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“In theory, there is no difference between theory and practice.
But, in practice, there is.” by Jan L. A. van de Snepscheut

On the assumption of Hilbert space dimension
Polarization of a photon ⇒ qubit!
A photon has many other degrees of freedom: e.g.,
frequency, spatial mode, time bin.
Polarization measurement never depends only on
polarization, it depends also on other degrees of freedom!
⇒ not a qubit measurement!
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of ρ and detailed functioning of devices??
Security from measurement statistics P(a,b|x , y)?
Device-independent (DI) way to verify entanglement?
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Bell inequalities

Bell inequalities — from foundation to application

Bell inequalities are constraints that have to be satisfied by
local-hidden-variable models (LHVM)

P(a,b|x , y) =
∑
λ

pλ P(a|x , λ) P(b|y , λ)

~P ={P(a,b|x , y)}x ,y ,a,b allowed by LHVM form a convex
polytope.

L

Message #1: Quantum correlations [cf. Born’s rule]
P(a,b|x , y) = tr(ρMA

a|x ⊗MB
b|y ) can violate Bell inequalities.
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Example: The Clauser-Horne-Shimony-Holt-Bell inequality
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Joint conditional probability:
P(a, b|x , y)

Correlator/ Correlation function:
Exy =

∑
a,b a b P(a, b|x , y)

=
∑

a P(a = b|x , y)− P(a 6= b|x , y)
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Bell inequality is a device-independent entanglement
witness (DIEW).
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Validity of statement is less prone to systematic error.1
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A “loophole” in standard entanglement certification method

Entanglement witness3 for two-qubit Werner state

W|Ψ−〉 =
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⊗2 − |Ψ−〉〈Ψ−| =
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k=1

m̂k · ~σ ⊗ m̂k · ~σ,

A way out: Report also potential systematic uncertainty in
experimental data.
Better: are there witnesses invariant for every ε?

3Gühne & Toth, Phys. Rep., 2009.
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Device-independent entanglement certification

Device-independent entanglement witness (DIEW) I

In the two-party case, Bell inequalities are the only DIEW.
To detect full multipartite entanglement, i.e., states that
cannot be written in the (biseparable) form

ρbs =
∑
k1

qAB|C
k1

ρk1
AB⊗ρ

k1
C +

∑
k2

qAC|B
k2

ρk2
AC⊗ρ

k2
B +

∑
k3

qBC|A
k3

ρk3
BC⊗ρ

k3
A ,

Bell violation is insufficient (cf., |Ψ〉 = |Ψ−〉AB ⊗ |0〉C)
Biseparable states must give biseparable correlations Q ′2/1:

P(a,b, c|x , y , z)
Q ′2/1
=

∑
λ3 qAB|C

λ3
PQ(a,b|x , y , λ3) P(c|z, λ3)

+
∑

λ2 qAC|B
λ2

PQ(a, c|x , z, λ2) P(b|y , λ2)

+
∑

λ1 qA|BC
λ1

PQ(b, c|y , z, λ1) P(a|x , λ1)
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Device-independent entanglement certification

Device-independent entanglement witness (DIEW) II

The set of biseparable correlations Q ′2/1 is convex

P(a,b, c|x , y , z)
Q ′2/1
=

∑
λ3 qAB|C

λ3
PQ(a,b|x , y , λ3) P(c|z, λ3)

+
∑

λ2 qAC|B
λ2

PQ(a, c|x , z, λ2) P(b|y , λ2)

+
∑

λ1 qA|BC
λ1

PQ(b, c|y , z, λ1) P(a|x , λ1)

and is a superset of (Bell-local) correlations L3 of the form

P(a,b, c|x , y , z) =
∑

λqλP(a|x , λ)P(b|y , λ)P(c|z, λ)

In general, Q ′2/1 is a subset of the set of tripartite quantum
correlations Q ′3: P(a,b, c|x , y , z) = tr(ρMA

a|x ⊗MB
b|y ⊗MC

c|z)

Identification of ~P ∈ Q ′3 with ~P 6∈ Q ′2/1 certifies that ρ must
be genuinely tripartite entangled.
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P(a,b, c|x , y , z) =
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In general, Q ′2/1 is a subset of the set of tripartite quantum
correlations Q ′3: P(a,b, c|x , y , z) = tr(ρMA

a|x ⊗MB
b|y ⊗MC

c|z)

Identification of ~P ∈ Q ′3 with ~P 6∈ Q ′2/1 certifies that ρ must
be genuinely tripartite entangled.
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Device-independent entanglement certification

Device-independent entanglement witness (DIEW) III

Message #3: Genuine multipartite entanglement can be
certified by the violation of Bell-like inequalities.4

Q′3

4Bancal, Gisin, YCL, Pironio, Phys. Rev. Lett., 2011; Pál & Vértesi, Phys.
Rev. A, 2011; Bancal, Branciard, Brunner, Gisin, YCL, J. Phys. A, 2012.
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Device-independent entanglement certification

Entanglement depth: The extent of many-body entanglement

Entanglement depth5/ non-k -producibility6: the extent to
which many-body entanglement is needed to prepare a
(multi-partite) entangled state.

A pure state |ψ〉 is k -producible if we can write:7

|ψ〉 = |ϕ1〉 ⊗ |ϕ2〉 ⊗ · · · ⊗ |ϕm〉 where the |ϕi〉 are states at
most k -partite.

5Sørensen and Mølmer, Phys. Rev. Lett., 2001.
6Gühne, Tóth & Briegel, New J. Phys., 2005.
7Gühne, Tóth, and Briegel, New J Phys. 7, 229 (2005).
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6Gühne, Tóth & Briegel, New J. Phys., 2005.
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Device-independent entanglement certification

Entanglement depth: The extent of many-body entanglement II

Message #4: Entanglement depth can be certified via the
violation of Bell-like inequalities (device-independent
witnesses for entanglement depth, DIWED).8

Q′k-prod Q′3-prod Q′2-prodQ′n Ln

8YCL, Rosset, Bancal, Pütz, Barnea, Gisin, Phys. Rev. Lett., 2015;
Curchod, YCL, Gisin, Phys. Rev. A, 2015.
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Device-independent entanglement certification

Device-independent witnesses for entanglement depth I

A family of n-partite, 2-setting, 2-outcome Bell
inequalities:14

In : Sn = 21−n
∑

~x∈{0,1}n

En(~x)− En(~1n)
LHV
≤ 1

A family of DIWED:

Ik
n : 21−n

∑
~x∈{0,1}n

En(~x)− En(~1n)

k -producible
states
≤ SQ,∗k .

k 2 3 4 5 6 7 8 ∞
SQ,∗k

√
2 5

3 1.8428 1.9746 2.0777 2.1610 2.2299 3

14YCL, Rosset, Bancal, Pütz, Barnea, Gisin, Phys. Rev. Lett., 2015.
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14YCL, Rosset, Bancal, Pütz, Barnea, Gisin, Phys. Rev. Lett., 2015.



20/34

The DI paradigm DI entanglement certification, quantification & beyond Conclusion

Device-independent entanglement certification

Device-independent witnesses for entanglement depth II

A family of DIWED:

Ik
n : 21−n

∑
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En(~x)− En(~1n)

k -producible
states
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Device-independent entanglement certification

Bounding entanglement directly from correlations?

Alice Bob
rr rrρ

ρ

������������������������������������ ������������ ������������������������������������ ������������r rρ ������������������������������������ ������������... ...
...

...

..... .....

{MA
a|x} {MB

b|y}� -
x y

? ?
a bJoint conditional probability:

P(a, b|x , y) = tr
[
ρMA

a|x ⊗MB
b|y
]

⇓
ρ entangled? Yes

=⇒ How much?

How do we quantify entanglement — using entanglement
monotones — from Bell inequality violating correlations?
Via semidefinite programming!
A semidefinite program (SDP) is a convex optimization
problem that can be efficiently solved on a computer.
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Device-independent entanglement quantification

Bounding entanglement directly from correlations: key idea

Message #5: Via SDP, lower bound on (genuine) negativity
is possible from Bell-inequality-violating correlations.9

9Moroder, Bancal, YCL, Hoffmann, Gühne, Phys. Rev. Lett. (2013).
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9Moroder, Bancal, YCL, Hoffmann, Gühne, Phys. Rev. Lett. (2013).



22/34

The DI paradigm DI entanglement certification, quantification & beyond Conclusion

Device-independent entanglement quantification

Bounding entanglement directly from correlations: key idea

Message #5: Via SDP, lower bound on (genuine) negativity
is possible from Bell-inequality-violating correlations.9

P(a, b|x , y) - Moment matrix χ(ρ)

Underlying state ρ

?
Separable CP map

(Density matrix ρ′)
- Entanglement E [ρ′] = E [χ(ρ)]

∼ Entanglement non-increasing 6Lower bound

Entanglement E [ρ]

9Moroder, Bancal, YCL, Hoffmann, Gühne, Phys. Rev. Lett. (2013).



23/34

The DI paradigm DI entanglement certification, quantification & beyond Conclusion

Device-independent entanglement quantification

Bounding entanglement directly from correlations: examples I

Minimal negativity for given quantum violation of CHSH
Bell inequality:

N[ρAB |ICHSH = v ] ≥ v − 2
4
√

2− 4

Minimal genuine negativity for given violation of 3-party,
2-setting, 2-outcome Svetlichny inequality I32 ≤ 4:

NG[ρABC |I32 = v ] ≥ v − 4
8(
√

2− 1)

Nontrivial device-independent lower bound on the linear
entropy of entanglement can also be computed directly
from the amount of Bell-inequality violation.10

10Tóth, Moroder, Gühne, Phys. Rev. Lett. (2015).
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Device-independent entanglement quantification

Bounding entanglement directly from correlations: examples II

Minimal negativity for given quantum violation of i223311
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Dimension witnesses

Device-independent bounds on dimension of state space
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Dimension witnesses

Device-independent bounds on dimension of state space

Message #6: Strength of Bell-inequality violation may
reveal dimension information - dimension witness.11
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Dimension witnesses

Device-independent bounds on dimension of state space II

Dimension bound directly from the strength of a Bell
inequality violation is possible via SDP.
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P(a, b|x , y)⇒ Minimal negativity
⇒ Local Hilbert space Dimension

Examples:

I2233
C2⊗C2

≤ 0.2071 (0.3053),

I2244
C3⊗C3

≤ 0.3137 (0.3648),

ICoincidence
C2⊗C2⊗C2

≤ 3.7239 (4.3723),

ICoincidence
C2⊗C∞⊗C∞
≤ 4.1465 (4.3723).

Dimension-dependent bound on Bell-inequality violation
can also be computed directly using SDPs.12

12Navascués, de la Torre, and Vértesi, Phys. Rev. X, 2014; Navascués,
Feix, Araujo, and Vértesi, Phys. Rev. A, 2015.
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Steerability & measurement incompatibility

The various levels of trusts
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Steerability & measurement incompatibility

Einstein-Podolsky-Rosen-Schrödinger-steering
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(1935) piloted into one or the other type . . . in spite of [her] having

no access to it.”
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Bell-inequality-violating⇒ Steerable⇒ Entangled.
Steerability can be quantified: steerable weight13 and
steering robustness (SR).14

SR⇔ probability of success in certain quantum
information processing tasks.3

Steerable {ρa|x}a,x ⇔ {Ma|x}x ,a not jointly measurable.15,16

13Skrzypczyk, Navascués, Cavalcanti, Phys. Rev. Lett., 2014.
14Piani & Watrous, Phys. Rev. Lett., 2015.
15Quintino, Vértesi, Brunner, Phys. Rev. Lett., 2014.
16Uola, Budroni, Gühne, Pellonpää, Phys. Rev. Lett., 2015.
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29/34

The DI paradigm DI entanglement certification, quantification & beyond Conclusion

Steerability & measurement incompatibility

Quantum steering and its relevance

Alice Bob
rrr
rrrρ

ρ

ρ

���������������� ���������������� ����������������... ...
...

...

.....

{MA
a|x} ρa|x = trA(ρMA

a|x ⊗ 1B)� -
x

?
a

Bell-inequality-violating⇒ Steerable⇒ Entangled.
Steerability can be quantified: steerable weight13 and
steering robustness (SR).14

SR⇔ probability of success in certain quantum
information processing tasks.3

Steerable {ρa|x}a,x ⇔ {Ma|x}x ,a not jointly measurable.15,16

13Skrzypczyk, Navascués, Cavalcanti, Phys. Rev. Lett., 2014.
14Piani & Watrous, Phys. Rev. Lett., 2015.
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The incompatibility of {MA
a|x}x ,a can be quantified using

incompatibility robustness (IR).
It can be shown that IR({MA

a|x}x ,a)≥SR({ρa|x}a,x ).17

Device-independent lower bound on SR({ρa|x}a,x ) can be
computed via SDP⇒ device-independent lower bound on
on IR({MA

a|x}x ,a)

Message #7: Steerability & measurement incompatibility
can be estimated directly from observed P(a,b|x , y)

17Chen, Budroni, YCL, Chen, Phys. Rev. Lett., 2016; Cavalcanti &
Skrzypczyk, Phys. Rev. A, 2016.
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Self-testing of quantum devices: the idea
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Self-testing:18 to certify directly from measurement
statistics that quantum devices — preparation devices &
measurement devices — function as expected.
Given correlation P(a,b|x , y) or observed Bell violation,
bound “quality” of devices by some distance measures:

||ΛA ⊗ ΛB(ρ)− |ψtarget〉〈ψtarget|AB ⊗ |ϕ〉〈ϕ|A′B′ || ≤ ε,
||ΛA(MA

a|x )−MA
a|x ⊗OA′

a|x || ≤ ε, ||ΛB(MB
b|y )−MB

b|y ⊗OB′
b|y || ≤ ε

18Mayers & Yao, Quant. Inf. Comput. , 2004.
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Self-testing of quantum devices: some latest developments
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Message #8: Self-testing of certain pure entangled states
is possible when one observes near-maximal quantum
violation of certain Bell inequalities.
A general numerical technique — “SWAP”19 technique
(based on SDP) — can be applied to lower bound directly
from observed correlations the fidelity with respect to the
target state.

19Yang, Vértesi, Bancal, Scarani & Navascués, Phys. Rev. Lett., 2014
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quantum violation of certain Bell inequalities.
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target state.

19Kaniewski, Phys. Rev. Lett., 2016
20Yang, Vértesi, Bancal, Scarani & Navascués, Phys. Rev. Lett., 2014
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from observed correlations the fidelity with respect to the
target state.

19Kaniewski, Phys. Rev. Lett., 2016
20Yang, Vértesi, Bancal, Scarani & Navascués, Phys. Rev. Lett., 2014
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