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m Wave:

Grwin Schrodinger
#12.VIIL. 188F + 4.1.1361

m Probability (Born's rule P(z) = [{z|¢)|?):
1.2 ON THE QUANTUM MECHANICS OF COLLISIONS
: [Preliminary communication]*

MAx BOrRN

* Addition in proof: More careful consideration shows that the probability is proportional to the
square of the quantity ®, ,,. ' ‘

B More than classical probability:
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Quantum Sensing/Metrology
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Modulation
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Local ¢f |
Oscillator

Fundamental Limits: What is the ultimate sensitivity allowed by quantum mechanics?
Control: Optimize experiment

Estimation: Optimize data processing

Examples: optical interferometry, optical imaging, optomechanical force sensing
(gravitational-wave detection), atomic magnetometry, gyroscopes, electrometer, etc.
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Interferometer

LIGO, Hanford
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Statistical Binary Hypothesis Testing

Y € T is an observation.

Y is noisy: Pr(Y|Ho) and Pr(Y|H1)

Given Y, Pr(Y|Ho), and Pr(Y|H1), we want to decide which hypothesis is true.
Decision rule: divide Y into two regions Tg and Y:

& IfY € Yo, we decide Hj is true.
& IfY € Y1 we decide H1 is true.

m  Type-l error probability (false-alarm probability):

Pio(YTo, Y1) = > Pr(Y|Ho) (1)
YEeT,

m  Type-ll error probability (miss probability):

Po1(Yo, Y1) = Y  Pr(Y|Hi) (2)
YET,

m How to choose Yy and Y1 in order to minimize errors?
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Likelihood-Ratio Test

m Define likelihood ratio:

_ Pr(Y|H1)
A= Pr(Y|Ho) (3)

m Likelihood-ratio test given a threshold ~:

¢ If A >~ decide H1 is true.
¢ If A < decide Hg is true.

m Neyman-Pearson criterion:

¢ Constrain Pigp < o and minimize Py
& set v such that Pjg = Pr(A > v|Ho) = «

m Bayes criterion (given prior probabilities Py and P ):

¢ Define the cost of deciding on H; given Hy as C; (loss function).
¢ minimize average cost (Bayes risk):

C = ijPijk. (4)

¢ eg., P.=PyPig+ P1Ps.
¢ sety = (C10— Coo)Po/(Co1 — C11)Pr.

m H. L. Van Trees, Detection, Estimation, and Modulation Theory, Part I. (Wiley, New York,
2001). 7/ 69



Error Probabilities

m For a likelihood-ratio test,

¢ Error probabilities:
P1o = Pr(A > vy|[Ho), Po1 = Pr(A < y|H1). (5)
Very hard to calculate, but can be bounded using Chernoff bounds:

< inf E[A® —s Py; < inf EJ[AS I=s
Plo—oglrslg [A%|Hol vy~ 7, 01_O§1r81§1 A% |Hol vy (6)

¢ Lower bounds:

1 1
min P. = — [1 — ||Po Pr(Y|Ho) — P1 Pr(Y|H1)||1] > = (1 —1-— 4P0P1F> : (7)

Yo,1 2 2

2
AVl =) A(Y)], F= Z\/Pr(Yl”Hl)Pr(YIHO)] : (8)
Y Y
valid for any decision rule.
¢ Bayesian posterior probabilities:
P A P,

Pr(Hi|Y) = —— Pr(Ho|Y) = 0 (9)

P1A—|—P0’ PlA—I—Po.
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Quantum Hypothesis Testing

HO' le.

po—{ D E(y) pr—{ E(y)

Define density operator as mixture of pure states

pzzpjleﬂ%'h (10)

A generalized measurement (generalized Born's rule) is described by

W) = |¥j)a ©18)B, Pr(Y) = ij [(Y|UI9;)|° = tr[E(Y)p], (11)

where E(Y) = g{(o|UT|Y)(Y|U|¢) is called POVM (Positive Operator-Valued Measure).
Given two density operators pg and p1,

Pr(Y [Ho) = tr[E(Y)po], Pr(Y|H1) = [ E(Y)p1], (12)

what is the POVM that minimizes the error probabilities?
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Quantum Error Bounds

m C. W. Helstrom, Quantum Detection and Estimation Theory, (Academic Press, New York, 1976).

m Given constraint Pig < ¢,
2
I { 1 - [\/aF-l— N F)] . a<F, (13)
0, a > F.
m Average error probability:
in P, = = (1—||P P ||)>1(1 V1 4PPF> (14)
min P, = — (1 — — (- _ ,
2 5 1P1 0p0|1) = 5 0471
2
|A||L = tr V AAT, F = (tr \/\/poplw/,oo> : (15)

m For pure states,

F = [(goly1)|?, (16)

and there exist POVMs such that the fidelity bounds are saturated.
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Quantum Optics

m Distinguishing a photon in two possible polarizations (assume Py = P} = 1/2):

cos 6 cos 6
woh = (g ) w=( %0 ) (17)
1
F= cos? 26, min P.= — (1 — sin26) . (18)
E(Y) 2
Two Linear Polarizations: Bloch Sphere:

N A

\ 4

1)

10)

1)
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Optimal measurement

m Consider projective measurement in the following basis:

o~ we(4E) e

Two Linear Polarizations: Bloch Sphere:
N

\ 4

[91)

1)

B Error probabilities:

1

1 :
P1o = |(1|0)]? = 5 (cos @ — sin 6)? Po1 = [(0|y1)]? = 5 (cos@ —sin6)? (20)
1
P.= — (1 —sin20) = min P.. (21)
2 E(Y)

This attains Helstrom’s bound. 12/69



Experiment

m Barnett and Riis, J. Mod. Opt. 44, 1061 (1997):
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Coherent-State Discrimination

B two coherent states

2
|cp,1) = exp (— |a02,1

VS5 e 2

n=0

m Kennedy receiver [Kennedy, MIT RLE Quart. Prog. Rep. 108, 219-225 (1973)]:
Photon Counter

My s o) o1 = ao) nonzero count: choose 1
Ho : |vo) ) |-0; ] zero count: choose Ho
D(—ao)
Pio =0, Py =exp(—|ap — a1|2), (23)
P — %exp(—|a0 —anf?) = %F%2ér%i}£1) P if F < 1. (24)

m near-optimal if g — a1]? > 1.
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Optimal Coherent-State Receiver

m Dolinar receiver [Dolinar, MIT RLE Quart. Prog. Rep. 111, 115-120 (1973)]:
Photon Counter

Hl . |Oél/\/M,...,Oél/\/M>

LN BB BB >

H0;|a0/\/ﬂ,...,a0/\/ﬂ>

m Cook et al., Nature 446 774, (2007):

3 Photon counter
State selection J- T _"L ; Displacements

{ ‘0 )‘- l(z )} Optical Dt ( Ut ) @ -
wavepacket =10
Optimal Tu—t Feedback i a pso |

real-time ; : ~ ! T T T T T

T
and
. displacement polic isi i { 0.45 P\ ™ [[] Direct photon counting | |
Désisic: P policy de(:|51or|| making ; AR
Y = Closed-loop quantum | |
| 0 > OR | a ) 77777777777777777777777777777777777777777777777777777777777777777 040 measurement (simple)
0.35 A Closed-loop quantum |
xé “3  measurement (optimal)
b Closed-loop state-discriminating measurement T 030} %
o e sy ks
State : Closed-loop z 0.25
FBS1 preparation i phase displacement ppgo APD % <2
: o
: [
= : a
Zpof) i 0.20 |
PN Phase : B
feedback Quantum : E
: state-estimating | : “
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Quantum state selection, | 0) or | ) :

Non-vacuum state mean photon number 15 / 69



Helstrom bound for Waveform Estimation

m How to apply Helstrom bound to waveform detection?

Ho : Hy: =0

Ain Ain
—_— >
— —

Aout Aout

m Force is time-varying
m Continuous quantum dynamics
m Continuous quantum measurements at the same time as the force perturbation.
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Quantum Information Theory to the Rescue

m Discretize time, and take continuous limit at the end
m Measurements and dynamics described by a sequence of completely positive maps:

Pr(Y|H;) = tr [T (ym)K; ... Tj(y1)Cjp;(to)] (25)

B In terms of Kraus operators:

Kp=> K(2)pK'(2), TWp=>_ Jy,2)pJ (y,2). (26)

m Purification (Naimark/Kraus): CP maps can always be written as unitary operations with
projective measurements in a larger Hilbert space:

Kp=trs [U(p@lo)sle) U], Twe=psWlU (02 10)s@) Ul s (@7)

@ K. Kraus, States, Effects, and Operations: Fundamental Notions of Quantum Theory (Springer, Berlin, 1983).
€ M. A. Nielsen and I. L. Chuang, Quantum Computation and Quantum Information (Cambridge University Press, Cambridge, 2000).
€ H. M. Wiseman and G. J. Milburn, Quantum Measurement and Control (Cambridge University Press, Cambridge, 2010).
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(b)

o—
O

. Ancillae

: : LD

m T[he waveform detection problem can be written as a quantum-state discrimination problem:

po = Uo|y) (v|U], p1 = Ut |9) (|UT, (28)

Uo = T exp [% / dtHo(t)} , Uy = T exp Llh / dtH; (a:(t),t)] , (29)

2
| (30)

F = [¢lufuile)
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Quantum Bound for Waveform Detection

7,

Ho : Hy: =0
Ain 5 Ain :
Aot ¢ Aot ‘
—q} —_—

q

B Lower bound in terms of fidelity:

P> (1 V1 4P0P1F) , (31)
2

f 2 1 :
P=|wivgvit|” =|wiTexs . [amo| (32
Hy(t) = Ul (t,to) [H1(t) — Ho(t)] Uo(t, to). (33)
m Suppose Hy — Hy = —qz(t), quUo is linear with respect to initial positions/momenta, and |¢)

has Gaussian Wigner representation. Then
1

F = exp {—h—Q /dt/dt/x(t) (: Aqgo(t)Aqo(t) 1) x(t’)} : (34)
qo(t) = U (t,t0)qUo(t,t0),  Aqo(t) = qo(t) — {qo(t)) - (35)

m__M. Tsang and R. Nair, PRA 86, 042115 (2012).
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Quantum Receiver Design

B error exponent: measures the decay rate of error:

1 1
=— lim —InP., p(Helstrom) — _ }iy — Ip min P, = — lim — InF. (36)
T—oo T T—ool' E(Y) T—oo T

m Homodyne detection of Aoyt is sub-optimal: [(homodyne) _ %F(Helsuom).
m Kennedy receiver is near-optimal if Ayt is in coherent state:

F(Kennedy) _ F(Helstrom) . (37)

Photon detector

_Aout

displace by —.A4

B Require Quantum Noise Cancellation [M. Tsang and C. M. Caves, PRL 105, 123601 (2010);
PRX 2, 031016 (2012)], a coherent feedforward control technique, if measurement backaction
noise is significant.

m Estimation is trivial in theory, but with technical imperfections/homodyne detection,
likelihood-ratio test is necessary.
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Thompson et al., Nature 452, 72 (2008).

Sankey et al., Nature Phys.
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m Continuous noisy measurement of mechanical oscillator energy
m |s the energy classical (continuous) or quantum (discrete)?

m Focus on estimation (calculation of likelihood ratio).

Omplecs w8 (o

6, 707 (2010).
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Continuous Quantum Measurements

m Sequential measurements of a quantum system:

Pr(Y[H;) = tr [T; (yar) K - T3 (1)K505 (£0)] (38)

m /C and J are completely-positive maps. In terms of Kraus operators:

Kp=)_ K(z)pK'(2), TWe=>_ Iy, 2)pJ (y,2). (39)

m Stick with smaller Hilbert space; easier for numerical analysis.
infinitesimal CP map (Lindblad):

Kp=p+ dtLp+ o(dt). (40)

m For weak measurements with Gaussian noise,

8 9 ot
J(dy)p = P(dy) [p + % (cp + ch) + 80 (2cch —clep — chc) + 0(575)} : (41)

P(8y) = N(0, Rét). (42)

m__H. M. Wiseman.and. G. J. Milburn, Quantum Measurement.and. Control (Cambridge University.
Press, Cambridge, 2010).
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Likelihood Ratio for Continuous Measurements

m Suppose noise variance R is the same in both hypothesis. Then it can be shown that

A — tr f1 (T)

= 2nll) (43)
tr fo (T)
where f1 and fp obey the quantum Duncan-Mortensen-Zakai (DMZ) equation:
dy dt
dfj = dtﬁjfj + — (ijj + ij;L-) + — (Qijjc;[- — C;r-ijj — fjc;r.cj> . (44)
2R 8Q;
B some stochastic calculus:
.'.
dy dy tr (ijj —|—fjcj)
dtr f = trdfy = 22 tr (e + ficl) = Ty ] (45)
T dy T g 1 cj +cl
Intr f;(t) = —,u-—/ —u2, = tr L £ . (46)
’ o R'7  Jig 2R T T fy 2
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Likelihood Ratio via Quantum Filtering

m Final result:

T T
A(T) = exp [ t W (s~ o) - / - u%)] . (47)

B 4, is the expected value of (c¢; —|—c})/2 given the observation record, assuming #; is true, can be
calculated by quantum filters.

Belavkin Filter
under H, £
Observations - g Likelihood
dy - N Ratio
Belavkin Filter
under H, Fo

Similar formula exists for continuous measurements with Poisson noise.

M. Tsang, PRL 108, 170502 (2012)

B Quantum generalizations of the Duncan-Kailath estimator-correlator formula [Duncan, Inf.
Control 13, 62 (1968); Kailath, IEEE TIT 15, 350 (1969)] and Snyder’s formula [Snyder, IEEE
TIT 18, 91 (1972)].
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Applications

Sankey et al., Nature Phys. 6, 707
(2010).
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Parameter Estimation

m Given y and likelihood function P(y|z), estimate x.
Let estimate be Z(y).
Mean-square error:

E(622) = / dy [#(y) — 2]? P(ylz). (48)

m  For unbiased estimates, = | dyZ(y)P(y|z), Cramér-Rao bound:

E(62%) = I, (49)
m Fisher information:
J = /dyP(y|az) {aln;ym)r. (50)
m If P(y|z) is Gaussian:
PI) = i oxp |5~ Ca) A = O 6

CRB is attainable using maximum-likelihood estimation.
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Other Tracking Examples
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Quantum Parameter Estimation

p Do
B Quantum:

P(y|z) = tr [E(y)p] - (52)

B Quantum Cramér-Rao bound (QCRB) (valid for any POVM but may not be achievable):

E(622) > 1/J(@), J(@ = (AhTAhpm), (53)
Opz 1 i _
= (hpa;+pxh ) Ah=h —tr(hps). (54)

m C. W. Helstrom, Quantum Detection and Estimation Theory (Academic Press, New York, 1976);
V. Giovannetti, S. Lloyd, and L. Maccone, Science 306, 1330 (2004); Nature Photon. 5, 222
(2011).
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po = exp(ifx)po exp(—inz),  —-

I
Local Oscillator

A)

Variance in Phase Estimate

=)
na
-

E(6z°) > (55)

4 (An2)

m Optimal measurement for coherent states: adaptive homodyne [H. M. Wiseman, PRL 75, 4587
(1995)]; Experiment: Armen et al., PRL 89, 133602 (2002).
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Generalizations of Classical Cramér-Rao Bound

m Error covariance matrix for multiple parameters with prior distribution P(x):
N=FE [(5: —2) (& — :I;)T} = /dyde(ykc)P(az) (F—a)(F—2)7. (56)

m Define loss function in terms of positive-semidefinite matrix A as

C(z,z)= (T —xz) A& —x). (57)

m Average cost/Bayes risk

C =E[C(%,z)] = tr (AZ) > 0. (58)

m Bayesian Cramér-Rao bound (Van Trees) for any A:

C>tr(AJ7Y), J=J%) 4 g&Xx) (59)
J(Z): & dln P(y|z) 01n P(y|x) | J(é(): P Oln P(x) 0ln P(x) (60)
J 0x; oxy, J oz oxy,

m More compact way: X > JLlie, 2—J1is positive-semidefinite.
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Ain
_
—
Aout
—
q
m Discretize time, purification in larger Hilbert space, principle of deferred measurements:
() (b)
CP :_..,CP ° oo CP— U U ° o Ur—
3 D
O U O I D
R Ancillae
t —D
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Dynamical Quantum Cramér-Rao Bound

Fisher information matrix J(t,t")

/dtdt’A(t,t’) {E [6z(t)dz(t")] — J (¢, )} >0,

JL(t,t') is defined by [dt'J(t,t')J~L({t', 1) =5(t — 7).
Two components:

J(t, ") = JR@ (¢, ¢y + X (¢, 1),

J(@Q) is a two-time quantum covariance function:

J(X) incorporates a priori waveform information

T (,4) = E{ d1ln Plz] § In P|z] }

dx(t) dx(t)

M. Tsang, H. M. Wiseman, and C. M. Caves, PRL 106, 090401 (2011).

0

(@) (t,t/) _ %]E{ tr [: AiL(t)AlAz(t/) : po] }, il(t) =T (t’tO)alx{—((t)

t)

Ul(t, to).

(61)

(62)

(63)
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é 9 » eXp 19,

Filtering
OPO Phase 1 exp ’I,Qb{
Modulation
Local ¢ ¢f’
Oscillator

m M. Tsang, arXiv:1301.5733v3 (2013):

b(t) = /_ " drg(t — T)a(r), (64)
5 > dw 1

ez [ o g PSar() + 1/5:() (65)
g SEPW) = 5o, 59V(w) = ", (66)

m Filtering: Berry and Wiseman, PRA 65, 043803 (2002); 73, 063824 (2006).
m Filtering does not saturate QCRB!
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Smoothing for Quantum Sensing

Future
Observations

Classical Coupling

Signal Quantum

< i Sensor

Past
Observations
m M. Tsang, PRL 102, 250403 (2009).

gf — dt T =1t -1 -1 LT -1 t
f_dtc(a:)f+E oc' RTlfrecT —c¢'"rR7cr - ¢’ "R +5dy R (Cf+fc)

dt _ T _ T _ 1 _
—dg:dtc*(m)g+8<2cTTR lyc—c' TrR7lcg—gc' TR 1C>+2dyTR '(ctg+40)

tr [g(x, t) f(x, t)]

h(z,t) = P(xz¢t = x|Ypast, Yfuture) =
J da(numerator)
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Experimental Demonstration

m Optical phase-locked loop with smoothing: M. Tsang, J. H. Shapiro, and S. Lloyd, PRA 78,
053820 (2008); 79, 053843 (2009).
¢

Retrodiction

—» eXp g, Smoothing
Phase Filtering
Modulation

Oscillator

m Wheatley et al., PRL 104, 093601 (2010): very close to QCRB for coherent state:

2 — g — Ideal Dual Homodyne Filtered Theory

| to nuxer<— RF sig |—= Signal 1 0 -

T = U foicatne i = Adaptive Phase Filtered ---- Theory

| = o toaror | o = Adaptive Phase Smoothed ... Theory

| Sidehand —1_analysis; ) o

| Generation Nonse 1
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I N .o |

] R

oo s B o sl 1 o~
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| ¥ 1
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from ‘ I Signal,

| Signal 9 1 e ™ - = TJrl 2

1 Jule! L] | 1%1€ H Al :

| Jex]e i : flom 1O 10 l-suE:n:rl 10
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= 1T Lerl L ey
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FIG. 1: Schematic diagrams showing: (a) source and local
oscillator generation; (b) adaptive phase estimation; (c) dual -

homodyne phase estimation. Although illustrated as a single FIG. 3: The variance o~ of the adaptive phase estimation for
device, both AOMs as drawn are actually a pair of AOMs 3 = o s o . o
which shift by 110 MHz and 105 MHz In eppoeite directions quautrum filtering and smoothing as a fuu{:tlou of p'ho'ton T
to achieve a 5 MHz frequency shift. LO = local oscillator; ber A, compared to the relevant theoretical predictions, and
RE sig = radio-frequency signal: PM = phase modulator; the theoretical predictions for nonadaptive measurements.

WGM = waveguide modulator; LPF = low-pass filter; MCC
= mode-cleaning cavity; AOM = acousto-optic modulator.

m QCRB can be lowered by squeezing.
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Squeezed-Light Phase Estimation

m Yonezawa et al., Science 337, 1514 (2012)
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s (iok Eq. 3. Trace (il is the the- '
g e oretical curve based on 3
g g (i)~ appraimating the home- e
g ooz ~I dyne output current il o 0.02 {iv)
2 % [ B only fird order in [@pl - = :
(iv) ™~ k @dt] o that Roq = & =,
Trace () is the thearst- (iii)
001 ical curve from Eq, 3 for
pure squeezd beams (Le,
without losh 0.01
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m LIGO, Nature Phys. 7, 962 (2011).
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Example 2: Optomechanical Force Estimation

Photon Number
Fluctuations

radiation pressure

Phase
w Fluctuations

E[5f2(t)] > / T ! (67)

—oo 21 (4/h2)Spaq(w) +1/S 5 (w)

m Smoothing can't saturate QCRB due to the presence of measurement backaction noise
m Standard Quantum Limit (Braginsky, Caves et al.): backaction noise cannot be removed.
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Quantum Noise Cancellation (QNC)

X

m Coherent Feedforward Quantum Control
m M. Tsang and C. M. Caves, PRL 105, 123601 (2010).
m See also Kimble et al., PRD 65, 022002 (2001).
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Noise Cancellation

Inside noise-canceling headphones

Sound waves created Noise created
by headphone speaker by exteral source

Electronics

\ \ = Silence
___,--’/} Q2007 HowStuffWorks
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Quantum Non-Demolition (QND) Observables

m Consider Heisenberg picture:

dq(t)  p(t) dp(t)
pra = —mw?q(t). (68)
Since [q,p] # 0,
lq(t),q(t")] #0 fort #1t'. (69)

q(t) and g(t’) are incompatible observables. uncertainty principle (roughly) says measurement of
one will disturb the other.
m Pair the harmonic oscillator with another with negative mass:

dq'(t) p'(t) dp'(t)

i m dt ma”q (1), (70)
d[q(t);; ¢ )] _ [p(t) ;lp’(t)], d[p(t)cé p'(t)] _ g LB (71)
m Since [g+¢',p—p']| =0,
lq(t) + ' (t),q(t") + ¢'(t")] =0, [p(t) —p'(t), p(t") = p'(t")] =0, (72)
la(t) + 4’ (t),p(t") —p'(t")] = 0. (73)

These observables that commute with each other in Heisenberg picture are called QND

observables.
43 / 69



Quantum-Mechanics-Free Subsystems

Positive-mass oscillator {¢,p}

. . I, Positive-mass oscillator  Negative-mass oscillator
and negative-mass oscillator {¢',p'}

! P .
b= —mw2 2T T
= —mw

/ back-action back-action
. / p + p _forcef ¢ force f
Q—q—|—q ‘IIIIIIII»P: €= external (
2 A force F'
4 f 0o foape
. . = Al —
w 2m 2 2m
Dynamical Pairs it - 2 gar m §0t g/ A e "
/ _iAtZ
q — q / 2m
¢ = 2 ‘llllllll»H:p_p A N o2 N FA2
) . = = QA — QAL + At
Conjugate Pairs Q=AqtAg =0 7 AT o

m QND observables: commute with each other at different times in the Heisenberg picture,
[ X5 (1), Xk (t')] = 0. (74)

No backaction noise if measurements are made at the times at which they commute.
m Measurements of QND observables are also called backaction-evading measurements.

¢ Caves et al., Rev. Mod. Phys. 52, 341 (1980).

m QND observables are equivalent to classical stochastic processes according to spectral theorem;

i.e., they can be measured to any arbitrary accuracy.
m By choosing an appropriate Hamiltonian, it is possible to make a subsystem of observables

QND
obey any linear/nonlinear classical dynamics.
M. Tsang and C. M. Caves, PRX 2, 031016 (2012).

Ars Technica review article: http://arstechnica.com/science/2012/09/demolishing-heisenberg-with-clever-math-and-experiments/

L 2K 2K R 2
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B QNC + Smoothing saturate QCRB for coherent state.
m Optical squeezing of input light can lower the QCRB.
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Example 3: Magnetometry

m Linear Gaussian smoother for magnetometry: Petersen and Mglmer, PRA 74, 043802 (2006).

B QNC:

¢ Julsgaard, Kozhekin, and Polzik, Nature 413, 400 (2001).
¢ \Wasilewski et al., PRL 104, 133601 (2010).

|[l]|_probe L.
S—p B HWP

beams

Ny ' lock-in

/ Entangling and S"mJll l '} S'wt
i 238 2.C

verifying pulses
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Beyond Cramér-Rao Bounds

m If P(y|z) is not a Gaussian, CRB often grossly underestimate the achievable estimation error.
m Consider M repeated measurements, such that P(y1,...,yalz) = [TY_, P(ym|z).

m=1

¢ > v.ss. M (log-log plot) for a classical phase estimation problem:

5

— * — Simulation
CRB

R
t *

) TSN I ‘ - R— ] S

10*log, (RMSE)

-25 L L L | | i i a3 I I I
-25 -20 -15 -10 -5 0 ] 10 15 -40 -30 -20 i
SNR (dB) SNR (dB)

10 0 0
Van Trees and Bell, Bayesian Bounds for Parameter Estimation and Nonlinear Filtering/Tracking (Wiley, Hoboken, 2007)

m Ziv-Zakai bound:

E(5z2) > % /OOO drr /_O:O dzr2 min [Px (), Px (x + 7)] Pe(z,x + T), (75)

Px (z) is prior, P.(x,x + 7) is the error probability of a binary hypothesis testing problem with
P(y|Ho) = P(y|z), P(y|H1) = P(y|lx +7), and Py = P1 = 1/2.
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Quantum Ziv-Zakai Bounds

m If P(y|lz) = tr[E(y)pz], for any POVM E(y),

> 1= VT Flowpeir)] (76)

1 1
Pe(z,z +71) > 5 1 - §||Pcc — pr+rll1

We immediately obtain quantum Ziv-Zakai bounds on E(6z?).
M. Tsang, PRL 108, 230401 (2012).
Can be used to prove Heisenberg limit:

(77)

see also Giovannetti et al., PRL 108, 260405 (2012); Hall et al., PRA 85, 041802(R) (2012).

m Compared with QCRB E(5x2) >1/4 <An2>, Heisenberg limit is much higher than QCRB when
(An?) > (n)*

B QZZB vs QCRB for a state proposed by Rivas and Luis in New J. Phys. 14, 093052 (2012):

.1 |

10" ]
0.8

107
z, 06 B

0.4
0"

0.2

ot
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Hybrid Quantum Systems

kg — Hz
. Gravity wave
k —— detectors
ﬂ \ = (LIGO, Virgo, GEO,..)
! Harmonically Choi et al.
suspended !
gram-scale mirrors Nature 468, 412 (2010)
Write

Writing interferometer Uye Fields 1 Heralding interferometer
a

a,

¥

D

i Oy

1 Mirror coated
AFM-cantilevers
-~

=
@
8
3
5
3
@ B 2 Oy |B2Ging intorferomets, Read
g ‘.g“" - Micromirrors LB
i > g
=
15
3
3
<

Uypa5 | Reading interferometer  Read

Y Optomechanics

CPW-resonators MHz

Pg _g" coupled to nano-
. resonalors

— l0pm

Cavity QED

Kippenberg and Vahala,
Science 321, 1172 (2008)

Electro-Optics

Vrm s(mis)

Chou et al., Science 329, 1630 (2010).

Electromechanics Cavity QED

Sayrin et al.,
Nature 477, 73 (2011)

O'Connell et al.,

Nature 464, 697 (2010) Haroche and Raimond,

Exploring the Quantum

Neeley et al., Nature 467, 570 (2010)
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# High Performance Lithium Niobate Amplitude & Phase Modulators
= SMA RF Modulation Input Connector

» Broadband DC Coupled or High Q Resonant a
EOPMT
6{ ot 5
L EQO-GTH5M E0-GTHSM Application

thorlabs.com

jiadong.com

B e=¢(l+xV+xPDE+XxBC) :EE+...)
x(?) (Pockels): A¢p(V) o V: e.g., Lithium Niobate (LiNbO3)
Optical:

¢ transparent between 350nm-5um
& intrinsic Q ~ 10° resonator at 1.55um [lichenko et al., JOSAB 20, 333 (2003)]
¢ 10dB squeezing [Vahlbruch et al. PRL 100, 033602 (2008)]

m Microwave:

# intrinsic ¢, ~ 28, et ~ 45, Q ~ 2.3 x 103 at 9GHz, 300K [Bourreau et al., EL 22, 399
(1986)], loss should decrease with temp.

¢ Cu half-wave resonator: @ ~ 100 at 9GHz, 300K [lichenko et al.]

¢ 26.5GHz EOM with Nb electrode on LiNbO3 at 4.2K [Yoshida et al., IEEE TMTT 47, 1201
(1999)]
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Three-Wave Mixing

Wmicro T Wopt = {2opt (78)
wmicro Ny —— YU
wopt s —]
(2, et —
Up-conversion Down-conversion
dVASAVAS <
— — — —
—_— A
Parametric amplification Spontaneous parametric down conversion
QI > U
—_—> —— L

> — E— —

m_ Spatial mode matching
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Resonant Enhancement

m How to enhance desired processes and suppress parasitic ones?
Intracavity

— AN

Frequency

Pump

Microwave
Circuitry
L
! 1 >

v ) Wy, wa W, —wy
Pum
7 P
wAw, w +2wb

m Similar with microwave resonator 52 / 69



Z CUT LiNba,

icrostrip feed Lib_lb()s Tmm:
e 2 microns
1 i
output light T
——1.5mm

l input light

2 micronsg ——

/5—-—— GAP 2 microns

Pnﬂn

P ——

input and output
coupling prism

S Gmats Mahapatra and Robinson, “Integrated-optic ring resonators made

by proton exchange in lithium niobate,” Appl. Opt. 24, 2285
Cohen et al. (USC), “High-Q microphotonic electro-optic modulator,” Solid-State

_ (1985).
Electronics 45, 1557 (2001)
nonlinear cavity
|
 a—
: 10}
3
©
M ()
2
)
R4
E
@
I 5 05 -
Fig. 1. Experimental setup: (1) LiNbO; optical cavity, (2) mi- = 2
) R 2 - - 5] (2)
crowave resonator, (3) microwave feeding strip line, and (4) dia- w
mond coupling prism. Inset: geometric characteristics of the ] 3
nonlinear optical cavity. B &
5
lichenko et al. (JPL), “Whispering-gallery-mode electro-optic oo
1 " 1 1 1 " 1 I 1 2 L L
=30 =20 -10 0 10 20 30

modulator and photonic microwave receiver,” J. Opt. Soc. Am. B Etalon frequency scanning, GHz

20, 333 (2003), » = 2.4 mm, d = 150 pm, half-wave 9 GHz

resonator
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Mass
&
'
8
5

Gravity wave
detectors

Mirror coated

- Micromirrors

(LIGO, Virgo, GEO,..)

AFM-cantilevers

Hz

Aouanbaly [ediueyosiy

Y

CPWe-resonators MHz

pg coupled to nano-
9 resonators
Kippenberg and Vahala, Sci-
ence 1172 (2008)

TN

E
(el
1]
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Eichenfield et al., Nature 462, 78 (2009)

Optical /microwave photons <>
microwave/RF phonons:

O’'Connell et al., Nature 464, 697 (2010)

optical photons <+ microwave/RF
photons:

Microwave
Circuitry

e 1Fg
L] r'
= Y
< 10F =T x
= e "
E |
%-ﬂ:ﬂ kg —E3 ary g T
B =
E g r=r-r
= 10 . -
{0 gy oV P T S N 1Y IR S SIS S Y
o 1 10
Cryosta iemperature (M)

Teufel et al., Nature 464, 697 (2010)
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Analogy with Cavity Optomechanics

Optical Photons <> Microwave/RF Photons:

Optical Photons <+ Microwave/RF Phonons:

Microwave
Circuitry

wm
L
—
Hr < ¢(V)a'a Hr < ¢(§)ata (79)
Vocb+ b Gocb+ b (80)
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Laser Cooling of Mechanical Oscillator

Pump
AN a +
)
A()ut T
. : t Z1\,
) L ! We—2w, W, —w, w,

m Interaction picture:

Hr = hg (be_iwbt + bTewbt> [aei(w“_wb)t + aTew“t] [ae_i(w“_wb)t + ae_wat] (81)

m Rotating-wave approximation:

Hr ~ hga (baJr + bTa) (82)

m Exchange photons:

Optical Bath

S S .

m Wilson-Rae et al.,, PRL 99, 093901 (2007); Marquardt et al., 093902 (2007).
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Recent Experiments of Optomechanical Cooling
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Electro-Optic Cooling and Noiseless Frequency Conversion

Pump

T We—2w, W,

Hi ~ gv/Npump (aTb + ab’f) (83)
wan3r [ hwp
= , 84
9= 54 Va2c (84)
2
N um
G = 9 “Ypump (85)
YaVb

Cooling : G > 1 (86)

Conversion : G =1 (87)
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Noiseless Frequency Conversion

[ |
d I
d_j = igab — 70’@ + vVYaAin + VLA, (88)
db r
i iga’a — Ebb + V7 Bin + /1 B’ (89)
Aout = Ya@ — Ail’h Bout = vV ’Ybb — Bin, (90)

Loy I

G0592Npump p = Jadb

Cab = Yab + Vo b0 (91)
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M. Tsang, PRA 84, 043845 (2011)
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Parametric Amplification/Oscillation

Pump
wAwW, wA2w, < ' ”

m Photon—palr creation/annihilation:

2N
Hi =~ gv/Noump (aTbT T ab> | g = L tpump (92)
Ya b
Oscillation : G > 1, (93)
Entangled Photon Pairs : G < 1 (94)
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Parametric Amplification/Oscillation

Pump
]\ V\ J\\ >

w —I—wb w —|_2 wb < : €
da ; T Fa 7 Al
T igab' — 7@ + VYaAin + VLA, (95)
db _ Iy
7 igaa’ — ?b + V7 Bin + \/’VéB/, (96)

Aout = vV YalQ — Aina (97)

out = VY b - (98)
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Plots

Ims
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Double-Sideband Pumping

JEACL

W, — Wy W+ Wy,

Double-sideband pumping: backactlon-evadlng microwave quadrature measurement [Thorne et
al., PRL 40, 667 (1978); electromechanics experiment: Hertzberg et al., Nature Phys. 6, 213
(2010)].

H; ~ g/ Npump (e_w_a + eiéaT) (e_i‘sb + ei‘st) : (99)
0 = ﬂ) 5= M (100)
2 2

6 are phases of the pump beams and control which quadratures are coupled.
x3) (Kerr): ¢(V) o x(3) V2, backaction-evading microwave energy measurement:

Hr < x®Vv23ala. (101)
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Coupling Strength

%2 Npum 3[R
G = 4 Tpump g=noat T [ (102)
YaYb 2d 2C

m lichenko et al., JOSAB 20, 333 (2003) (74 & 27 x 90 MHz, 7, &~ 27 x 50 MHz, d &~ 150um):

nonlinear cavity

- = -

H G

Fig. 1. Experimental setup: (1) LiNbOg optical cavity, (2) mi-
crowave resonator, (3) microwave feeding strip line, and (4) dia-
mond coupling prism. Inset: geometric characteristics of the
nonlinear optical cavity.

g ~ 20 Hz, G~ 2x107° at 2 mW pump (103)

m ¢ can be improved by ~ 10" — 102, ~; reduced by ~ 103 using superconducting microwave

resonator
m 1 in BaTiO3 and KTN is higher than LiNbO3 by 10! — 102
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Competition: Electro-optomechanics, Atoms

GHz
.
T
YU 4
' T B el % MHz
T (— )
ana bius setuned light
L
§ z . ¥ Superconducting Chip

1 m Hoffman et al., arXiv:1108.4153 (2011); Hafezi et al., PRA 85,

= A 020302(R) (2012)
M. Tsang, PRA 81, 063837 (2010); 84, 043845

(2011). Regal and Lehnert, J. Phys.:
Conf. Series 264, 012025 (2011);
Safavi-Naeini and Painter, NJP 13,
013017 (2011); Taylor et al., PRL 107,
273601 (2011)
Electro-optics Mechanics Atoms
Effect X(2) X(B) X(3)
Pumps optical optical 4+ microw. optical + microw.

Resonators microw. + optical microw. + optical + mech. | microw. + optical + atoms
Experiment | g = 20 Hz (lichenko) N/A N/A
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Summary

x(t)?
m Waveform Detection \%‘
Ain
@  Estimation: M. Tsang, PRL 108, 170502 (2012). —
€ Fundamental Limits/Control: M. Tsang and R. Nair, PRA 86, 042115 (2012). Aout
—_
- - q
m Waveform Estimation o
€ Fundamental Limits: M. Tsang, H. M. Wiseman, and C. M. Caves, PRL 106, 090401 (2011). 2o v P D
D

@ Estimation: M. Tsang, J. H. Shapiro, and S. Lloyd, PRA 78, 053820 (2008); 79, 053843 (2009); M. Tsang, PRL ,
102, 250403 (2009); PRA 80, 033840 (2009); 81, 013824 (2010).

€ Control: M. Tsang and C. M. Caves, PRL 105, 123601 (2010); PRX 2, 031016 (2012).

m Parameter Estimation Beyond CRB

L 4 Quantum Ziv-Zakai Bound: M. Tsang, PRL 108, 230401 (2012).
@ Rate Distortion: R. Nair, arXiv:1204.3761.

BS *, OPA

%

®m Quantum Electro-optics

€ M. Tsang, PRA 81, 063837 (2010); 84, 043845 (2011).

Y
L |
m Open-System Quantum Metrology T L
Vv
€ M. Tsang, e-print arXiv:1301.5733v3 (2013). n ot
. |l eom L
m Imaging |
Superresolution: M. Tsang, PRA 75, 043813 (2007); PRL 101, 033602 (2008); PRL 102, 253601 (2009). " o -
Stellar Interferometry: M. Tsang, PRL 107, 270402 (2011). \\_\ \\\_\

Computational Imaging: L. Waller, M. Tsang et al., Opt. Express 19, 2805 (2011).
Metamaterials: M. Tsang and D. Psaltis, Opt. Express 15, 11959 (2007); PRB 77, 035122 (2008).

LA X & 2
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Collaborations

m Cavity electro-optics: with Aaron Danner at National U. Singapore

m Parameter estimation for optomechanical force sensing: with Warwick Bowen at U.
Queensland

m Time-varying optical phase estimation: with Hidehiro Yonezawa at U. Tokyo, Elanor
Huntington et al. at U. New South Wales

¢ http://mankei.tsang.googlepages.com/
¢ cletmk@nus.edu.sg

m Supported by Singapore National Research Foundation Fellowship (NRF-NRFF2011-07).
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