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I. Introduction Qubit Cluster

assemble of qubits: spin, ion or atom, a single bosonic mode

44

d-dimensional lattice:

d=2
short range interaction: /
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For the nearest neighbor interaction
. !
f (I — ) — 5i+l,i’
Each of qubits is initially prepared in the state

@y >=110> +[1>1/4/2

_ () _ (D)
where 7% |95 -0j05, 2% |15=1]0>
2 2
At time t 4y >=U(0) B, |9 >
(i) 1 (i+])
U (0) = exp(—if™' j Him(t)dt)zexp(—iﬁzilJr;Z : ‘; )

Hans J. Briegel and Robert Raussendorf, Phys. Rev. Lett. 86, 5188(2001) ;ﬁ!
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when 6= [g(t)dt=2n+N)z=737,57,..

RN (0> o+ [1> ) with V=1

For example 1

|¢2 >:\/——2(|0>1 |O>2 +|1>1 |1>2)

" >=%<| 05,10, 0>, +|1> [1>, [1>,)=|GHZ,>
2

1
|¢4 >:2_(|O>1 |O>2 |O>3 |O>4 +|O>1 |O>z |1>3 |1>4
N>3 +1> 1>, 0>, 10>, -[1> 1>, ]1>,]1>,)
not equivalent to

1
|GHZ, >=2—(|O>1 0>,10>;10>, +]0>[0>, [1>;{1 >




Xi'an Jiaotong University

Features: (1) any two of the four qubits can be projected into
a Bell state by measuring the other two qubits

1
|, >:2_‘0 >10>, (J0>;10>, H1>;[1>,)
1
+2_|1>1 |1 > (|O >3 |0 >4 '|1 >3 |1 >4)
(2) it is harder to destroy the entanglement by local operations
1
|9, >:2_| 0> (10>,10>;10>, +H0>, [1>;[1>,)

1
Fo 12 (10> 0> -[ 1> 1> [1>; [1>,)

1
|GHZ, >:\/_—2(|O>1 0>, 10 >, |O>4+|1>1|1>2|1>3|1>4)@.‘

N
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Generalize to dimensions d=2,3 cases

1D >=®_ (0> ® o +[1> )

yel
d=2: I'={(1,0),(0,1)};
d=3: I'={(1,0,0),(0,1,0),(0,0,1)}
o =1, when c+y ¢C

For d=2 and N=4

(a) (c)

(a) ?— 8, —b, —c,

d _: E‘. _:.I d
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Quantum Computation: A unitary transformation

The two-qubit CNOT and arbitrary one-qubit rotations form a
universal set for any quantum computation tasks.

All unitary operations on arbitrarily many qubits can be expressed
as compositions of these gates.

A. Barencoet al., Phys. Rev. A52, 3457 (1995)

A One-Way Quantum Computer
R. Raussendorf and H.-J. Briegel, Phys. Rev. Lett. 86, 5188(2001)

A qubit cluster is initially prepared in a cluster state

(a) (@) _
o, ® o, | 0> =|D>,
a’engbh(a)
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o
o] o] @ T o] @ o] @ @ @ o] @
1 I B [ A R B

r :
OTTTTTGTIGGGG
quantum gate

5] @ ol Lol @ @ @ T‘ @ @ @ @

/N2 N AR A S N N SN B |

By only performing one-qubit measurements in a certain order
and in a certain basis, the following operations can realized:

(a) Information propagation on a horizontal line |¢, > —|@, >,
(b) Arbitrary one-qubit rotation U_ < SU(2)

(¢c) CNOT gate along a vertical line

CNOT(c,t, =t ) =0> <0|®@1")p|]1> <1|@g, )
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In continuous-variable case, one has a fully connected vertex graph
G. Each vertex represents a single-mode optical field ( X, p; a=X+i p) .
If the correlation conditions

Var.(p,— > %)=0, aeG

beN,

the graph G is in a cluster state.

N
G

A one-way quantum computation can be implemented on a
continuous-variable cluster state.

Shuhong Hao etal.,, PHYSICAL REVIEW A89, 032311 (2014)
Xiaolong Su, NATURE COMMUNICATIONS3828, (2013)
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One-way quantum computation requires:

(1) a number of one-qubit measurements

(2) a qubit-cluster consisting of many qubits
one-qubit rotation: five qubits
two-qubit CNOT gate: four qubits

A system under consideration for one-way quantum computation
must be scalable.

Question: how to prepare a circuit QED system in a cluster state?
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I1. Four-step generation of CV quadripartite cluster states

Zhen Li et al.,, PHYSICAL REVIEW A93, 042305 (2016)

H = Hy+ H, + H, + Hyiye

a - pooTTmmmmmmsmmsmmmmmn e .
@ ‘I‘a 1) :

s X
CE e Ho=Froc+ ) (@uala, + wpblb, + ocie, + wydld,)

n=1

m/ ----------------------- T H =0 +0)0,(8 +3)+ g, (b +D))

— :H_:‘%_H__ — +0.(c, +¢/)+ g (d; +d)]
“‘ " " ™ o, =le><g|, o_=/g><e|
T ‘ o> o, =|e><e|-|g><g|
’ I @ RN, i i i
‘ | ‘ g> Ha= 2 J(a,a,,, +bb,,, +cic ., +did  + _H-'.C')

. . ‘
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Hiw =0, Z (S, k@, cos(w, L+, )+¢ o, cos(o_t+p )]

k=a,b,c,d
........... dp . r
AQ — = —i[H,p] + 5 Dlo_]p
........... dt 2
AN
........ % m“I b Dio_lp = Qo_po, — po,o_—o,o_p)
od )
N N AN N
B DR U3 Y el aj =(X; —iP)/V2
@4 |04 "
1 Yol
N
...l
¥ A vip-> Xi| >0 j=1234
! T o =
........... o
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{

Four possible cluster graphs

(a) (b) (€)
606 O%H o80

(a) Linear cluster

IQI:EUI_?‘FI

-

=

V(P,, — X,,) = V(A, + A},
P XI) ) V(Py, = Xa, — Xc,) = 3V(By + B),
ien, V(P., — Xp, — X4,) = LV(A, + &)+ 3V(C, + C})
V(Py, — X.,) = 1V(B, + B+ 3v(D, + D))
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(b) Square cluster

i 1 L
(b) A, ($ 7 ? ?\ n
@ b, Bﬂ V3 V3 Vi bn
C_: — | _ 2 1 I\/E _1 C
—n J15 J15 5 V15 dn
d‘j n 1 _..?.f 1 i\/g "
\ 7 7m w3
N
Pﬂ"—th—Xdﬂ:_ﬁ( H—I_AL):
Pb,,_Xan_Xan_ij(-"+E’i)’
P - x, [ —p 80+ ) — (A, + A
iT L P., — X, — Xg, = — ~—=(C, + C}) — —(A, + A}),
1EN; " & o 's/g( : "/E( !
B2
P" — Xan - Xc,. =——[D,+ D:D — —=(B, +B‘I)
V(P = > X)) —0 ‘ NG V6
ieN;
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(¢) T-type square cluster

i 1
¢ _ — — 0 0
“b—.f;“ Ap ( "’F "’;E l l \ y
; |j - f{ﬁ 2 2 2 2 b,
2 - i 1 2
. 0 B B NE o
n i 1 i fﬁ) n
\"3/3 33 2/ 2
Pan T Xbrr - = (ﬁ" —I_ !i.f‘!)’

P, — X, —X. — X4 =—~/2(B, + B)),

P - Z X ‘ P — X, 1

- _ 3 _ _
- _(An + Aj;) — %(Cn + CI)-:

V3 = a1 o 242 o o
Pd _Xb - T = D- Cn Cj\)_ D, DrD
V(P - Y X)—>0 SEARENEARM AN AR N TR
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The problem is equivalent how to prepare the four independent
combined modes into single-mode amplitude squeezed states.

Engineer the effective Hamiltonian for generation of the single-mode
squeezed states.

Under the unitary transformations

U, =exp(-iH,t) and U, =T exp[i[ dt'Hy,. ()]

H — |U+£I£ﬂﬂf [gﬂ(ﬂle_imaf + ﬂifimﬂr) + gb(ble—!&)bf + bIEI&.Ibf)

H, - — Fere™in 4 cle™) 4 gudyeio0 4 dleoen)

keep the terms up to y (1 Y A _ it
the first order of the '
parameter gi k +'E—J: [Efffd__i-f+¢__k} . E—i{m_.kr+¢_.kl] 4 H.C.}) ] %.

2]
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In the rotating wave approximation with the condition
10,0y, 0, O — @} >>
and choosing o,, =0, +o, and o_, =, — o,

one can select out the resonant interaction

AN
e B By
e S H*" = (04((Gy.ae™* a] + G- ae#a))
m"$/\ mcI W +(G+~b€_i¢+"’b‘[ - G_ﬁe_i'p‘-"b[)
AN N A e 4 . i .
_{_(G+HC€—*¢+ICI 4+ G_IE'_“#_“C])
N P L o e H(Gyge4d] + G_ ge~"-4d)] + Hee.l,
J ./..\. ....... a)o
! Foed -
V..l I o, > with G+,k = §+,k Ok> G—,k = 5—,k Ok
"$ v vV V¥V vV VY @

. {
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(1) The first step
choosing
........ "
"".""A"
"""-"A" mb @
vl vl vl vl
@_, W, 4 A _\,.,. .......
v.l 1
\ N
vl ™o e ’

'E:I:,ﬂ — g:l:._,h — g:l:-:
'§+._,::' — 'E—._,c - '§+~d — E—.,d =0

3 1
¢+._.ﬂ' - EJT! qb—e.ﬂ - EJT'J ¢’+-_.ET' — ¢'—~b = T.

A, = \/2(63 — G2)o,[A; coshr + Al sinhr] +He.,

with r = tanh™ (G, /G.)

H, = Z JATA, o1 + BBy + CICpru

n=1

+D!D,,; +Hc).

d_ - . T _
(Ep — —z[jﬂj']jf;fﬁt + Hz,p] + ED[D'_]_.O.
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d f . - -
squeezing representation P = —z[\/ 2GL - G0+ A1 +0-A))
by +H,.5'1+«D[o_15

— r — —
S(A)=exp[(-)" = (A - A’ N-1
. L) 2 . Al H, = Z J(‘ii‘in+l + BIBH+I + C'iénﬂ
U=®,S(A) "=
+D!D,,; +H.c).

N
steady state: p = 12)(gl Q) S(A)104,) (0, S'(A,) ® pz,é, 5, -
n=l1
(2) The second step
AR IA o, ()b:l:,ﬂ - ‘)b:l:.,c =T,
:]:$A ::(V A y il ";::t‘a B ‘Eiﬂh - "Eﬂ:i‘ - gi, ¢+,ﬁ - %}T: ¢"—JJ = %Ha
ol E+a=0
o o, [ o [T N ¢ q=0.
xi i m:’ """ " o, Hirpg = \/3((}'3 — G?,_)ﬂ'.,_[f?l coshr + EI sinhr] + Hc

{
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AN . 3 _ _
TUAUA ,1'3::}:1“:1 = E:I:,E:- =&, ¢—,a - ¢'+c‘ = 37, ¢+1a - ¢'—1c —
oo o,
........ , \ (’)cI @, 'E:I:,r:‘ = 'E:I:,d = 21.‘;":|: qb:t,fl — ¢':|’:1d =TI.
o Y1)
~ A 7y ¢
oo fou]o o,lo, H 34 = \/IO(GE_ — G?%)o4[C)coshr + C'I sinhr] 4 H.c.
O 4 |w,, ’ '
Vol oET
! Yot
........... o
V..l I o,
mc
()]
"$ v ) A A 4 \ 4
2)
- a
a
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(3) The fourth step

tﬁiﬁﬂ = 0,
1 3
Pip=P-a = 37T, P—p = Pra = 37T,

Pic=P-c=T.

E+a=6+p =&+,
E+.c =284, Eira =384

AN
s
........... 1 @, ®
. $/\ o,
'i 4 &)
AN A A t
ol Hi g = JlS(GZ_ — Gf_)cr.,.[Dl coshr + D, sinhr] 4 H.c.
LO TN LU -
o, |o :
© 4y |o,, ’
JLoFT
\ N
......... " o
v..l I o,
ml:
w
"$ v \ 2 A 4 v
|2)
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N=1
gl - Z J(*‘qiﬁn+l + JE-;J;ril-;m%l + f"iéﬂ+l
n=l1
‘ __________________________ + Dl}-)nq-l + H.C.).
a :

() ‘

-—-nn-—-—“—-— —-—"—-—-un-—-

— Vxd =V (P — X)) =",

e
n=13,5,7,...
‘ ” VX1, VX2, Vx3, Vx4 — 0
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For resonators with N=2,4,6,8, ...

Consider the local canonical transformation: P, > X , X —-P

X'aﬂ —I_ Pbu zf('{i” - AL)'J

® ‘ ' ‘ P —
! w]%%[ _ Xy, + P, + P, =/ 3i(B, — B)).
I E—m rfr—: 1 ) » ‘\/5 i N
_______________________ i Xe, + Py, + Py, =5i(An — A}) + —-i(Co =€),
4,4 ‘/ X4 + P, = éi(ﬁ’ﬂ — E‘D + \/gf(f)ﬂ — Di)
-—-m-—-"-— —-||-—-m-—-
b, b,
‘I‘ Vpl = V(Xﬂu—l_an) =€_2r1
Vp2=V(Xy, + P, + P,) =37,
‘ | Vp3 = V(X,, + P, + P;) = 3¢,
hL Vpd=V(X4 +P,)=e". i
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1.8 . . . | . | .
-‘{:: ----------- - ) VKI
i — VX2
S 1.2 : VX3 -
e i - - -Vx4
5 (I
- \ I
2 0.6- \ -
d - — r 4 "-‘ \'\_ :
~p = —i[A%, + M.5] + > Dlo_]p. emmme -.
df . 2 Dﬂ e T l ............. S
0 30 60 90 120
|l//i>:|g>®|o> It
1.8 . T . T ' T '
S - ---- Vpl |
g/27=0.025GHz, [/27=0.02GHz 5 _[>~— i - V2
2 47 i. R
J/27=0.01GHz, £ =02, £ =0.16 £ f-""""""""""°°" U - Vpd
- ] 1
e 0.6 - \ : .
ool . ............. I___‘.‘_'_-_'::_-:_-II ___________ g—
0 30 60 90 120
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II1. One-step generation of CV quadripartite cluster states

a,

Zhipeng Yang etal., submitted

SQUID ¢ ¢ mmmmm— W——»~8 8 SQUID

l | 4
0
Hy = 2o, ot
a3| | | - | | |a4 0 20 +jz=:1m_7ajaj
T T 2 4
SQUID (()———m e m——— ) SQUID Hrr = Z_:l _%&mn(t)(am + ﬂm)(an + ﬂn)
e > Omn(t) = Gmn cOS(Wamnt + .;;_Smﬂ)
o 2
9> Hor =Y g4 +0_)(a} +a;)
j=1
2
o, =e><gl, o =[g><e Hony = _GZZ[§|1a)d|1 cos(@y L +¢)
o,=|e><e|-|g><g]| =1

+ 61,0y, COS(@y,t + ¢, )]

{




¥4 R A \%é Xi'an Jiaotong University

L — _i[H,p|+TDlo_]p

H =HU+HRR+HQR+HdTiUE(t)
Dlo-lp = 20_poy — pojo— —oyro_p
Under the unitary transformation

4
U, =exp(-iH1) with H'zgaz +Za)0ja}aj
j=1

H) = 2Q(—a1a1 + EII_;{IQ — a;ag + ﬂflaq):
- =20 -
- — - — =1
0y, -0, =Wy, -0, =-2£

(ﬂ.T E—iwnmt _{_ameiwﬂmt)(ﬂle—iwﬂnt -{—{Inﬁiwﬂ“t)
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Under the unitary transformation: U, =T exp[—ijdt'HOIrive (t]

2
P 6t T —iwoit woi t
Hop = E gi€' " o (a;e” 0 + a;e™ ) X
j=1

2 2
[1 _ ZZﬁkg(Eitwdﬂt'Hﬁ‘“] _ E—f(wdmf+r}5k1))] + H.c.
E=1i=1

wair =0 —wp1 = 0 —wy — 20},

wag =0+wor =0+wi+20, 4 R4 2 4 =gy =n
2’ ’

choosing 5

Wd21 = 0 — wp2 = 0 — w2 + 22,
wd22 = 0 + w2 = 0 + wae — 202,

In the rotating wave approximation with the condition

@,0, 04, Ogy § >> G, €
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one can select out the resonant interaction
OR = 04 (iGral —iG_a; — G al—G_as)+H.c.
G+ — gfn — 9521, and G = 9512 — gfzz

choosing

Wdi13 — Wp1 — Wo3z — W1 — W3,

W23 = Wo2 — We3 = W — wsy — 4£),

m o )
= , = T 5 = A — U:‘
Cis = ol — Wou = Wi — wy -+ 40, D13 , P23 5’ D14 5 P24
Wd24 — Wp2 — Wpa — W2 — Wy,
and 013 = 01y = Uy = €2, Gy, =302
one can select out the resonant interaction
0 .30 0 0
PR = ——aiag — 1—{1:1-;,{.‘13 — z—aiad — —a‘l:‘ad + H.c., |
2 2 2 2 | @g

= I y ‘
"; = F
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H.py = Hy + QR+

= 20(—ala; + alay — ﬂ%ﬂlg +alay)
—|—[—Ea1a —zEaT{L —|—1Ea1u —I—EaTu
R e

+04(iGral —iG_a; — Giral — G_as) + H.cl.

Consider a linear cluster

a, a, a; a,
Linear
ol e R e |
) A e A
! e v vs v/
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Heff = G‘T(G_}il —+ G+J‘5—11} - ’JA/EQJ&IAQ + 1\/21]&51&3 —i%ﬂﬁ‘;fiq + H.c..
dp ] )
=7 = ~i[Herp. pl + IDlo—|p,

Steady state:  |¥s) = ®]_, EXP[-%(AEE — AD)] ‘0.?1:,-> ® |g)
r =tanh™' (G4 /G_)

Vi=V(A; +A]) =7,

3 - 4. 3
Vo= =V(Ay+ Al) = EE-?*;

2
V(PJZX;) ‘ 1 _ <t 5} - -t 3 _o
ieN; Vi3 = EV(AI + Al] + ZV(A‘I + Ag) — EE "

1 - 4 5
Vi= V(4 + Al + SV (Ad+ A)y=e?. |

an 7 F’-
i = i _'!-_.'.:____-
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2.0
1.5
dp 3
d—p = —i|Hep, p) + ' Dlo-]p,  £10
¢ =
;i >=[g>®[0> °%1
0.0
0

g/27x=50MHz, G_/2x=10MHz

G, /27 =8MHz, T'/2z =10MHz
Q/ 27 =5MHz

2.0

Variance
> &

.:
(4]
1

0.0
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IV. Summary

Circuit QED system: four resonators and a single gap tunable
superconducting qubit.

(1) Nearest neighbor interaction between two resonators with
constant coupling strengths; energy levels of the qubit are
periodically modulated. By properly choosing modulation
frequencies and phases, CV cluster states of the resonators can be
generated via four steps by the decay of the qubit.

(2) The interaction between two neighbor resonators and energy
levels of the qubit are periodically modulated. By properly choosing
modulation frequencies and phases, we find one-step process for
generation of CV quadripartite cluster states of the resonators via
the decay of the qubit. e

i {
- - | I‘l
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