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Abstract

We investigate the measurement uncertainties of a triple of positive operator-valued measures (POVMs) based on statistical distance, and formulate state-independent tight uncertainty
inequalities satisfied by the three measurements in terms of triple-wise joint measurability. Particularly, uncertainty inequalities for three unbiased qubit measurements are presented with
analytical lower bounds which relates to the necessary and sufficient condition of the triple-wise joint measurability of the given triple. We show that the measurement uncertainties for a triple
measurement are essentially different from the ones obtained by pair wise measurement uncertainties by comparing the lower bounds of different measurement uncertainties.[1]

‘ 1. Introduction of Backgrounds |

The uncertainty principle is arguably one of the most famous features of quantum mechan-
ics The well-known Heisenberg-Robertson uncertainty relation says that for any observables
A and B, AAAB > 3|([A, B))|, where AQ = /(Q2) — (Q)? is the standard deviation for ob-
servable (), (-) denotes the expectation of an operator with respect to a given state p, and
A, B] = AB — BA. Such uncertainty relations based on product form or summation form of
deviation have been generalized and studied. There are uncertainty relations, of which the
uncertainties are described by approximation error for probabilities of joint measurements
[2, 3]
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AMY, M? N N?) = maXde (M"; NY). (1)
1=1
where d,(M";N) = >, \pk — pk ] pk = TT(pMi) (p]kvZ = Tr(pN]i)) and approximation
measurement { N'} are jointly measurable. |
It has been demonstrated in [4] that three unbiased qubit measurements { N’ = (I &£ 7i; -
)/2};_, are triple-wise jointly measurable if and only if

4
> bk — Pl <4, (2)
k=1

where ¢ = ny93, @9 = 1] — M93, 3 = Mo — N3, @4 = N3 — N1o and qF Is the Fermat-
Torricelli point of {ka}k (Mg = my; + m],mZ _; = my; — m;j). According to these two
points, we can also formulate ZZ 1 dp (M*: N*) under all triple-wise jointly measurable mea-
surements {Nz}fz1 satisfying (2) and maximize Z (M@ N*) over all quantum states to

obtain A(M*, M?, M3 N1 N2 N3) .= 372, d, (M, NZ) We show that the approximation error
Is lower bounded by a quantity which relates to the necessary and sufficient condition of the
triple-wise joint measurability of the given triple.

‘ 2. Main Results and Outline of Proof |

Consider now three unbiased qubit measurements {MZ , described by positive operator-
valued measures

]—1_7;%.0-7 MZ_:[—Z/LZE, i:172737
where the three dimensional vectors m; satisfy |m;| < 1, I is the 2 x 2 identity matrix, and &
IS the vector with the Pauli matrix o; as the i-th entry. Let p be a qubit state with Bloch vector

representation, p = (I +7-)/2 ( |r] < 1). Maximizing ZZ L dy(M"; N*) over all p, we obtain
3
AMY, M?, M3 NY N? NJ) = Qmaxz 7 (11 — 7). (3)
1=1
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point of {pk}k:1

The approximation error of three unbiased qubit measurements {M'}?_; to
triple-wise jointly measurable unbiased qubit measurements {N@} _, satisfies the following

— Dkl —4), (4)

where p; = m123 Po = M1 —M93, P3 = M9 — M3, P4 = M3 — M1 and p PE Is the Fermat-Torricelli

Outline of Proof o

By direct calculation we have that state-dependent approximation error Zle dp(M* N*) =
QZ |7 (i = 11)| = 2max{[g1], G2, |93, |gal}, where |g1| = |mi2s — 7123, [g2] = [mi1—23 —
ny_ 23‘ ‘gg| = ’mg_lg — ﬁg_lg‘, ‘§4| = ’mg_lg — ﬁg_lg‘. Maximizing the approximation error
2 Z§:1 7 (m; — 11;)| over all quantum states p we could obtain that

maXZZ |7 (

And the optimization is reached by ro = max{g;/|gi| }-
Noting that §; = 5 — ¢ and 37}, |@r — G| < 4, we have
AMY, M?, M3 NY N? N3 =26
4
!pk—Qk!=§lek—QF+QF—Qk| A
k=1 (6)
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where the second inequality is due to triangle inequality, the third one comes from the defini-
tion of the Fermat-Torricelli point of {ﬁk}izl and the constraint of the triple wise joint measur-

ability for {N1}3_,

Remarks. From the Theorem we could obtain that

e When the lower bound of (4) is zero, then M, M2, M3 are triple-wise jointly measurable.
In this trivial case the uncertainty inequality (4) is tight.

e For sharp unbiased qubit measurements associated with the Pauli operators ¢;, 71 =1, 2, 3,
we can get that the uncertainty inequality (4) is also tight while

4
1
A (MY, M?, M?) —§Z]pk]—4 ) =2v3 -2,

e In the above case the degree of the incompatibility of o; is 21/3 — 2.

Compared with the the measurement uncertainty relations which are obtained by minimizing
A(MY, M? M3, N, N2, N3) over pair-wise and triple-wise jointly measurable measurements
respectively, we show that (4) captures better incompatible measurement uncertainty of the
triple measurements M!, M? and M? when one pair of measurements {M*, M’} are jointly
measurable.

The merit of the uncertainty relation (4). The measurement uncertainty relation obtained
by pair-wise jointly measurable measurements reads

3
1
1 32 1 A2 S o - -
AM', M M NYNZN?) > o[ (i + it |+ [y — ] - 2)] (7)
1<
When one pair of measurements {M*, M7} are jointly measurable, comparing (4) and (7) we
have

4
2A(MY, M MP N N N?) > |pp — | — 4
k=1
> max 0 — il 4+ D — (8)
I P 4}(129@ pi| + |px, — pil)
> 2mix(|mz +m| + [my — my| = 2),
17

‘ 3. Conclusion and Discussion |

We found that the n unbiased qubit measurements {N* = (I + i, - 0)/2}; | are n-tuple-wise

jointly measurable, if
n
YD il <2 (9)
wi=t1 1=1

Then we conjecture that for some special M?, one may have the following relation from (9)

AMY oM™ NY LN > ()Y y;‘mm@y ) /2" 2.
wi==+1 =1

By approximating a given triple of unbiased qubit measurements to all possible triple mea-
surements that are triple-wise jointly measurable, we have formulated state-independent tight
uncertainty inequalities satisfied by the triple of qubit measurements, with the lower bound
giving by the necessary and sufficient condition of the triple-wise joint measurability of the
given triple. These uncertainty relations can be experimentally tested, like the case of two
qubit measurements [5]. As the measurement uncertainties from a triple of measurements
are essentially different from the ones from pair wise measurements, it is of significance to
explore the measurement uncertainties for triple or n-tuple measurements by their measure-
ment incompatibilities.
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