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“Entanglement is the characteristic trait of 
quantum mechanics, the one that enforces its 
entire departure from classical lines of thought”.

Is entanglement the characteristic trait of QM?



Is QM complete?



The first paper on “quantum nonlocality”



EPR: QM is “incomplete”

According to EPR, any satisfactory physical theory must be:

(1) Correct.

(2) “Complete”.



EPR’s elements of reality

“If, without in any way disturbing a system, we can predict with 
certainty (i.e., with probability equal to unity) the value of a physical
quantity, then there exists an element of physical reality 
corresponding to this physical quantity.”



EPR’s elements of reality

“Without in any way disturbing a system” = Spacelike separation.

“Predict with certainty” = Perfect correlations.



Bohm’s version of EPR’s argument
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Bohm’s version of EPR’s argument
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• X2 and Y2 are both “elements of reality”. 

• In QM, X2 and Y2 are incompatible observables 
(Heisenberg’s uncertainty principle).

QM is incomplete (according to EPR).
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Bell’s theorem

No theory of local hidden variables (LHV) can 
reproduce QM.

It is proven either by the violation of a Bell 
inequality or by a GHZ-like example.

Any proof of Bell’s theorem is state-dependent:
It is valid only for entangled states.



Bell inequalities prove the impossibility of local realism

A (loophole-free) violation of a Bell inequality would prove the 
impossibility of local realism (R. Gill’s definition): 

(i) Realism: measurement outcomes of nonperformed
measurements can be introduced alongside of those of the 
actually performed measurements.

(ii) Locality: the measurement outcome at Alice’s station does 
not depend on Bob’s choice of setting [because they are 
space-like separated].

(iii) Freedom: Alice and Bob can perform either measurement.
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Greenberger, Horne and Zeilinger



GHZ’s proof of Bell’s theorem



Notation for single photon observables



GHZ’s proof of Bell’s theorem: Xi and Yi are ER



GHZ’s proof of Bell’s theorem: Contradiction!



Why “all-versus-nothing”?



Why “all-versus-nothing”?



Why “all-versus-nothing”?



Experimental GHZ



Problem

• Two-observer AVN proofs?



The first two-observer AVN proof

AC, PRL 86, 1911 (2001); 87, 010403 (2001).



Notation for single photon observables



Four qubits in two photons



Rome and Hefei experiments



Rome experiment 2005



Rome experiment 2005



Hefei experiment 2005



Hefei experiment 2005



Requires two-qubit measurements!



Requires two-qubit measurements!



Problem

• Two-observer AVN proof with single-qubit observables?



Two-observer AVN proof with single qubit observables



Two-observer AVN proof with single qubit observables

AC, PRL 95, 210401 (2005).



Rome experiment 2007

PRL 98, 180502 (2007).



Rome experiment 2007

PRL 98, 180502 (2007).
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Bell-CHSH inequality: Derivation
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Scenario for the Bell-CHSH inequality
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QM violates the Bell-CHSH inequality
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Bell inequalities

The use of Bell inequalities has some advantages: 

(i) Independence of QM. Follow from the assumption of 
locality (the results of local measurements are 
independent of spacelike separated events). 

(ii) Provide a testable method to experimentally exclude 
LHV.

(iii) Applications in communication complexity, 
entanglement detection, security of key distribution, 
state discrimination…



Aspect’s experiments



Loophole-free Bell experiments

So far, the results of any performed Bell experiment admitadmit an
interpretation in terms of local realistic theories. 

A loophole-free experiment would require: 

• Spacelike separation between Alice’s measurement choice 
and Bob’s measurement in order to exclude the possibility 
that Alice's measurement choice influences the result of 
Bob's measurement (locality loophole).

• Sufficiently large number of detections of the prepared 
particles in order to exclude the possibility that the 
nondetections correspond to local hidden-variable 
instructions (detection loophole).



Photons, ions… the good news

• Photons are the best candidates for closing the locality 
loophole. For instance, one can do a Bell experiment with 
pairs of polarization-entangled photons separated d = 400 m, 
which is not subject to the locality loophole (Innsbruck 98).

• Ions are the best candidates for closing the detection 
loophole. For instance, one can do a Bell experiment with 
pairs of trapped ions with a detection efficiency = 1
(Boulder 01, Maryland 08).



Photons, ions… the bad news

• Photo-detection efficiency ( = 0.05-0.33) is not high 
enough to close the detection loophole ( > 0.83 is required 
for the CHSH inequality). 

• Separation between trapped ions (d = 1 m in the Maryland 
08 experiment) is not enough to close the locality loophole 
(d > 15 km is required for the Maryland 08 experiment).



The Mermin inequality
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Scenario for the Mermin inequality

Source of GHZ
states

Analyzer 1

Analyzer 2Analyzer 3
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The Kochen-Specker theorem

No theory of noncontextual hidden variables (NCHV) can reproduce 
QM.

NCHV theories are those based on the assumption of 
noncontextuality, according to which the result of a measurement is 
independent of which other compatible observables are jointly 
measured



The KS theorem prove the impossibility of…

(i) Realism: measurement outcomes of nonperformed
measurements can be introduced alongside of those of the 
actually performed measurements.

(ii) Noncontextuality: Alice’s measurement outcome does not 
depend on Bob’s choice of measurement [assuming they 
measure compatible observables].

(iii) Freedom: Alice and Bob can perform either measurement.



The Kochen-Specker theorem



The Kochen-Specker theorem



The 18-vector proof of the KS theorem

• Each vector represents the projection operator onto the corresponding 
normalized vector. For instance, 111-1 represents the projector onto the 
vector (1,1,1,-1)/2.

• Each column contains four mutually orthogonal vectors, so that the 
corresponding projectors sum the identity.

• In any NCHV theory, each column must have assigned the answer “yes” to 
one and only one vector.

• But such an assignment is impossible, since each vector appears in two 
columns, so the total number of “yes” answers must be an even number. 
However, the number of columns is an odd number.

100-1
0110
11-11
1-111

111-1
0101
10-10
1-111

111-1
1-100
0011
11-11

1001
1-11-1
11-1-1
0110

1001
0100
0010
100-1

1000
0010
0101
010-1

1111
1-11-1
10-10
010-1

1111
11-1-1
1-100
001-1

1000
0100
0011
001-1



The 18-vector proof of the KS theorem

• Each vector represents the projection operator onto the corresponding 
normalized vector. For instance, 111-1 represents the projector onto the 
vector (1,1,1,-1)/2.

• Each column contains four mutually orthogonal vectors, so that the 
corresponding projectors sum the identity.

• In any NCHV theory, each column must have assigned the answer “yes” to 
one and only one vector.

• But such an assignment is impossible, since each vector appears in two 
columns, so the total number of “yes” answers must be an even number. 
However, the number of columns is an odd number.

100-1
0110
11-11
1-111

111-1
0101
10-10
1-111

111-1
1-100
0011
11-11

1001
1-11-1
11-1-1
0110

1001
0100
0010
100-1

1000
0010
0101
010-1

1111
1-11-1
10-10
010-1

1111
11-1-1
1-100
001-1

1000
0100
0011
001-1



The 18-vector proof of the KS theorem

• Each vector represents the projection operator onto the corresponding 
normalized vector. For instance, 111-1 represents the projector onto the 
vector (1,1,1,-1)/2.

• Each column contains four mutually orthogonal vectors, so that the 
corresponding projectors sum the identity.

• In any NCHV theory, each column must have assigned the answer “yes” to 
one and only one vector.

• But such an assignment is impossible, since each vector appears in two 
columns, so the total number of “yes” answers must be an even number. 
However, the number of columns is an odd number.

100-1
0110
11-11
1-111

111-1
0101
10-10
1-111

111-1
1-100
0011
11-11

1001
1-11-1
11-1-1
0110

1001
0100
0010
100-1

1000
0010
0101
010-1

1111
1-11-1
10-10
010-1

1111
11-1-1
1-100
001-1

1000
0100
0011
001-1



The 18-vector proof of the KS theorem

• Each vector represents the projection operator onto the corresponding 
normalized vector. For instance, 111-1 represents the projector onto the 
vector (1,1,1,-1)/2.

• Each column contains four mutually orthogonal vectors, so that the 
corresponding projectors sum the identity.

• In any NCHV theory, each column must have assigned the answer “yes” to 
one and only one vector.

• But such an assignment is impossible, since each vector appears in two 
columns, so the total number of “yes” answers must be an even number. 
However, the number of columns is an odd number.

100-1
0110
11-11
1-111

111-1
0101
10-10
1-111

111-1
1-100
0011
11-11

1001
1-11-1
11-1-1
0110

1001
0100
0010
100-1

1000
0010
0101
010-1

1111
1-11-1
10-10
010-1

1111
11-1-1
1-100
001-1

1000
0100
0011
001-1



The 18-vector proof of the KS theorem

• Each vector represents the projection operator onto the corresponding 
normalized vector. For instance, 111-1 represents the projector onto the 
vector (1,1,1,-1)/2.

• Each column contains four mutually orthogonal vectors, so that the 
corresponding projectors sum the identity.

• In any NCHV theory, each column must have assigned the answer “yes” to 
one and only one vector.

• But such an assignment is impossible, since each vector appears in two 
columns, so the total number of “yes” answers must be an even number. 
However, the number of columns is an odd number.

100-1
0110
11-11
1-111

111-1
0101
10-10
1-111

111-1
1-100
0011
11-11

1001
1-11-1
11-1-1
0110

1001
0100
0010
100-1

1000
0010
0101
010-1

1111
1-11-1
10-10
010-1

1111
11-1-1
1-100
001-1

1000
0100
0011
001-1



The 18-vector proof of the KS theorem

• Each vector represents the projection operator onto the corresponding 
normalized vector. For instance, 111-1 represents the projector onto the 
vector (1,1,1,-1)/2.

• Each column contains four mutually orthogonal vectors, so that the 
corresponding projectors sum the identity.

• In any NCHV theory, each column must have assigned the answer “yes” to 
one and only one vector.

• But such an assignment is impossible, since each vector appears in two 
columns, so the total number of “yes” answers must be an even number. 
However, the number of columns is an odd number.

100-1
0110
11-11
1-111

111-1
0101
10-10
1-111

111-1
1-100
0011
11-11

1001
1-11-1
11-1-1
0110

1001
0100
0010
100-1

1000
0010
0101
010-1

1111
1-11-1
10-10
010-1

1111
11-1-1
1-100
001-1

1000
0100
0011
001-1



The 18-vector proof of the KS theorem
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State-dependent inequalities for NCHV

There are inequalities that are based only on the assumption
of noncontextuality, in the same way that the Bell inequalities are
based only on the assumption of locality.

These inequalities have the advantage of providing a testable 
method to experimentally exclude any alternative description based 
on NCHV.



State-independent inequalities?

However, the fact that all these new inequalities are
state-dependent, while the proofs of the KS theorem are
state-independent, has been recently described as “a drawback”. 

A natural question is the following: Given a physical system
described in QM by a Hilbert space of dimension d (i.e., a physical 
system admitting d compatible dichotomic observables), is it 
possible to derive experimentally testable Bell-like correlation 
inequalities using only the assumption of noncontextuality, such that
any quantum state violates them?



First inequality



State-independent violation



First inequality
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Particular cases of the second inequality



Third inequality
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Particular case of the third inequality



Is it universal?



Conclusions



How can these inequalities be tested?



Experimental state-independent violation
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Can it be tested in different physical systems?

Polarization and path of single photons? Yes

Spin and path of single neutrons? Partially, H. 
Bartosik et al.

Ions?

Other systems?



Loopholes?

Locality loophole? No

Detection loophole? Yes

New loopholes? Yes: Compatibility loophole



Collaborators


