreases to a minimum. If e
keeps rising, DðoÞ grows conversely. It is due to the fact that both
the energy gap along k̂x and the overlap along k̂y increase with
rising e; the trend of DðoÞ thus depends on the competition of the
two factors. Moreover, the intensity and joj of the two low-
frequency peaks grow with increasing strain. At middle and high
frequency, the uniaxial stress leads to similar results of AA-bilayer
graphenes, i.e., the split of prominent peaks and the uniaxial
strain dependence of frequencies are associated with the shoulder
structures.
5. Conclusions

This work studies the influences of uniaxial stress on the
electronic structures of AA- and AB-bilayer graphenes through the
tight-binding model. The energy bands and density of states
strongly depend on the interlayer atomic interactions, the
stacking sequence and uniaxial stress. The predicted results could
be confirmed by STS and optical spectroscopy methods.

The interlayer interactions cause AA- and AB-bilayer gra-
phenes to show some similar characteristics, such as an
asymmetry of energy bands about EF, two sets of energy bands,
and an overlap between the valence and conduction bands, which
makes bilayer graphenes semi-metallic. Uniaxial stress destroys
the state degeneracy between the M and M0 points, and every
pronounced peak in DðoÞ thus splits into two peaks for both
bilayer graphenes. Furthermore, a semi-metallic AB-bilayer
graphene is changed into a zero-gap semiconductor when
uniaxial tension is applied. Nevertheless, AA- and AB-bilayer
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graphenes display some differences due to the stacking sequence.
One of the main differences is that AB-bilayer graphenes exhibit a
higher asymmetry of energy bands than AA-bilayer graphene. AA-
and AB-bilayer graphenes have eminently different band struc-
tures at low energy. The former show linear energy dispersions,
while the latter show parabolic energy dispersions.
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