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Introduction of quantum superchannels

Quantum channel
Quantum superchannel with one slot
Quantum superchannel with two slots

Quantum switch
Pure superchannel



Quantum channel

• Deterministic linear transformation between quantum states 
• CPTP map
• Quantum channel !𝒞 ∶ ℒ ℋ& → ℒ ℋ(

• Map representation !𝒞 𝜌 = 𝜌+

• Choi operator representation C ∗ 𝜌 = 𝜌+ ( C ≔ Σ01 𝑖 𝑗 ⊗ !𝒞 𝑖 𝑗 )

• Circuit figure la⇢<latexit sha1_base64="e+wA3WOcrapzwj1R6BviqB/vTy0="></latexit>
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Quantum channel

• Note complete positivity of quantum channels

!ℐ ⊗ !𝒞 𝜌 = 𝜌+

C ∗ 𝜌 = 𝜌+
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( !ℐ : Identity map)



Quantum superchannel with one slot

• Deterministic linear transformation between quantum channels

• Quantum superchannel !!𝒮 ∶ ℒ 𝐴& → ℒ 𝐴( → ℒ 𝑃 → ℒ 𝐹

• Circuit-like figure 
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Quantum superchannel with one slot

• Can be realized in a quantum circuit
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Quantum superchannel with two slots

• Input: a product of two quantum channels 
→ Output: a quantum channel

• Quantum superchannel 
::𝒲 ∶ ℒ 𝐴& → ℒ 𝐴( ⊗ ℒ 𝐵& → ℒ 𝐵( → [ℒ 𝑃 → ℒ 𝐹 ]

• ??𝒲 !𝒜 ⊗ ?ℬ = !𝒞+

• W ∗ 𝐴⊗𝐵 = 𝐶+
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Quantum comb

• Quantum superchannel with causal order 𝐴 ≺ 𝐵 between slots 
• Quantum comb can be realized in a quantum circuit.
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Quantum superchannel with two slots

• Question: ::𝒲 can be realized in a quantum circuit?
• Answer: NOT generally

Quantum superchannel

Quantum comb

Quantum switch

×
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Quantum switch

• Quantum switch 𝑊FG ∈ ℒ 𝑃 ⊗ 𝐴& ⊗ 𝐴( ⊗ 𝐵& ⊗ 𝐵( ⊗ 𝐹

• (Choi vector) |𝑈⟩⟩ ≔ ∑0 𝑖 ⊗ 𝑈 𝑖 = 𝐼 ⊗ 𝑈 |𝐼⟩⟩
• (Choi vector) ℰO 𝜌 = 𝑈𝜌𝑈P, 𝐸O = |𝑈⟩⟩⟨⟨𝑈|
• Action of quantum switch on unitary transformations 
𝑊FG ∗ |𝑈T⟩⟩⟨⟨𝑈T| ⊗ |𝑈U⟩⟩⟨⟨𝑈U| = |𝑈V 𝑈T, 𝑈U ⟩⟩⟨⟨𝑈V 𝑈T, 𝑈U |
𝑈V 𝑈T, 𝑈U 𝛼 0 YZ + 𝛽 1 YZ ⊗ 𝜓 Y_

= 𝛼 0 Z̀𝑈U𝑈T 𝜓 _̀ + 𝛽 1 Z̀𝑈T𝑈U 𝜓 _̀



Quantum switch

• Action of quantum switch on unitary transformations 
𝑈V 𝑈T, 𝑈U = 0 Z̀ 0 YZ ⊗ 𝑈U

ℋ→ _̀𝑈T
Y_→ℋ + 1 Z̀ 1 YZ ⊗ 𝑈T

ℋ→ _̀𝑈U
Y_→ℋ

= 𝑈U𝑈T ⊕ 𝑈T𝑈U
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𝑃c, 𝐹c ≅ ℂi ∶ target system



Quantum switch

• Cannot be realized in a quantum circuit
• Superchannel in “indefinite causal order”
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Pure superchannel

• Pure superchannel … transforms unitary channels into unitary 
channels

(𝑈T, 𝑈U, 𝑈+ : unitary operators)
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Pure superchannel

• Theorem.
A superchannel 𝑊 is pure iff 𝑊 = |𝑈j⟩⟩⟨⟨𝑈j|

(𝑈j ∶ 𝑃 ⊗ 𝐴( ⊗ 𝐵( → 𝐴& ⊗ 𝐵& ⊗ 𝐹, unitary)
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Pure superchannel

• Quantum switch is a pure superchannel
• A direct sum of circuits with different causal orders
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Main results

Decomposition of pure comb with N slots
Decomposition of pure superchannel with two slots



Decomposition of pure comb

• Theorem 1.
Pure combs with 𝑵 slots can be decomposed into sequences of 

unitary channels
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<latexit sha1_base64="V8sWIXPVXI9Si676C3gA923Rd/Q="></latexit>

P
<latexit sha1_base64="aJ1+8E8VSnpI1E2J99JSXe6h3MM="></latexit>

F
<latexit sha1_base64="AyrECcEOfDHbFBtKxl/DjyCiqz0="></latexit>

U0
<latexit sha1_base64="yx5qll2RsRtoJ5Rgwkauqki9Q+Y="></latexit>

U1
<latexit sha1_base64="Lyjop7NrPGnOLAjMPKyUbeKPIGI="></latexit>

U2
<latexit sha1_base64="bwvGOS8BqPKuVj0QqLaodP4wYoo="></latexit>

A
<latexit sha1_base64="emTncmwCQpqZg1uUKedSqfKtRpI="></latexit>

B
<latexit sha1_base64="V8sWIXPVXI9Si676C3gA923Rd/Q="></latexit>

⇠=<latexit sha1_base64="PIg+flPeHd3YL8hkMux4Gl3NZ/Y="></latexit>

eeR
<latexit sha1_base64="JLDCdaHkaFMQsZTnosLwlXBzMI0="></latexit>

(𝑈d, 𝑈e, 𝑈h : unitary operators)



Sketch of the proof of Theorem 1

• Focus on the unitary operators 𝑈u v representing the pure combs wwℛyz{|
}

P
<latexit sha1_base64="aJ1+8E8VSnpI1E2J99JSXe6h3MM="></latexit> F

<latexit sha1_base64="AyrECcEOfDHbFBtKxl/DjyCiqz0="></latexit>

A
<latexit sha1_base64="emTncmwCQpqZg1uUKedSqfKtRpI="></latexit>

B
<latexit sha1_base64="V8sWIXPVXI9Si676C3gA923Rd/Q="></latexit>

P
<latexit sha1_base64="aJ1+8E8VSnpI1E2J99JSXe6h3MM="></latexit> F

<latexit sha1_base64="AyrECcEOfDHbFBtKxl/DjyCiqz0="></latexit>

A
<latexit sha1_base64="emTncmwCQpqZg1uUKedSqfKtRpI="></latexit>

B
<latexit sha1_base64="V8sWIXPVXI9Si676C3gA923Rd/Q="></latexit>

⇠=

<latexit sha1_base64="+MSielOmtVljhdeTbmVyuuLrypc="></latexit>

eeR
(N)

pure

<latexit sha1_base64="5ejdQkyfwedex1InLpJPiRtIRQw="></latexit>

UR(N)

<latexit sha1_base64="rYfw4rkW1FTfc0jt9rA73xjvFvc="></latexit>



Sketch of the proof of Theorem 1

• Imply properties of 𝑈u v

la
la la|�i

<latexit sha1_base64="YExSnKvfmdV8F0dL4F8h6lpzXao="></latexit>

la
la la|�?i

<latexit sha1_base64="7yb4514fpBIUVJlyJre+GLYoX0w="></latexit>

If orthogonal in 𝐵!,

then orthogonal in 𝐹

P
<latexit sha1_base64="aJ1+8E8VSnpI1E2J99JSXe6h3MM="></latexit> F

<latexit sha1_base64="AyrECcEOfDHbFBtKxl/DjyCiqz0="></latexit>

A
<latexit sha1_base64="emTncmwCQpqZg1uUKedSqfKtRpI="></latexit>

B
<latexit sha1_base64="V8sWIXPVXI9Si676C3gA923Rd/Q="></latexit>

P
<latexit sha1_base64="aJ1+8E8VSnpI1E2J99JSXe6h3MM="></latexit> F

<latexit sha1_base64="AyrECcEOfDHbFBtKxl/DjyCiqz0="></latexit>

A
<latexit sha1_base64="emTncmwCQpqZg1uUKedSqfKtRpI="></latexit>

B
<latexit sha1_base64="V8sWIXPVXI9Si676C3gA923Rd/Q="></latexit>

UR(N)

<latexit sha1_base64="rYfw4rkW1FTfc0jt9rA73xjvFvc="></latexit>

UR(N)

<latexit sha1_base64="rYfw4rkW1FTfc0jt9rA73xjvFvc="></latexit>



Sketch of the proof of Theorem 1

• Imply properties of 𝑈u v

• If we know the decomposition, this property is trivial

la
la la|�i

<latexit sha1_base64="YExSnKvfmdV8F0dL4F8h6lpzXao="></latexit>

P
<latexit sha1_base64="aJ1+8E8VSnpI1E2J99JSXe6h3MM="></latexit> F

<latexit sha1_base64="AyrECcEOfDHbFBtKxl/DjyCiqz0="></latexit>

A
<latexit sha1_base64="emTncmwCQpqZg1uUKedSqfKtRpI="></latexit>

B
<latexit sha1_base64="V8sWIXPVXI9Si676C3gA923Rd/Q="></latexit>

=

<latexit sha1_base64="l5upbWUq6ODfoQVwjVBwL901b0Y="></latexit>

P
<latexit sha1_base64="aJ1+8E8VSnpI1E2J99JSXe6h3MM="></latexit>

F
<latexit sha1_base64="AyrECcEOfDHbFBtKxl/DjyCiqz0="></latexit>

U0
<latexit sha1_base64="yx5qll2RsRtoJ5Rgwkauqki9Q+Y="></latexit>

U1
<latexit sha1_base64="Lyjop7NrPGnOLAjMPKyUbeKPIGI="></latexit>

U2
<latexit sha1_base64="bwvGOS8BqPKuVj0QqLaodP4wYoo="></latexit>

A
<latexit sha1_base64="emTncmwCQpqZg1uUKedSqfKtRpI="></latexit>

B
<latexit sha1_base64="V8sWIXPVXI9Si676C3gA923Rd/Q="></latexit>

la|�i

<latexit sha1_base64="YExSnKvfmdV8F0dL4F8h6lpzXao="></latexit>

la

la

UR(N)

<latexit sha1_base64="rYfw4rkW1FTfc0jt9rA73xjvFvc="></latexit>



Sketch of the proof of Theorem 1

• Decompose 𝑈u v using the properties inductively

P
<latexit sha1_base64="aJ1+8E8VSnpI1E2J99JSXe6h3MM="></latexit> F

<latexit sha1_base64="AyrECcEOfDHbFBtKxl/DjyCiqz0="></latexit>

A
<latexit sha1_base64="emTncmwCQpqZg1uUKedSqfKtRpI="></latexit>

B
<latexit sha1_base64="V8sWIXPVXI9Si676C3gA923Rd/Q="></latexit>

=

<latexit sha1_base64="l5upbWUq6ODfoQVwjVBwL901b0Y="></latexit>

F
<latexit sha1_base64="AyrECcEOfDHbFBtKxl/DjyCiqz0="></latexit>

U2
<latexit sha1_base64="bwvGOS8BqPKuVj0QqLaodP4wYoo="></latexit>

B
<latexit sha1_base64="V8sWIXPVXI9Si676C3gA923Rd/Q="></latexit>

P
<latexit sha1_base64="aJ1+8E8VSnpI1E2J99JSXe6h3MM="></latexit>

A
<latexit sha1_base64="emTncmwCQpqZg1uUKedSqfKtRpI="></latexit>

UR(N)

<latexit sha1_base64="rYfw4rkW1FTfc0jt9rA73xjvFvc="></latexit>

UR(N�1)

<latexit sha1_base64="5pKstDjmwIbJ3zWjsiA5LRbBpW0="></latexit>



Decomposition of pure superchannel 
with two slots
• Theorem 2.

Pure superchannels with two slots can be decomposed into direct 
sum of pure combs, which is a generalized form of quantum switch

M
<latexit sha1_base64="0d3Lmurn3ubXK398xrrdUiVuTxg="></latexit>

U0
<latexit sha1_base64="yx5qll2RsRtoJ5Rgwkauqki9Q+Y="></latexit>

U1
<latexit sha1_base64="Lyjop7NrPGnOLAjMPKyUbeKPIGI="></latexit>

U2
<latexit sha1_base64="bwvGOS8BqPKuVj0QqLaodP4wYoo="></latexit>

A
<latexit sha1_base64="emTncmwCQpqZg1uUKedSqfKtRpI="></latexit>

B
<latexit sha1_base64="V8sWIXPVXI9Si676C3gA923Rd/Q="></latexit>

PA�B
<latexit sha1_base64="mzY8MCuQ+GKwMluVd69f7tHQZKA="></latexit>

FA�B
<latexit sha1_base64="hdV/nPcbG0n862+Z/hBH9xEH06c="></latexit>

A
<latexit sha1_base64="emTncmwCQpqZg1uUKedSqfKtRpI="></latexit>

B
<latexit sha1_base64="V8sWIXPVXI9Si676C3gA923Rd/Q="></latexit>

FB�A
<latexit sha1_base64="U0A0obTiAZ09EK0OI6uXKaGuJXs="></latexit>

PB�A
<latexit sha1_base64="WAG1d8pR3k76B99IAalQmbor7ug="></latexit>

V0
<latexit sha1_base64="Qdcc3N8/H6H+osj3m0DphOPuSpc="></latexit>

V1
<latexit sha1_base64="BrjO30+AYyPUC+TxaiMMsuzLjNk="></latexit>

V2
<latexit sha1_base64="BlxOXWHcRUPzWhcL5Zj9c/GEJeY="></latexit>

P
<latexit sha1_base64="aJ1+8E8VSnpI1E2J99JSXe6h3MM="></latexit>

P
<latexit sha1_base64="aJ1+8E8VSnpI1E2J99JSXe6h3MM="></latexit> F

<latexit sha1_base64="AyrECcEOfDHbFBtKxl/DjyCiqz0="></latexit>ffW
<latexit sha1_base64="3RqDsuQJKp6/O98oG+4DNOr4huE="></latexit>

pure
<latexit sha1_base64="3FGQmxtVbdWVWpbKoW7Q434PJfM="></latexit>

A
<latexit sha1_base64="emTncmwCQpqZg1uUKedSqfKtRpI="></latexit>

B
<latexit sha1_base64="V8sWIXPVXI9Si676C3gA923Rd/Q="></latexit>

⇠=<latexit sha1_base64="PIg+flPeHd3YL8hkMux4Gl3NZ/Y="></latexit>



Sketch of the proof of Theorem 2

(The flow is similar as that of Theorem 1)
• Focus on the unitary operators 𝑈j representing the pure superchannels 
??𝒲yz{|

• Imply three properties of 𝑈j
• Decompose 𝑈j using the properties

P
<latexit sha1_base64="aJ1+8E8VSnpI1E2J99JSXe6h3MM="></latexit> F

<latexit sha1_base64="AyrECcEOfDHbFBtKxl/DjyCiqz0="></latexit>

A
<latexit sha1_base64="emTncmwCQpqZg1uUKedSqfKtRpI="></latexit>

B
<latexit sha1_base64="V8sWIXPVXI9Si676C3gA923Rd/Q="></latexit>

UW

<latexit sha1_base64="qfBvftVBbYvsz/GJuVSD2Ygvtf4="></latexit>



Sketch of the proof of Theorem 2

Property 1
If orthogonal in 𝐴!,

then orthogonal in 𝐹

P
<latexit sha1_base64="aJ1+8E8VSnpI1E2J99JSXe6h3MM="></latexit> F

<latexit sha1_base64="AyrECcEOfDHbFBtKxl/DjyCiqz0="></latexit>

A
<latexit sha1_base64="emTncmwCQpqZg1uUKedSqfKtRpI="></latexit>

B
<latexit sha1_base64="V8sWIXPVXI9Si676C3gA923Rd/Q="></latexit>

UW

<latexit sha1_base64="qfBvftVBbYvsz/GJuVSD2Ygvtf4="></latexit>

la

la

la
P

<latexit sha1_base64="aJ1+8E8VSnpI1E2J99JSXe6h3MM="></latexit> F
<latexit sha1_base64="AyrECcEOfDHbFBtKxl/DjyCiqz0="></latexit>

A
<latexit sha1_base64="emTncmwCQpqZg1uUKedSqfKtRpI="></latexit>

B
<latexit sha1_base64="V8sWIXPVXI9Si676C3gA923Rd/Q="></latexit>

UW

<latexit sha1_base64="qfBvftVBbYvsz/GJuVSD2Ygvtf4="></latexit>

la|�i

<latexit sha1_base64="YExSnKvfmdV8F0dL4F8h6lpzXao="></latexit>

la

la

|↵i

<latexit sha1_base64="f60OE1YvOkT6EbizXQLEIViiSrI="></latexit>

|�?i

<latexit sha1_base64="7yb4514fpBIUVJlyJre+GLYoX0w="></latexit>

|↵?i

<latexit sha1_base64="uXvgouFtu7e2BYbVjUbVlT3uKWo="></latexit>

and orthogonal in 𝐵!,



Sketch of the proof of Theorem 2

Property 2
If orthogonal in 𝐴!,

then orthogonal in 𝐵"⊗𝐹

P
<latexit sha1_base64="aJ1+8E8VSnpI1E2J99JSXe6h3MM="></latexit> F

<latexit sha1_base64="AyrECcEOfDHbFBtKxl/DjyCiqz0="></latexit>

A
<latexit sha1_base64="emTncmwCQpqZg1uUKedSqfKtRpI="></latexit>

B
<latexit sha1_base64="V8sWIXPVXI9Si676C3gA923Rd/Q="></latexit>

UW

<latexit sha1_base64="qfBvftVBbYvsz/GJuVSD2Ygvtf4="></latexit>

la

la

la
P

<latexit sha1_base64="aJ1+8E8VSnpI1E2J99JSXe6h3MM="></latexit> F
<latexit sha1_base64="AyrECcEOfDHbFBtKxl/DjyCiqz0="></latexit>

A
<latexit sha1_base64="emTncmwCQpqZg1uUKedSqfKtRpI="></latexit>

B
<latexit sha1_base64="V8sWIXPVXI9Si676C3gA923Rd/Q="></latexit>

UW

<latexit sha1_base64="qfBvftVBbYvsz/GJuVSD2Ygvtf4="></latexit>

la

la

la

|↵i

<latexit sha1_base64="f60OE1YvOkT6EbizXQLEIViiSrI="></latexit>

|↵?i

<latexit sha1_base64="uXvgouFtu7e2BYbVjUbVlT3uKWo="></latexit>



Sketch of the proof of Theorem 2

Property 3

then orthogonal in A#⊗𝐹

P
<latexit sha1_base64="aJ1+8E8VSnpI1E2J99JSXe6h3MM="></latexit> F

<latexit sha1_base64="AyrECcEOfDHbFBtKxl/DjyCiqz0="></latexit>

A
<latexit sha1_base64="emTncmwCQpqZg1uUKedSqfKtRpI="></latexit>

B
<latexit sha1_base64="V8sWIXPVXI9Si676C3gA923Rd/Q="></latexit>

UW

<latexit sha1_base64="qfBvftVBbYvsz/GJuVSD2Ygvtf4="></latexit>

la

la

la
P

<latexit sha1_base64="aJ1+8E8VSnpI1E2J99JSXe6h3MM="></latexit> F
<latexit sha1_base64="AyrECcEOfDHbFBtKxl/DjyCiqz0="></latexit>

A
<latexit sha1_base64="emTncmwCQpqZg1uUKedSqfKtRpI="></latexit>

B
<latexit sha1_base64="V8sWIXPVXI9Si676C3gA923Rd/Q="></latexit>

UW

<latexit sha1_base64="qfBvftVBbYvsz/GJuVSD2Ygvtf4="></latexit>

la|�i

<latexit sha1_base64="YExSnKvfmdV8F0dL4F8h6lpzXao="></latexit>

la

la

|�?i

<latexit sha1_base64="7yb4514fpBIUVJlyJre+GLYoX0w="></latexit>

If orthogonal in 𝐵!,



Open questions

• What about pure superchannels with more than two slots?
There are pure superchannels with three slots which are not in the 
form of direct sum of pure combs.



Conclusion



Conclusion

• Pure superchannels are quantum superchannels which preserve 
reversibility
• We decompose pure combs with N slots into sequences of unitary

channels
• We decompose pure superchannels with two slots into direct sums 

of pure combs
• It is an open question what form pure superchannels with more

than two slots are decomposed
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