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Fidelity Susceptibility & QPT

Outline

Introduction: guantum phase transition (QPT),
fidelity and fidelity susceptibility (FS).

FS & QPT in the one-dimensional asymmetric
Hubbard model (AHM)
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~S & QPT iIn the Lipkin-Meshkov-Glick model

Summary and discussions




Phase transition driven by temperature change
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La,_ Sr,CuO, Phase Diagram
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Occurrence of the guantum phase transitions
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QPT: traditional view

Landau’s symmetry-breaking theory
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Requires some knowledge of order parameter
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QPT: quantum information view?

Could one look into QPT from quantum
Information point of view?

Yes, there exit many works exploring
relation between quantum entanglement
and quantum phase transition.

Most of these works used entanglement
measure such as von Neumann entropy,
concurrence, negativity, etc.
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QPT: the Fidelity View?

Those measures may not work for some systems.
Could we look at the eigenfunction of the many-
body Hamiltonian directly?
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Questions

Is there any connection between the
fidelity and quantum phase transition
(Landau type, KT, Topological).

Will we also observe some kinds of
universal behaviors as in the traditional
approach to the critical phenomena?

Is the fidelity a good quantity to measure
for a many-body system?
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Examples of QPT & Fidelity

Ising model  H(A, 6) = —J} (g075,, + Ao + dle)elo)),

J
H. T. Quan, ..., C. P. Sun, PRL 96, 140604 (2006).
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P. Zanardi and N. Paunkovijc, PRE 74, 031123 (2006).
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Examples of QPT & Fidelity

Nuclear-magnetic-resonance(NMR) experiments

J. Zhang, X. Peng, N. Rajendran, and D. Suter, Phys.
Rev. Lett. 100, 100501 (2008).
H® = 0705 + Be(07 +03) + B:(07 + 03)

Overlap L

= =
Lonaitudinal field B

J. Zhang, etal, Phys. Rev. A 79, 012305 (2009)
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Fidelity Susceptibility

H(X) = Ho+AH;, HA)|W,(A)) = En|¥p(A))
Perturbation Theory

Wo(A+00) = [We(A)) +ox 3 Tl Tl )

Hyo = (W0 (M) [Hr[Wo(N)).

F;(X,0) = [(W,(\)|Wo(N + N))| Depends on both A & 6A
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Fidelity Susceptibility

Physical interpretation

_ U, I Hr| W 2
XF(LU):Z [E< Ef]gf 9 H()\) :H0+)\HI,
n#0 " L -

— [(1110\HI(T)HI(U)\‘I’(Q — (‘I’O‘HI\‘I’@)Q: 6(1)

+ 7 [(QolHp(0)Hp(7)[®0) — (TolH|[Wo)*] 6(—7)

Fidelity susceptibility =
dynamic structure factor of the driving term
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Fidelity Susceptibility at Finite Temperatures

Extension to thermal state

o Z ()
F;(B,6) = VZ(B = 063/2)Z (3 + 63/2)

Z(B) = Z e PEn — Z g(E)e PE.

n E

Zanardi, Quan, Wang, and Sun, PRA 75, 032109 (2007)
You, Li, and Gu, PRE 76, 022101 (2007)
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Critical Exponent & Universality Class

L. €. Venuti and P. Zanardi, Phyvs. Hev. Lett. 99
095701 (2007).

s, Gua, Ho M. Kwok, W, Q. Ning, and H. (). Lin, Phys.
Rev. B 77, 245100 (2008).  arXiv:0706.2495

Similar to traditional critical phenomena
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Examples follow
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Fidelity Susceptibility in the 1D
Asymmetric Hubbard Model

* The asymmetric Hubbard model and
the phase diagram

* The scaling behaviors of the fidelity
susceptibility
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Asymmetric Hubbard Model
7 T Tt cjgc]+5g+UananJ 3.

Jj=1o6=41 o
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Issues

* For two types of atoms (fermions), will they
mix uniformly (Density Wave), or phase
separated into two regions that one Is
dominated by heavy atoms while the other by
light atoms (Phase Separation)?

e Transition from DW to PS?
 Relation to guantum information?
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An argument for one dimensional case

* When #,/t, = 1, the Hubbard model, No PS

H = Ztcja J+50+U2”m Jﬂ

0,j,0

e When tﬂ/t =0, the Fallcov-KlmbaII model.

H = Z (clcj+cc)+UZn w,

<ij>

one type of fermion motionless, U >t, Yes PS

0—0 0 —I—

Freericks, Lieb, and Ueltsci, Phys. Rev. Lett. 88, 106401 (2002).
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An argument for one dimensional case

H = Zta 10 J+50+U2”m Jﬂ

0,j,0

The 1D Asymmetric Hubbard Model In its two
limits: the Hubbard model (z; = 7., SU(2) ) and
the Falicov-Kimball model (z;, =0, Z, x U(1) ) ,
belong to , a
gquantum phase transition (QPT) from the
charge density (DW) state to the phase
separation (PS) state Is expected to appear on
the U- ¢4 plane.
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Phase Diagram
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FS in the 1D asymmetric Hubbard model
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Scaling Behavior

Scaling ansatz: d (effective ) dimension

Xron(N) 1 (
o (V=N ) o LF
/ ‘)\C ~ )\‘a XF(\) max

Ldi - L—M—l—di + B()\ . )\ma}{)ai
Universal function

)(F(,\)()\ — )\ma.}{a L) _ XF(/\)()\" L)
XF(A)(A?- L)

— f[Ly()\ o )\ma-x)}

+ M d*

Critical exponent QY y
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Scaling Behavior

XArp (t=t,. )-x F( (1)

=gll’@-t )]
X k@ U=30 n=2/3
Y\ L) A R ey
Ldi L—;.e—l—d-i + B(A _ Anlax)ai i 1009?
p=2.30, < 0.02f 3 /7
y = 2.65, 3 /
a=(u-1)/v 5 ol Fls '1'6%'?&]'1'66'(;065 1
=0.60
XF()\)()\ — )\max) o L 03 l |

-1 0 1 2
@f B rmax)

Increases with L exponentially (Landau type)
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Scaling Behavior
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Brief Summary

 In connection to cold atom systems, we studied
the fidelity susceptibility (FS) and its scaling
behavior in the 1D AHM.

* \We showed that FS can help us to identify
Landau symmetry breaking and Kosterlize-
Thouless phase transitions.

* \We also demonstrated that the FS can be used to
characterize the universality class in quantum
critical phenomena. Exponents were obtained
without a priori knowledge of order parameter.
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Fidelity Susceptibility in
the Kitaev Honeycomb Model

 The model and motivation

 The Fidelity susceptibility and
Its scaling behavior

e The bond-bond correlation
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Introduction: QPT & quantum information theory

| Detecting Topological Order in a Ground State Wave Functiﬂnl

Michael Levin and Xiao-Gang Wen

Department of Physics, Massachusetts Institute of Technology, Cambridge, Massachusetts 02139, USA
(Received 25 October 2005; published 24 March 2006)

A large class of topological orders can be understood and classified using the string-net condensation
picture. These topological orders can be characterized by a set of data (N, d;, F l'.f”, 8 ). We describe a
way to detect this kind of topological order using only the ground state wave function. The method

involves computing a quantity called the ““topological entropy”™ which directly measures the total
quantum dimension [ = Z,d‘f




Fidelity Susceptibility & QPT

Motivation

 Fidelity susceptibility| witness ?
— Related to the structure factor (fluctuation),of the
driving term in the Hamiltonian

— Related to correlation functions a
parameter

e Topological phase transition
— Beyond Landau symmetry-breaking theory
— No broken symmetry
— No local order parameters
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The Kitaev Honeycomb Model

A. Kitaev, Ann. Phys. 303, 2(2003); 321, 2(2006).

— L+ Yy Ly Z 2
H = —J, E: 050y —Jy E O-jo_,l;_']z E T;0>

x-bonds y-bonds z-bonds

t]"{: + e]g!}; + e];;; —_ ].

J=1. J=J=0

gapless Abelian anyon
Non-Abelia excitations
itati 42 gapped
anyon excitations //,

rd AY

Topological order &
- X. G. Wen, Quantum F ield I‘F:..fa;)-r-y of Many-Body Sys-
quantum Computl ng tems (Oxford University, New York, 2004).
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Diagonalizing the Kitaev Model

0% =ib%c, 0¥ = ¢, 0* =ib*c.  Majorana fermion ¢

i N o
H = D U cion  Uy=ibikbiik wy=1
jok
T .
() (e ) ()
o \ ¢-az2 —if (q) 0 aq,2
!/ /
2 Hl( . Aqu—l—eqeq>
! /
o 2 EqFE

fla) = eq +ilq,
€q = Jrcosq. + J,cosq, + J.
Aq = Jysing, + J,sing,.
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The Fidelity Susceptibility
Wo) =H 5210) Ey=— /et +A%

1 (yeatag o
B » V2 \ A + i€q “-al T 4-q2

The fidelity of the two ground states at A and A’

? = H%(l—I—AqAELI_EF,qua) = H(()& (9 —9’)

9—q

q q
€ A
with cos (204) = —=,sin(204) = —,
Eq Eq
€ A/
COS (29;1) = —-,sin (2921) = —1.
Eq ‘q
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The Fidelity Susceptibility

. —2InkF; S gapn™n®
XF — lim : — JabTl T,

SA—0  ON? -

| (06 00 |

ga.b _ Z (ﬁ) (() ](1> n'a:(?]a/é))\
a Ja b

J(20q)  J.sing. + Jysin(g: —qy) Qg

oJ, ez + A2 Aql’
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oJ, ez + A2 Aq|
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FS depends on the evolution path

along J, = J, = (1 — J.)/2 line

YXF = #gu + %gﬁj‘ + g:: + %(g{r + gj':f) _ %(g.‘f: + g:x) _ %(gr: + g:‘l')
) ; 2 J =1
_ 1 Z SIN gy + SIn gy ?
16 [ €2 + A2 } /@\
q
J, =1 J, =1

I

along J. +J, = | —J. = const line J. = 1/3,

,}:F — g.".'.\' + (g—].:'l' — (g\1 + g‘lﬂ')

_ L 5[ (sings — sing,) + 2sinias ~ g : /\
36 4 €5 + A Ava
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LI f T '
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e INis an intensive quantity (N=L x L)

B phase many peaks
the number of peaks linearly increases with system size L

& e IN diverges with increasing system size.
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Scaling Behavior
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Hidden Correlation?

* The fidelity susceptibility can be expressed as
XF — / T [(‘“I‘(U‘HI(T)HI(O) ‘IIJ[]> — <IIJ{:}‘HI‘IIJU>2:I dT

You, Li, and Gu, PRE 76, 022101 (2007).

* Therefore, the divergence of the FS at the critical
point implies the existence of some kind of long-
range correlation.
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The Bond-Bond Correlation

Bond-bond correlation function

C(rira) = (07,107,007,107,0)  onikeusual
. %" _ | point-point correlation
— (05,15, 2) (95,15, 2) (two operators)
(0 105,.2) = (05,105, 2) = N E—q
q q

(Wo| oy, 105, 205, 107, 2 | o)

— % Z {cos[(q—d) (r1 —ra)]
q.9’

b
- \x/‘\w X/‘\\jy‘\ 8y x/ﬂ\
|4 oy L T j/
¢ ¢
z b Zz z z
/ v v xS
z z
voox

1) (AqAq’ — €q€q’)
EqEq

-
¥y o=
.

¥y o=
\‘\-\.
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The Bond-Bond Correlation

——0.2 =07
-5 J, —=—03 -+ 0.8
——0.4 4 0.9
G0k B phase;| decays algebraically
h C (r1,12) x —
‘ ‘m o (r1,r2) X ————,
A5 k- | P e =y
2 A phaser decays exponentially
- ‘.“. ' O -
25 MMMM % - 2511111_1 \/Ii;jzl
1 2 3 4 5 6 7 8 910

r

the correlation length becomes divergent as

J, — 057 Signhal quantum phase transition



Fidelity Susceptibility & QPT
Brief Summary

 In connection to the topological order, we studied the
fidelity susceptibility and its scaling behavior in the
Kitaev model.

* We showed that the fidelity susceptibility can be used
to witness the topological quantum phase transition in
the Kitaev model.

o Suggested by the divergence observed in the fidelity
susceptibility, we found a bond-bond correlation which
IS assoclated with the topological quantum phase
transition in the Kitaev model.
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Fidelity Susceptibility in
the Lipkin-Meshkov-Glick Model

* The LMG model and its eigenstates

* The FS and its scaling behaviors
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The Lipkin-Meshkov-Glick Model

Model Hamiltonian

A i _J i _J i
H = _W Z (O‘XO'ji- + 7/()'_,(()'_{{) —h Z g,
Ground state phases (ferromagnetic)
h<1 h>1

H.J. Lipkin, N. Meshkov, and A.J. Glick, Nucl. Phys. 62, 188 (1965).
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Diagonalizing the LMG model

Ifh>1 S. =5-da,
S, = (25 - a'a)?a

The Hamiltonian in terms of bosons

H=—hN+[2(h=1)+nla a—%( a'? + a*)

a’ = cosh(®/2)b" + sinh(®/2)b,
a = sinh(®/2)b" + cosh(®/2)b,

The diagonalized form

H=-hN+1)+2 \/(h. —)(h-=1+n) (bTb + %)
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Fidelity Susceptibility of the LMG Model

If > 1 - > ol = 28,

-
Sh>1) =
Xﬂh_} (}? ! ) 32(]? _ 1)2(]? — 1+ ??)2

Ifh < 1 XF{II}(??? h < 1) _ 1
N N
Exponents . ( > b
¥y —
1 %.U < h<|
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Scaling Behavior of the FS in the LMG Model
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Scaling Behavior of the FS in the LMG Model
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Brief Summary

 The LMG model has the advantage that it can be
solved exactly which makes it possible to do
detailed finite size scaling.

* \We analyzed scaling behavior of the fidelity
susceptibility of LMG model and calculated
various critical exponents.

« \WWe demonstrated that the fidelity susceptibility
exhibits universality in the LMG model.
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Quantum criticality in terms of fidelity susceptibility

Model I v d o’ i a0
1D Ising model(h. = 1) 1] 2 l 1 l I I
Lipkin-Meshkov-Glick model(h, = 1) 2] 43 2/3 0 ) 1 12
Kitaev honeycomb model(J, . = 1/2) [3,4] 250 l 2 l 2+l 1/2-In
Deformed Kitaev toric model [\, = 3ln(y2+1)] [B] ~ In 1 l In 1 In
1D ARM (t, = 0.456 forn=2/3 [6] 53 2,65 . : 1 1.6
Luttinger model(A. = 1 of XXZ model) - - - - - |
Luttinger model(A. = —1 of XXZ model) ~ [7] - - : !

1.P. Zanardi and N. Paunkovic, Phys. Rev. E 74, 031123 (2006).

2.H. M. Kwok, W. Q. Ning, S. J. Gu, and H. Q. Lin, Phys. Rev. E 78, 032103 (2008).
3.S.Yang, S. J. Gu, C. P. Sun, and H. Q. Lin, Phys. Rev. A 78, 012304 (2008).

4.S. J. Guand H. Q. Lin, arXiv:0807.3491.

5.D. F. Abasto, A. Hamma, and P. Zanardi, Phys. Rev. A 78, 010301(R) (2008).

6.S. J. Gu, H. M. Kwok, W. Q. Ning, and H. Q. Lin, Phys. Rev. B 77, 245109 (2008).
7.M. F. Yang, Phys. Rev. B 76, 180403 (R) (2007).
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Summary and Discussions

* We showed that fidelity susceptibility Is a better
guantity to measure and we have investigated its
scaling behavior in three widely studied models.
Various critical exponents were obtained.

» \We showed that the fidelity susceptibility can be
used to identify the universality class of the
guantum phase transitions without a priori
knowledge of the order parameter.

* We also showed that the fidelity susceptibility can

be used to identify the topological phase transition
and found a new correlation.
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