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|. Introduction
— thermodynamics on the complex plane

1. Thermodynamic holography
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The imaginary number

A key step in mathematics | = +/—]
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A Kkey step in physics i a—w =Hy
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A key step in thermodynamics

exp(—Zﬁ,u)::» zeC

C.N.Yang & T. D. Lee (1952)
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Lee-Yang Theorem (1952)
H ——ZJ” o] J—hZO'
Z =Tr|exp(—BH) | =exp(BNh) N p,z" =exp(ANh)] [(z-z,)
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Observation of Lee-Yang zeros?

z=exp(-2ph) 4 M)

temperature, which are unphysical.

(v
Lee-Yang zeros @ complex field or \*
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Make of a complex parameter

Boltzmann & Schrodinger

probability: exp(—SH) probability amplitude: exp(—itH )

Quantum evolution =» complex parameter

L(t)=Tr|exp(-BH —itH, ) |

H=> A4H, IfH =H,, then 4, = 4 +it/p

Examples [B.B. Wel et al, Scientific Reports 4, 5202 (2014)]:
ITH, = Zsj magnetic field continuated (Lee-Yang zeros)
If H, = H, temperature continuated (Fisher zeros)

IfH, = Zsj*sjﬁl, coupling continuated (??? zeros), ... ...
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Physical make of a complex parameter

® ® central spin decoherence:
B\ / ®
~_ \/
YA H . =H+SB
® T\® total /4
} I
= | )
® 5 © - ~i[ Bat
® ) [ mmme |3 e o
evolution

Tr |:e—ﬂH —iBt:|

(5.418,)={e ™) =

Probe coherence < partition function
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Time-domain study by a probe spin

arbitrary Ising model: H (h)=->_J, 0,0, —h) 0,
probe-bath coupling: H, = —ASZZer =—-AS H,=-S_B

probe spin coherence

<ST>+1'<SJ,>=<exp(z‘Br)> =7 ITT[ o VH”}
= Z(B.h—it 2/ B)]Z(B.h)

._?Il'lr ") f ":l'
—20h+2iA1
v L L€ =2,
4N At n=1 L
e
| | e — Z_
n=1 L

BB Wei & RBL, PRL 109, 185701 (2012)
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Time-domain study by a probe spin

: . _ _iANMt N 2idt N
probe spin coherence <S_T +iS J,) =X anl(e —z, ) / [1._(1-z)
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Coherence zeros @ Lee-Yang zeros 2)Lrﬁ, = arg(zﬁ)

BB Wei & RBL, PRL 109, 185701 (2012)
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Liquid NMR Observation of Lee-Yang zeros
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X. H. Peng et al, arXiv:1403.5383; PRL (in press)
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Reconstruction of free energy using LY zeros

-11.5} A
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X. H. Peng et al, arXiv:1403.5383; PRL (in press)
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Determination of phase transitions by LY zero
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X. H. Peng et al, arXiv:1403.5383; PRL (in press)
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1. Thermodynamic holography

B. B. Wel, Z. F. Jiang & RBL, arXiv: 1411.6342
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1 grﬂ

Holography in Physics

Optical hologram
Unique theorem in electrostatics

DFT: ny(r) =>» full properties of ground states (Kohn,
Hohenberg, Sham)

Holographic principle in quantum gravity & string theory
(t’Hooft, Susskind)
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Analyticity of partition function

FOI’H(;L,) = HU +;LH1

Z(B.2)=Tr|exp(-pH)]

B | > 1 3 (—1)}7 N
=Tr l—ﬁHJra(ﬁH) —a(ﬁﬁr) +et N1 (BH) +0(¢)

Lemma 1. The partition function of a quantum system that has a
finite number of basis states (e.g., spins and/or fermions on lattices)
IS analytic in the whole complex plane of A.

For unbounded systems, such as bosons, however, it may not be the case

=(B.A) = Tr[exp(—ﬁmgfqﬂ - 1 expl(_ﬁm)

1 ‘EJT{]
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Continuation of partition function — general cases

Assumption: Quantization in a large box — discrete states

By Holder's inequality (for finite-dimensional matrices):

- FfH+iAH,;
o PHIH

For any basis state, <Jc

Tr[4'B] < Tr

‘k> < <k e

By Bernstein inequality: Tr[e”

A" ATt B'B]

~PHI 241/ H )2 = BH I 2=1/sH ]2

g

and hence ‘Tr(e

Lemma 2. For any basis state, Kk‘e_

~BH+i/;H; )

< Tr(e_'BH)

Meaning: partition function maximizes on the real axis.

£
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Analyticity of partition function — general cases

If the partition function is bounded for a real parameter in a range,

Z(2)<Z

1),

=, (A)= Zig(k e " k) uniformly converges to Z( 1), i.e.,

max

We can choose a basis {‘ 0>,

2},

K>} such that

there exists a K _ such that ‘E cox (A

2 )—=(A )‘ < ¢ for any small ¢.

Using Lemma 2, we get,

3o (Klesp[-BH (2 +i2) ] k)] <z.
1.€., =, (iR + f)LI) uniformly converges.

1 ‘EJT{]
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Analyticity of partition function — general cases

Theorem For a system with discrete energy spectrum (quantized in a large box),

—ﬁ[H+le-_j:|

if 1ts parition function Tr [e exists for real A € (Zl,/lz), then

Tr[e’_’8 Shed J is analytic for complex A where Re(4) € (4, 4,).

A

Applicable to fermions, spins,
Ap and/or bosons, on lattices or in
continuum

Ay
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Holography of partition function

Cauchy’s theorem

1 = )
2:«?: A=A
C,+C,—2>2>0
A +id d/l © = ,/1 +iA d/l
=B 0) = J‘ =(p.A+I4) _I_ (B A +i4)
- /12 +3;LI —/1 27 > /11 +I/1L,-I /1- 27
1@?’{]
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Reduction to one integration

1 ‘EJT{]
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Thermodynamic holography via probe coherence

Partition function & probe spin decoherence

H(&,...,@):ZJ,@HJ & H,=-S ®H,

(S.(A0)~ E(ﬂ,}tﬂr/ﬂ)‘
_ =(f.4)
B. B. Wei & RBL, PRL,109,185701(2012).
Ao A+it]p

PAmIF2 (S (A.1)) dt
A +it] -2 27f3

=(p. A= 2B
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Application 1: Free energy difference

=(B, L)
=(f,A)
o PUTIPIOMUS (A1) dt
= A+it/f-A  27B

eXp(~fAL) =

c.f. Jarzynski equality: exp(—pAF) = <exp(—ﬂAW ))

A—3A ‘

C. Jarzynski, Phys. Rev. Lett. 78, 2690 (1997)

£
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Application 2: Holography of spin coherence

'y eﬁ(/ﬁ,—fffﬁ—;:—f{f/ﬁ}ﬂf <S_ ()L.j I_)>

_I A+it/f—A =it/
S (A.tHhy== —
< _( ,f )) . eﬁ(/,—:r;’,ﬁ—/,}ﬂ <S_(}L-,I)> ’

dr
= /;L--I'fr/ﬂ_)b’

Extract probe spin decoherence for arbitrary parameters
by measurement for just one value of the parameter.
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NV center + oscillator (~ spin + phonon In ion trap)

resonator

W | H=AS’+oa a+35S_(a +a)

/ #- nanomagnet

,J—i 5(~100 kHz) << o(~ MHz)
u
I X

NV centre

2nd ord 2 4 o 4
H————5AS +oaa+—S,®a a

perturbation
a

Probe: NV center spin; System: Oscillator

Rabl, P. et al. Phys. Rev. B 79, 041302 (2009).
Arcizet, O. et al. Nature Phys. 7, 879 (2011).

Kolkowitz, S. et al. Science 335, 1063 (2012).
%)
%’ 12/13/14 APCWQIS Tainan www.phy.cuhk.edu.hk/rbliu 25




Spin decoherence = free energy of oscillator

pe’
™
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Spin decoherence for h =» that for h’

L' =2 1
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Application 3: duality for many-body physics?

Strong correlation — weak correlation

duality?

12/13/14 APCWQIS Tainan www.phy.cuhk.edu.hk/rbliu 28



Summar

» Central spin decoherence as an approach to
thermodynamic on the complex plane

» Thermodynamic holography — a new approach to
many-body physics?
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