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From each q� q unitary matrix �, we construct a family of quantum codes
Ctð�Þ, t� 1, for q-state systems which encode (2tþ 1)2 q-states into one
q-state. We show that such codes are capable of correcting the errors of
weight up to t if and only if � is a complex Hadamard matrix.

Keywords: complex Hadamard matrix; quantum code

1. Introduction

Since Shor’s discovery of the 9-qubit code [13] which is capable of correcting single-
qubit errors in quantum communication, much research has been done on quantum
error correcting codes. Although most of the efforts are concentrated on binary
codes, non-binary codes also attract more interest, both for applications and
for further theoretical developments. Ashikhmin and Knill [1], Matsumoto and
Uyematsu [9] and Parthasarathy [11] constructed quantum codes for pm-state
systems (p a prime), while Bierbrauer and Edel [3] developed constructions using
twisted BCH-codes.

In this article, we construct quantum codes for q-state systems using q� q unitary
matrices. The idea came from the construction of Shor’s 9-qubit code.

In his original construction, Shor used the repetition of the states
jv1 i ¼

1ffiffi
2
p j000 i þ 1ffiffi

2
p j111 i and jv2 i ¼

1ffiffi
2
p j000 i � 1ffiffi

2
p j111 i in ðC2

Þ
�3 to correct the

single qubit errors introduced by the environment. Observe that the transition matrix

between the set of vectors {j000i, j111i} and fjv1 i, jv2 ig is the unitary matrix
1ffiffi
2
p 1ffiffi

2
p

1ffiffi
2
p �1ffiffi

2
p

� �
,

which is usually referred to as a Walsh–Hadamard matrix.

A natural way of generalizing the idea is to use unitary matrices coupled with
repetitions to construct q-state quantum codes. Take a q� q unitary matrix � ¼ ð’ijÞ
with q� 2. For t� 1, consider the vector space Ctð�Þ generated by the states

j�
ðtÞ
i i � j�

ðtÞ
i i � � � � j�

ðtÞ
i i|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

2tþ1

, 1� i� q, where each j�
ðtÞ
i i ¼

Pq
j¼1 ’jij ii � � � i|fflffl{zfflffl}

2tþ1

i2ðC
q
Þ
�2tþ1.

Can this code do what we are hoping it will do, namely, correct quantum errors, and
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if so, how good is it? We will see that, in Theorem 2.2, the code Ctð�Þ can correct
quantum errors if and only if � satisfies

k’ijk
2 ¼

1

q
for all i, j2f1, . . . , qg : ð1Þ

For a quantum code C with an orthonormal basis fj1 i, . . . , jk ig, the distance d of
C is defined to be the minimum weight of the error operators E such that

hijEj j i 6¼ cE�ij ð2Þ

for some ji i and j j i, where cE 2 C is a constant (cf. [12, Section 7.3.1]). We say that
a quantum code for a q-state system with length n, k encoded q-states and distance
d is an [[n, k, d ]]q quantum code. Such a code can correct an error of weight
�1

2 ðd� 1Þ. In our case, Ctð�Þ is an [[m2, 1,m]]q quantum error correcting code.
Note that unitary matrices satisfying condition (1) exist in abundance. Recall that

a q� q matrix H is called a (complex) Hadamard matrix if the entries of H are the
roots of unity andHyH¼ qIq, where Iq is the q� q identity matrix andHy denotes the
Hermitian conjugate of H [15]. Hadamard matrices which appear in combinatorial
design theory have entries of either 1 or �1, and are called real Hadamard matrices.
In the real case, it is known that q is either 2 or is divisible by 4 [14, Theorem 2.2.3].
But in general, i.e. when the roots of unity other than �1 are allowed, q can be any
integer �2. Now, if H is a Hadamard matrix, then � ¼ 1ffiffi

q
p H is a unitary matrix

satisfying condition (1), which can be used to construct a series of quantum error
correcting codes. Shor’s construction comes about naturally within this framework.

Shor’s 9-qubit code can also be described by using stabilizer codes [4]. However,
our construction does not yield stabilizer codes in general (Remark 3.1(2)). The
proof of Theorem 2.2 gives another insight to how these codes work.

In the next section, we set up the notation, describe our code and state our main
theorem. We first prove the case of weight t¼ 1, and the general construction then
follows.

We note that for any q� 2, q� q unitary matrices satisfying condition (1) are
abundant. In fact, for q� 2, let ! ¼ e2�i=q, and set ’st ¼

!stffiffi
q
p for s, t2 {1, 2, . . . , q}.

Then � ¼ ð’stÞ is a unitary matrix satisfying the condition (1). Such matrices are
often referred to as Fourier matrices, and are used in discrete Fourier transform.

Finally, complex Hadamard matrices have been used in quantum information to
construct nice error bases, to study mutually unbiased bases, in solving Mean King
Problems or to construct quantum designs (cf. [2,5–7]). Beside Fourier matrices,
there are many other complex Hadamard matrices. A nice catalogue of them with
a good pointer to various references can be found in [17].

2. The machine

Start with the vector space C
q over the complex numbers C of dimension q� 2. For

any integer t� 1 we introduce tensor spaces V ¼ ðCq
Þ
�ð2tþ1Þ (i.e. the tensor product

of C
q with itself 2tþ 1 times) and H ¼V�ð2tþ1Þ.
Let fj1 i, j2 i, . . . , jq ig be an orthonormal basis of C

q with respect to the usual
Hermitian inner product. Thus hi j j i ¼ �ij. The tensor product of the vector ji i with
itself 2tþ1 times will be denoted by ji ðtÞi.

2 W.F. Ke et al.
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To a given q� q complex matrix � ¼ ð’ijÞ, we associate the following vectors

in V :

j�
ðtÞ
j i ¼

Xq
i¼1

’ijji
ðtÞi, j ¼ 1, 2, . . . , q: ð3Þ

Then we take tensor product to get the vector

j�
ðtÞ
j �

ðtÞ
j � � ��

ðtÞ
j|fflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflffl}

2tþ1

i ¼ j�
ðtÞ
j i � j�

ðtÞ
j i � � � � � j�

ðtÞ
j i|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

2tþ1

in H. Finally, set

Ctð�Þ :¼
Mq
j¼1

Cj�
ðtÞ
j �

ðtÞ
j � � ��

ðtÞ
j|fflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflffl}

2tþ1

i: ð4Þ

This subspace Ctð�Þ of H will be our code.

Definition 2.1 By a q� q generalized Hadamard matrix we mean a unitary matrix

� ¼ ð’ijÞ satisfying condition (1).

Let T denote the set of operators on H of the form U1 �U2 � � � � �U
ð2tþ1Þ2 ,

where all the q� q matrices Uj are the identity matrix except for at most t of them.

Let E be the subspace of the algebra EndðHÞ of linear operators onH spanned by T.

Therefore, E consists of all possible error operators of weight at most t in EndðHÞ.
We can now state our theorem.

THEOREM 2.2 The q-dimensional subspace Ctð�Þ of H is a quantum code, which can

correct all the errors of weights up to t given in E if and only if � is a generalized

Hadamard matrix.

3. The proof

Let H be a finite-dimensional Hilbert space over the complex numbers. If C is

a subspace of H, we write PC for the projection operator from H to C. Let E be

a subspace of the algebra EndðHÞ of endomorphisms on H. According to

Knill–Laflamme ([8, Theorem III.2], [10, Theorem 10.1], [4, Section 3,

Theorem 3]), the subspace C of H is a quantum error correcting code capable of

correcting the errors in E if and only if for any E and F in E there exists a complex

number c(E,F ) such that

PCEF
yPC ¼ cðE,F ÞPC: ð5Þ

Here Fy denotes the adjoint of F defined with respect to the inner product of the

Hilbert space H.
Thus, Theorem 2.2 is equivalent to the statement that the condition (5) is satisfied

if and only if the condition (1) holds.
To make our arguments easier, we shall first prove the case of t¼ 1 before we

tackle the general case.

Linear and Multilinear Algebra 3
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3.1. Weight 1 case

In this section t¼ 1. V is now the vector space ðCq
Þ
�3 and H ¼ ðCq

Þ
�3
� ðC

q
Þ
�3
�

ðC
q
Þ
�3. These vector spaces are equipped with natural Hermitian inner products.
Let � ¼ ð’ijÞ be a q� q unitary matrix, that is, � satisfies �y� ¼ Iq, where Iq is

the identity matrix and �y is the Hermitian conjugate of � in the complex
algebra EndðCq

Þ of endomorphisms on C
q. We put j�i i ¼

Pq
j¼1 ’jij jjj i 2 ðC

q
Þ
�3 for

i¼ 1, 2, . . . , q. Then h�ij�j i ¼ �ij for all i and j and so fj�i i, 1 � i � qg forms another
orthonormal basis of the subspace 	

q
i¼1Cjiii i of V. Our code space determined by

� is now the following q-dimensional subspace of H :

Ctð�Þ ¼ 	
q
i¼1Cj�i i � j�i i � j�i i:

Let P : H! Ctð�Þ be the projection operator. Then P can be expressed as

P ¼
Xq
i¼1

j�i�i�i ih�i�i�ij

¼
Xq
i¼1

j�i ih�ij � j�i ih�ij � j�i ih�ij:

Let T denote the set of operators on H of the form

X ð�Þ ¼ 1�ð��1Þ � X� 1�ð9��Þ, ð6Þ

where �¼ 1, 2, . . . , 9 and X 2 EndðCq
Þ. The error space E is the vector space spanned

by T. Then

E ffi EndðCq
Þ 	 EndðCq

Þ 	 � � � 	 EndðCq
Þ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

9

:
ð7Þ

3.1.1. Proof of Theorem 2.2 in the case t¼ 1

Let Eij stand for the q� q matrix unit having 1 at the (i, j) position and 0 elsewhere.
In order to prove the theorem, it suffices to consider the error operators of the form
(in the notation of Equation (6))

E ¼ E
ð�Þ
ij , F ¼ E

ð�Þ
kl

for �,�2 {1, 2, . . . , 9} and i, j, k, l2 {1, 2, . . . , q}. We shall write E
ð�Þ
ij as a triple tensor

product of operators inEndððCq
Þ
�3
Þ, e.g.

E
ð1Þ
ij ¼ ðEij � 1� 1Þ � ð1� 1� 1Þ � ð1� 1� 1Þ,

E
ð4Þ
lk ¼ ð1� 1� 1Þ � ðElk � 1� 1Þ � ð1� 1� 1Þ:

We also introduce the ceiling function d�e defined for any non-negative real
number r by setting d r e to be the smallest positive integer �r.

We remind ourselves that in the condition (5) the adjoint y means to take the
conjugate linear anti-involution on EndððCq

Þ
�9
Þ defined by

X1 � X2 � � � � � X9 �Xy1 � Xy2 � � � � � Xy9,

where each Xi is a q� q matrix.

4 W.F. Ke et al.
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There are three cases to be discussed depending on the values of � and �. First,
suppose that d�/3e 6¼ d�/3e. We have

PEF yP ¼
X
s

h�sjEij � 1� 1j�s ih�sjElk � 1� 1j�s i

�
�
j�s ih�sj � j�s ih�sj � j�s ih�sj

�
: ð8Þ

Some remarks are given below. Note that the values of h�sjEij � 1� 1j�s i and

h�sjElk � 1� 1j�s i are independent of the positions of the matrix units, namely,

for all i, j,

h�sjEij � 1� 1j�s i ¼ h�sj1� Eij � 1j�s i ¼ h�sj1� 1� Eijj�s i:

We have already used this fact in deriving the formula (8) for PEFyP, and shall use

it later without further explanation. Now

h�sjEij � 1� 1j�s i ¼ �ij’is’is,

and using this in (8) we arrive at

PEF yP ¼ �ij�lk
X
s

ws,ik

�
j�s ih�sj � j�s ih�sj � j�s ih�sj

�
,

where ws,ik ¼ ’is’is’ks’ks. Now PEFyP is proportional to P if and only if ws,ik is

s-independent. This is equivalent to the condition that there exists some positive real

number �i such that

’is’is ¼ �i for all s:

As � is a unitary matrix, we see that �i ¼ 1=q for all i, that is,

’is’is ¼
1

q
, for all s. ð9Þ

Next, suppose that �¼ �. Then

PEF yP ¼ �jl�ik
X
s

’is’is
�
j�s ih�sj � j�s ih�sj � j�s ih�sj

�
:

Finally, suppose that d�/3e¼ d�/3e and � 6¼�. We have

PEF yP ¼
X
s

h�sjEij � Elk � 1j�s i
�
j�s ih�sj � j�s ih�sj � j�s ih�sj

�
¼ �ij�kl

X
s

’is’is
�
j�s ih�sj � j�s ih�sj � j�s ih�sj

�
:

We easily see that in both cases, the condition (9) is necessary and sufficient to render

PEFyP proportional to P. This completes the proof. g

Remark 3.1 For any q� q matrices X and Y, we denote by E either X�Y� I,

X� I�Y or I�X�Y. Then

hiiijEj jjj i ¼ �ijhijXj j ihijYj j i, 8i, j:

We consider the vectors jiiii instead of jiii, precisely because of this property. For it

may happen that hiijX� Yj jj i 6¼ 0 even when i 6¼ j.
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3.2. Weight t41 case

Now we take t to be an arbitrary (but fixed) positive integer, and return to the set-up

of Section 2.

Proof The projection P from Ctð�Þ to H can be expressed as

P ¼ P1 þ P2 þ � � � þ Pq,

where

Pi ¼ j�
ðtÞ
i ih�

ðtÞ
i j � j�

ðtÞ
i ih�

ðtÞ
i j � � � � � j�

ðtÞ
i ih�

ðtÞ
i j|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

2tþ1

ð10Þ

satisfies the relations Pi Pj¼ �ijPi.
First, assume that Ctð�Þ can correct the errors in E. Then for every pair E,F 2 E

there exists a constant cðE,F Þ 2 C such that

PEF yP ¼ cðE,F ÞP: ð11Þ

Consider E ¼ F ¼ E
ð1Þ
kl ¼ Ekl � 1� � � � � 1|fflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflffl}

2tþ1

2 T. Then EF y ¼ E
ð1Þ
kk , and so

PEF yP ¼
X
s,r

PsEF
yPr ¼

X
s

PsE
ð1Þ
kkPs:

For every s¼ 1, 2, . . . , q, we have

PsE
ð1Þ
kkPs ¼ h�

ðtÞ
s jEkk � 1� � � � � 1j�ðtÞs iPs ¼ ’ks’ksPs:

Therefore, ’ks’ks ¼ cðE,F Þ for all k, s2 {1, 2, . . . , q}. This means that j’ksj
2 is a

constant for all k, s2 {1, 2, . . . , q}. As � is a unitary matrix, j’ksj
2 ¼ 1

q for all k and s.
Conversely, we assume that � is a generalized Hadamard matrix. Take arbitrary

E,F 2 T, and write

E ¼ U1 �U2 � � � � �U2tþ1, F ¼ V1 � V2 � � � � � V2tþ1,

where Uk,Vl 2 EndððCq
Þ
�ð2tþ1Þ

Þ. We can express EFy as

W1 �W2 � � � � �W2tþ1, ð12Þ

where Wk ¼ UkV
y

k. It is crucial to note that at most t of the Ui (resp. Vj) are not the

identity operators on ðCq
Þ
�ð2tþ1Þ. Therefore, at least one of the Wk is the identity

operator on ðCq
Þ
�ð2tþ1Þ. By using (10) for each Pi, we easily see that

PEF yP ¼
Xq
i, j¼1

PiEF
yPj ¼

Xq
i¼1

PiEF
yPi,

and

PiEF
yPi ¼ h�

ðtÞ
i jW1j�

ðtÞ
i ij�

ðtÞ
i ih�

ðtÞ
i j � � � � � h�

ðtÞ
i jW2tþ1j�

ðtÞ
i ij�

ðtÞ
i ih�

ðtÞ
i j

¼
Y2tþ1
l¼1

h�
ðtÞ
i jWlj�

ðtÞ
i i

 !
Pi:

6 W.F. Ke et al.
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Now we observe that Wl can be written as W11�Wl2� ��Wlm with at least one of
the operator Wlj (acting on C

q) being the identity operator. As � satisfies (1),
h�
ðtÞ
i jWlj�

ðtÞ
i i is independent of i, and so is also the coefficient

Q2tþ1
l¼1 h�

ðtÞ
i jWlj�

ðtÞ
i i.

Hence

PEF yP ¼ P
Y2tþ1
l¼1

h�
ðtÞ
i jWlj�

ðtÞ
i i:

This completes the proof. g

Remark Note that the function c : E� E! C defines a sesquilinear form, namely,
c is linear in the first variable and conjugate linear in the second.

4. Conclusions

We have shown that given any q� q generalized Hadamard matrix, one can
construct a family of quantum codes C from a q-state system, which are capable of
correcting arbitrary errors of weights up to t. In this construction, qn ¼ dimH ¼
qð2tþ1Þ

2

and qk ¼ dimC ¼ q. Suppose that E,F 2 E are the errors of weight tþ 1.
Then, when expressed as in the form (12), it is possible that none of the Wk’s is the
identity operator on ðCq

Þ
�ð2tþ1Þ. In this case, the arguments used in the proof of

Theorem 2.2 break down. Hence the minimal distance d of the code Ctð�Þ is less
than 2(tþ 1). On the other hand, d is at least 2tþ 1. Therefore, d¼ 2tþ 1 and so C is
a ½½ð2tþ 1Þ2; 1; 2tþ 1��q quantum code. It is clear that we recover from the above
construction the 9-qubit code of Shor [13] as a special case by using the Hadamard
matrix 1ffiffi

2
p 1 1

1 �1

� �
.
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