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Abstract In this paper, some necessary and sufficient optimality conditions for the
weakly efficient solutions of vector optimization problems (VOP) with finite equality
and inequality constraints are shown by using two kinds of constraints qualifications
in terms of the MP subdifferential due to Ye. A partial calmness and a penalized
problem for the (VOP) are introduced and then the equivalence between the weakly
efficient solution of the (VOP) and the local minimum solution of its penalized prob-
lem is proved under the assumption of partial calmness.
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1 Introduction

Let R! and R’ be the I-dimensional and L-dimensional Euclidean spaces, respec-
tively, where I and L are given positive integers. In this paper, all vectors are column
vectors and the superscript 7' denotes the transpose. For any positive integers a > b,
let [a,b] ={a,a +1,...,b}. Denote by R and intR% the nonnegative orthant of
RL and the interior of Ri, respectively. Then, the order and weak order in RL can be
defined by respectively

X<y <— y—xeRi, XLy <— y—xgéRL, Vx,yeRL,
and
y<x << y—xe—intR_’r_, y£x < y—x¢—intRi, Vx,y € RE.

Let X be a Banach space. In this paper, we consider the following vector opti-
mization problem with finite equalities and inequalities constraints:

(VOP) min F(x),
sit. uj(x)<0, iell,m],
vj(x)=0, jel[l,n],

where F = (f1,..., fu)T : X > R, u;: X >R (G e[l,m)andv;: X > R (j €

[1, n]) are functions and m, n are given nonnegative integers. In the case where m =0
or n = 0, there are no explicit constraints of the above type. We can rewrite (VOP) as

(VOP) min F(x),
s.t.  u(x) <0,
v(x) =0,
where u = (u1,u2,...,um)T : X - R™ and v = (v, v2, ..., un)T : X — R". We
denote by
K={xeX:ux)<0,vj(x)=0,i e[l,m], j €[1,n]}
={xeX:ulx)<0,v(x)=0}
the feasible set of (VOP) and, for any feasible solution x* € K, by M(x*) = {i €
[1,m] : u; (x*) = 0} the index set of the binding constraints. Recently, many authors
have studied (VOP) under some different conditions. See e.g. [1-8]. It is well known
that set-valued optimization is different from (VOP), even though one can claim that

(VOP) is a special case of set-valued optimization.
A vector x* € K is an efficient solution to (VOP) if and only if

F(x*)<F(y), VyekKk,
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or equivalently,
VyeK, VIie[l,L]: fi(y)— fi(x*) >0.
A vector x* € K is a weakly efficient solution to (VOP) if and only if
F(y) £F(x"), VyeKk,
or equivalently,
VyekK, 3l,ell,L]: fi,(y) - fi,(x*) >0.

Obviously, an efficient solution implies a weakly efficient solution.

If F = f, then (VOP) reduces to the classical optimization problem (COP).

If X =R and F(x) = (c]x,...,c x)T for all x € R, then (VOP) collapses to
the multicriteria linear programming problem (MCLP, [9]) where ¢; € R! for each
lell,L].

We denote by E,, and E the set of all weakly efficient solutions and the set of all
efficient solutions to (VOP), by S, and S the set of all weakly efficient solutions and
the set of all efficient solutions to (MCLP), respectively. It is clear that £ C E,, and
S C Sy . In this paper, we always assume that E,,, E, S, and S are nonempty.

It is well known that both differentiability and Lipschitz continuity play an impor-
tant role in establishing the optimality conditions for (COP). See [10-17]. Recently,
Ye [18] studied (COP) with equality and inequality constraints on a Banach space
where the objective and the binding constraints are either differentiable at the min-
imum solution or Lipschitz near the minimum solution, and derived necessary and
sufficient optimality conditions and constraint qualifications in term of the Michel-
Penot subdifferential. Ye, Zhu and Zhu [19] showed the equivalence between partial
calmness and local exact penalization for (COP) with equality and inequality con-
straints.

The main goal of the present paper is to derive necessary and sufficient optimality
conditions, partial calmness and the penalized problem for (VOP). The paper is or-
ganized as follows. By using the nondifferentiable Abadie constraints qualifications
(ACQ) and generalized Zangwill constraints qualifications (ZCQ) in terms of the
Michel-Penot subdifferential due to Ye [18], we derive necessary and sufficient opti-
mality conditions for the weakly efficient solutions of (VOP) and (MCLP) with finite
qualities and inequalities constraints in Sect. 2. In Sect. 3, we introduce notions of
partial calmness and the penalized problem for (VOP) and then establish the relation-
ship between the weakly efficient solution of (VOP) and the local minimum solution
of the penalized problem of (VOP) under the assumption of the partial calmness.

2 Optimality Conditions for (VOP)

In this section, by using the nondifferentiable Abadie constraints qualifications (CQ)
and the generalized Zangwill constraints qualifications (CQ) in terms of the Michel-
Penot subdifferential [15, 16], we derive necessary and sufficient optimality condi-
tions for the weakly efficient solutions of (VOP) and (MCLP) with finite equality and
inequality constraints.
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Let X, Y be Banach spaces, let X* be the dual space of X. We recall first some
definitions which are needed in our main results.

Definition 2.1 Let/s: X — R,and x € X.
(1) h: X — R is said to be quasiconvex at x if, for any x € X,
hx) <h@X), O0<t<l = h((l-0x+1x)=<h(X).

(ii) h is said to be Lipschitz near (or around) X if there exist constants 8, 6, > 0 such
that

|h(x) = h(M] <Opllx —yll,  Vx,y € B(X,9),

where 6y, is the Lipschitz constant and B(X, ) is the open ball with center X and
radius §.

It is clear that the convexity of /& implies its quasiconvexity and that, if 4 is Lip-
schitz near x, then it is Lipschitz continuous at X.

Normal cones, contingent cones and cones of feasible directions are defined as
follows.

Definition 2.2 Let Q2 be a closed subset of X and x € Q. The normal cone Nq(x) of
Q at x is given by

No(®)={x"e X*: (x*,x — %) <0, Vx € Q).

Definition 2.3 Let Q C X and x €cl2. The contingent cone of € at X is the closed
cone defined by

ToX)={z€X:3t, 10,2, > z, s.t. X + 1,2, € Q, Vn}.

Definition 2.4 Let Q C X and x ecl2. The cone of feasible directions of  at x is
given by

Do(X)={z€X:36 >0, s.t. x +1z€ 2, Vt € (0,9)}.

Based on the normal cone, the subdifferential and singular subdifferential of a
proper lower semicontinuous and convex function are defined as follows.

Definition 2.5 Let 2 : X — R U {4-00} be a proper lower semicontinuous and con-
vex function. Denote doms = {x € X : h(x) < 400} and epih = {(x,f) € X X R :
h(x) < t}. The subdifferential and singular subdifferential of 4 at x € dom & are re-
spectively the sets

Oh(X) ={x* € X*: (x*, —1) € Nepin (X, h(X))}
and

I®R(R) = (x* € X*: (x*,0) € Nepin (R, h(®))}.

@ Springer



J Optim Theory Appl (2009) 142: 323-342 327

Clearly,
dh(X)={x"e X*: (x*,x — %) <h(x) —h(x), Vx € X}
and
3°h(X) = Ngomp (%), Oh(X) = 0%Ch(X) + 0h(x).

It is well known that (Theorem 1 of [20], Theorem 2.1 of [21]), if & is lower semicon-
tinuous, then 3°°h(x) = {0} is necessary and sufficient for & being Lipschitz near x.

We now recall some definitions of the usual derivatives.

Definition 2.6 Let 7 : X — Y, and x € X. The usual directional derivative of 4 at x
in the direction d € X is given by

h(x +td) — h(x
h/(i, d) =1lim M
t10 t
when this limit exists. We say that & is Gateaux differentiable at x if there is Dh(X) €
L(X,Y) such that, for every d € X, h/(x,d) = (Dh(x), d), where L(X,Y) denotes
the space of continuous linear operators from X to Y and (-, -) denotes the pairing.
h is said to be Fréchet differentiable at x if Dh(x) € L(X, Y) and the convergence in
h(x +td) —h(x
W@ d) =lim "ED T 6y ay
t0 t
is uniform with respect to d in bounded sets.
It is obvious that the Fréchet differentiability implies the Gateaux differentiability.
The following MP directional derivative and MP subdifferential were first investi-
gated by Michel and Penot.

Definition 2.7 MP Subdifferential [15]. Let #: X — R, and x € X. The MP direc-
tional derivative of & at X in the direction d € X is defined by

h° (%, d) = suplimsup hE +1(d+2) —hE +12)
zeX t]0 t

and the MP subdifferential of & at X is defined by
°h(X) ={x* e X*: (x*,d) <h®°(X,d), Vd € X}.

Recall that the upper Dini directional derivative of 2 : X — R at X € X in the
direction d € X is defined by

h(x +td) —h(x
W, (8. d) = limsup 1D = hCO).
t0 t
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Clearly, ', (X,d) < h°(%,d).

From above definition, one has that A°(x, 0)=0. It is clear that the MP subdif-
ferential is a natural generalization of the Gateaux derivative. When £ is Géteaux
differentiable at X, h°(x,d) = h'(X,d) and 9°h(x) = {Dh(x)}; see [15]. If & is con-
vex, then the MP subdifferential coincides with the subdifferential in the sense of
convex analysis. Moreover, if 4 is linear, then from above definition, one has that
h°(x,d) = h(d) forany x,d € X.

Based on the MP directional derivative, Ye [18] introduced the following concepts
of MP regularity and the MP pseudoconvexity.

Definition 2.8 (See [18]) Leth: X — R,and x € X.

(i) MP regularity: & is MP regular at x € X if the usual directional derivative h'(X, d)
exists and 1/ (x,d) = h®°(x,d) forall d € X.

(ii) MP pseudoconvexity: & : X — R is said to be MP pseudoconvex at X € X if, for
any x € X,

RPEx—3)>0 = h(x)>h@).

Remark 2.1 1t is clear that, if A : X — R is linear, then it is MP pseudoconvex at
any x € X. In fact, note that the linearity of & implies that 4°(x, d) = h(d) for any
x,deX.

The following properties of the MP directional derivative and the MP subdifferen-
tial are useful.

Lemma 2.1 (See [15, 16, 22]) Let x € X and let h, f : X — R be either Gateaux
differentiable at x at X or Lipschitz near x. Then, the following statements are true:

(i) The function d — h°(x,d) is finite, positively homogeneous, and subadditive

on X.

(ii) For any scalar t, 3°(th)(x) = t3°h(x); for every d € X, h®(X,—d) =
(—h)°(x,d).

(i) 9°(h+ f)(X) C°h(X)+0° f(X) and (h+ f)° R, d) <h®(X,d)+ f°(X,d), for
all d € X. If in addition both h and f are MP regular at X, then < becomes =.

(iv) 3°h(x) is a nonempty, convex and weak*-compact subset of X* and, for every
deX,h® X, d) =maxgscyops) (E*, d).

(v) If % is a local minimum solution of h, then 0 € 3°h(x) and h®(x,d) > 0 for all
deX.

Based on the MP directional derivative and the MP subdifferential, we next define
the MP directional derivative and the MP subdifferential of vector-valued functions
as follows.

Definition 2.9 Let F = (f1,..., f1) : X — R’ and % € X. The MP directional
derivative of F at X in the direction d € X is defined by
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Fo(x,d)=(ff(x,d),. ..,ff(}?,d))T

< . fiE+1(d+2)— fiE+12)
= ( sup limsup e
zeX t]0 t
: fL(£+t(d+z))—fL(£+tZ)>T
sup lim sup
€X 110 t

and the MP subdifferential of F at X is given by

PFE) = =0 oDl e X x x X*: ((xF, d), ..., (xF,d))
L
< F°(%,d), Vd € X}
== x)T e X xx XFixf e d° fi(R), VI e[l, L))
L
=09°f1(X) x -+ x 3° fL(X).

Similarly, we can define the MP pseudoconvexity of vector-valued functions.

Definition 2.10 A function F = (fi, ..., fL)T - X — RL is said to be MP pseudo-
convex at X € X if, for any x € X,

FeR,x—%) 40 = Fx) £F@®).

Remark 2.2 If F = (fl,...,fL)T : X — RL reduces to h: X — R, then De-
finition 2.9 collapses to Definition 2.7; also the MP pseudoconvexity of F =
(fi,..., fu)T in Definition 2.10 becomes that in (ii) of Definition 2.8. Moreover,
if f; (I €[1,1]) is linear, then

FeR,x—2)=(ffGEx—=2),..., ff&x—x2)nT
= (file =8, frx =)'
= (i) = fil®). .o L) = [N
thus, F = (f1, ..., fL)T is MP pseudoconvex at any X € X.
The following properties of the MP directional derivative and the MP subdifferen-

tial of a vector-valued function generalize and extend those of a real-valued function
in Lemma 2.1.

Proposition 2.1 Let X € X and let F = (f1,..., f1).H = (hy,...,h)T :
X — RL. Let fi. by (L € [1, L)) be either Gdteaux differentiable at X or Lipschitz
near x. Then, the following statements hold.:

(i) The vector-valued function d — F°(x, d) is finite, positively homogeneous, and
subadditive on X.

(ii) For any scalar t, 3°(tF)(x) = td°F(x); for every d € X, F°(x,—d) =
(=F)°(x,d).

@ Springer



330 J Optim Theory Appl (2009) 142: 323-342

(iii) (F+ H)°(x,d) < F°(x,d)+ H®(x,d), foralld € X.
(iv) 0°F(X) is a nonempty, convex and weak*-compact subset of X* x --- x X*; for
—_——

L
everyd € X, F*(&,d) = (maxg; cgo fy 1) (67 ). ... maXezeqo g, 1) (€, DT
(V) If X is a weakly efficient solution of F on X, i.e., if F(x) £ F(x) forall x € X,
then F°(Xx,d) £ 0 foralld € X.

Proof (i) Since

I1F° (&, d)ll =\/(ff()?,d))2+~--+(ff(1?,d))2,

and d — f°(%,d) (I €[1, L)) is finite (from (i) of Lemma 2.1), sois d = F°(X,d).
For any t > 0, d, d;, d; € X, it follows from the positive homogeneity and subaddi-
tivity of f,°(X, -)([1, L]) (see (i) of Lemma 2.1) that

Fo&,td) = (f{ R, td), ..., f7 &, td)T
= (tf{ R, d), ..., tff &, d)T
=1(fL R, d),..., ffE )T
=1F°(%,d)
and
FOR,di+dy) = (ff &, di+da),...., [{R.di +d))

<SPG A+ LR do), .o, fPGLdD + R do)T

= (SR, d), - fLE AT + (LG o), fE )T

=F°@&,d)+ F°(X,do),

which implies that d — F°(x, d) is positively homogeneous and subadditive on X.
(ii) Conclusion (ii) of Lemma 2.1 implies that, for any scalar ¢,

0°UF)(R) = 0°(tf1)R) x -+ x 0°(1fL)(R)
=1(0°fi(X) x --- x 3° fL (X))
=19°F (%)
and, forevery d € X,
FO@R,—d) = (ff &, —d),..., [ &, —d)T"
= (=f)°GE,d), ..., (= f)° &, d)"
=(—F)°x,d).
(iii) For any d € X,

(F+H)®®,d)=((fi+h)°R,d), ..., (fL +hp)° & d)’
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< (ff@E d)+hSE, ), ..., [ d)+hS &, d)T
=(ffEd), ..., [fERANT + (SR, ), ..., hS R, d)T
= F°QX,d)+ H°(%,d);

this follows from (iii) of Lemma 2.1.

(iv) Since for each [ € [1, L], 3° f;(X) is a nonempty, convex and weak*-compact
subset of X* and since for every d € X, f°(%,d) = maxg«cjo f,(5)(5%, d), it is easy
to see that property (iv) holds.

(v) Let x be a weakly efficient solution of F on X, i.e., F(x) # F(x) forall x € X.
Then,

F(x) — F(%) € R*\(~intRY), VxeX,

which implies that, for any d € X and ¢ € (0, 1),

(floe +td) — fi(®) fL@ +1td) — fLoe))T

L)

t t
_ F@E+1td) - F(X)
t
€ RU\(—intRY).

We declare that

A N A A\ T
<limsup fid+id) = 1®) ,...,limsup fiG4id) — i (x)) S RL\(—intRi).

10 t 140 t
In fact, if
trtd) — fi(& R rtd) — L\
<lim sup ik +td) - fi (x)’ ..., limsup fix +1d) fL(x)) € —intRJLr
110 t 110 t

for some d € X, then

. fi(X +td) — fi(X)
1m sup <
t0 t

0, Viell,L];

hence, foreach/ €[1, L],
Jilk +1d) — fi(¥) <0,
for t > 0 small enough. Therefore,
FG+1d) = F() = (A +1d) = fi(®), ... fL@ +1d) = fr ()" <0,

for ¢ > 0 small enough, which contradicts the assumption that x is a weakly efficient
solution of F on X. Since 0 € X, by the MP directional derivative of F at x, one has

x +1(d — r 4t
F°(£,d)=(sup1imsup ik +id+2) - ik + z)“
zeX t]0 t

ey
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. fLGE+td+2)— fLGE+ tz))T
sup lim sup
z€X 110 t
_ (1- AGHd) — i@ fL@+1d) - fLo%))T
> | limsup ,...,limsup
110 t 110 t
and thus
F°(%,d) € R™\(—intR}),
i.e., F°(x,d) # 0, which yields the desired conclusion. O

We now establish some relationships between the MP pseudoconvexity of a vector-
valued function and the MP pseudoconvexity of each of its components.

Proposition 2.2 Let £ € X and F = (f1, ..., fu)T : X — RL. Consider the follow-
ing statements:

(1) f7 is MP pseudoconvex at x for eachl € [1, L].
() F=(f1,..., fr)T is MP pseudoconvex at .
(iii) For any given x € X, there exists I, € [1, L] such that

FEx=520 = fi,(x)> fi,(}).
Then, (i)=>(il)=> (iii).

Proof (i) =(ii) Suppose that f; is MP pseudoconvex at x for each [ € [1, L]. Let
x € X such that F®(x, x — x) # 0. Then,

(fPE x=R), s R x =N =F°(&,x — %) £0;

so, there exists [, € [1, L] such that flj()?, x —x) > 0. Since f;, is MP pseudoconvex
at x, it follows that f;, (x) > f_(%). Thus,

F)=(f100, s fr, ), oo SO £ ARy (R, fLG) = F(B),

which implies that F = (f1, ..., fL)T is MP pseudoconvex at X.

(ii)=>(iii) Let F = (f1,..., fr)T be MP pseudoconvex at . Suppose to the con-
trary that there is xo € X and that, for each / € [1, L] with f°(%, xo — %) > 0, one has
fi(x0) < f1(x). Then it follows that

Fe&,x0—®)T = (ff G x0—R)s ..o, 7 & x0— )T £0
and

F(x0) = (f1(x0), -+, fr.(xo)”
< (i@, ..., fLENT
=F(%),
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which contradicts the fact that F = (f1,..., fL)T is MP pseudoconvex at x. The
proof is complete. g

Similar to the scalar case (see Theorem 2.1 in [18]), we obtain the following
sufficient and necessary conditions for a weakly efficient solution of (VOP) under the
MP pseudoconvexity.

Proposition 2.3 Let Q be a convex subset of X, x € 2, and let F = (f1, ..., fL)T
X — RL be MP pseudoconvex at . Then, X is a weakly efficient solution of F on S,
ie., F(x) £ F(X),forall x € Q, if and only if F®(X,x — x) £ 0 for all x € Q.

Proof Suppose that F° (X, x — x) # 0 for all x € Q. By the MP pseudoconvexity of
F at X, we have F(x) £ F (%), i.e., X is a weakly efficient solution of F on .

Conversely, if x is a weakly efficient solution of F on £, i.e., F(x) £ F(x) for all
x € 2, then

F(x) — F(%) € R"\(—intR%Y).

The following proof is similar to that in (v) of Proposition 2.1 with replacing d by
x — X. We conclude that

F®(%,x — %) € RF\(—intRE),
ie., F°(x,x — x) # 0, which completes the proof. O

Similar to (COP) (see Lemma 3.1 in [18]), we have the following necessary con-
ditions for a weakly efficient solution of (VOP) by considering the contingent cone
and the cone of feasible directions.

Lemma 2.2 Let Q2 be a closed subset of X and F = (f1,..., fL)T X — RE. Let
X € Q be a weakly efficient solution of F on Q, i.e., F(x) £ F(X) forall x € Q. Then,
the following statements are true:

() If fi A €[1, L)) is either Gateaux differentiable at x or Lipschitz near X, then
F°(x,d) #£0, VdeclDq(%).
(i) If f; ( € [1, L)) is either Fréchet differentiable at X or Lipschitz near X, then
F°(x,d) £0, VdeTq(%).

Proof (i) Suppose to the contrary that there exists d € Dgq(X) such that F°(x,d) < 0.
By the MP directional derivative of F at X, one has

(l' SiE +1d) = /i) . fL()?+td)—fL()?)>T
im sup ,...,limsup
140 t 140 t

ey

< . fid+1d+2)— fi(X+12)
<[ suplimsup .
z€X 110 t
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. fLE+1d+2) - fLG +tZ)>T
sup lim sup
z€X 10 t
=F°,d)
< 0.

It follows that
FGE+td) — FR) = (G +1td) — @), ..., LG +1td) — fLE@)T <0,

for t > 0 small enough; however, this is a contradiction with the assumption that X is
a weakly efficient solution of F on 2. Thus,

F®X,d) £0, Vde Da(d),
or equivalently,
F®(%,d) € R*\(=intR}), Vd € Do(R).

If f; (I € [1, L)) is either Giteaux differentiable at X or Lipschitz near X, then from
(i) of Proposition 2.1, d — F°(x,d) is continuous. Again, since RL\(—intRi) is
closed, one has

F°(%,d) £0, ¥declDg(%).

(ii) Assume that f; (I € [1, L]) is either Fréchet differentiable at * or Lipschitz
near X. Let d € Tq(X). Then, there exist ¢, | 0 and d,, — d such that x + t,d, € Q
for each n. Since X is a weakly efficient solution of F on € and L is finite, there are
lp € [1, L] and infinitely many » such that f;, (X + t,d,) — fi,(X) > 0. It follows that

fl()()2 + tndn) - flo(i) >0
th -

)

(fip) (%, d) = lim inf

where the first inequality holds by the assumption that fj, is either Fréchet differen-
tiable at x or Lipschitz near x. Then, fl‘g (x,d) > 0and so

FOG.d)=(ffR.d)..... [ER.d),.... f[fR.d)" £0.
This completes the proof. |
The following lemma is well known in convex analysis (see e.g. [23]).
Lemma 2.3 Let h(x) = maxi<j<g hi(x) for all x € X, where hj : X - R (I €
[1,L]). Let x € X, h; (x) =7z foreachl € [1,L]. If h;(l € [1, L)) is continuous and

convex, then dh(x) = CO{U1L=1 ah(x)}.

The following nondifferentiable Abadie CQ and generalized Zangwill CQ were
introduced and studied by Ye [18].
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Nondifferentiable Abadie CQ (See [18]) Let x € K = {x € X : u;(x) < 0,
vj(x) =0,7 €[1,m], j € [1, n]}. We say that the nondifferentiable Abadie CQ holds
at X, if u; (i € [1,m]) and v;(j € [1,n]) are either Gateaux differentiable at X or
Lipschitz near X, the convex cone generated by

A:{ U a<>u,~()2)}u{ U a%j()?)}u{ U [-3%,(;2)]} 1)

ieM(%) Jjell,n] Jj€ll,n]
is closed and
uf()?,d)fo, Vi e M(x)

= deTg ().
V(& d) =0, Vje[l,n]} K

Generalized Zangwill CQ (See [18]): Let x € K = {x € X : u;j(x) <0,
vj(x) =0,i €[1,m], j € [1,n]}. We say that the generalized Zangwill CQ holds
at %, if u; (i € [1,m]) and v; (j € [1,n]) are either Gateaux differentiable at % or
Lipschitz near x, the convex cone generated by the set A defined by (1) is closed and

ui(x,d) <0, VieM(%)

—  decDg@®).
V(& d) =0, Vje[l,n]} K

Lemma 2.4 Let vj : X — R(j € [1,n]) be either Gateaux differentiable at X or
Lipschitz near x € X. Then, for any d € X,
v;?()?, d) <0

} = W(&,d)=0, Vjellnl
(—v))°(x.d) <0

Proof The conclusion follows immediately from (iii) of Lemma 2.1. O
We now derive the KKT condition for a weakly efficient solution of (VOP).

Theorem 2.1 KKT Condition for (VOP) in the Sense of Weakly Efficient Solution.
Let X € Eyy. Suppose that one of the following conditions holds:

(i) the nondifferentiable Abadie CQ holds at x and f; (I € [1, L)) is either Fréchet
differentiable at X or Lipschitz near X;

(ii) the generalized Zangwill CQ holds at X and f; (I € [1, L)) is either Gdteaux
differentiable at x or Lipschitz near x.

Then, the KKT condition holds at X; i.e., there exist ¢; >0 (i € M(X)), B; =0 (j €
[1,n]), and y; = 0(j € [1,n]) such that

Oeco{ U 8°ﬁ(£)}+ Y wdui®+ Yo a0 — Y

yjaovj()%).
le[1,L] ieM(%) Jjell,n] jell,n]
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Proof Following a similar idea to the proof of Theorem 3.1 in [18], we can prove
Theorem 2.1. From assumptions, Lemma 2.2 implies that, in the case of condition (i),

F°(X,d) £0, VdeTk(),
and in the case of condition (ii),
F°(#,d) £0, VdeclDg(%).

Since the nondifferentiable Abadie CQ (or the generalized Zangwill CQ) holds at %,
from Lemma 2.4 we obtain that F°(x, d) # 0 for all d solving the following system:

) uf()?,d)fo, Vi e M (%),

v;?(i,d)fo, Vjell,n],

(—vj)°(*,d)<0, Vjel[l,n]
Since u; (i € M(X)) and v; (j € [1,n]) are either Gateaux differentiable at ¥ or
Lipschitz near x, (ii) and (iv) of Lemma 2.1 imply that d solves the system (S) if and

only if max,cz(a, d) <0, where A is the set defined by (1). Denote by A= cone coA,
AV ={£* € X*: (£*,a) <0, Va € A}, and
. 0, gxe A,
Sp0(87) =
+o00, else,

the convex cone generated by A, the polar cone of 4, and the indicator function of
AP, respectively. It follows that

F°(%,d) = (ff()?,d),...,ff()?,d))T £0, whenever max{a,d) <0. (2)

acA

Set h(-) = maxi<;<z hy(-) and hy(-) = flo()?, (I € [1, L]). Then, the inequality (2)
implies that

h(d) >0 whenever max{a,d) <O0. 3)

acA

Since 0 € A% and h;(0) = f7(%,0) =0 for each [/ € [1,L], one has h(0) =
maxj</<f, flo (%,0) = 0. Now Inequality (3) implies that the function A(-) + 8 40(-)
has its minimum at 0. From (i) of Lemma 2.1, ff (x,-) ({ €[1, L)) is continuous and
convex and, as a consequence, i (-) is continuous and convex. According to the sum
rule (see e.g. [10]), one has

0 € 0h(0) + 88 40(0). )

It is easy to prove that dh;(0) = 8° f;(x) (I € [1, L]). Since all the conditions in
Lemma 2.3 hold, we obtain

L L
8h(0)=co{U8h1(O)]=co{U8°ﬁ(£)}. 5)

=1 =1
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Since 38 40(0) = A% = A, both (4) and (5) imply that

L
OECO{Uaof[(Jz)} + A.

=1

From (ii) of Lemma 2.1, we have 9°(—v;)(X) = —9°v;(X). Therefore, there exist

t, >0 (n e[l, k]), with Zi:l t,=1, S;j € UIL:I 0% fi(X) (m € [1,k]), A} € 0%u; (%)
(i e M), win; € 0%v;(X) (jell,nD), i =0 (i € M(X)), B; =0 (j €[1,n])
and y; > 0 (j € [1, n]) such that

0= Z t#%‘ + Z Oll)»*“r Z ,Bj/'L] Z y]nj’

wnell k] ieM(%) Jjell,n] Jjell,n]

thus, the proof is complete. 0
If (VOP) reduces to (MCLP), then we obtain the following conclusion.

Theorem 2.2 KKT Condition for (MCLP) in the Sense of Weakly Efficient Solution.
Let K C R, %€ Swand F = (clT, czT, cee, c{)T - RT — RL. Suppose that one of the
following conditions holds:

(1) the nondifferentiable Abadie CQ holds at x;
(i) the generalized Zangwill CQ holds at X.

Then, the KKT condition holds at X, i.e., there exist a; > 0 (i e M(X)), B; =0 (j €
[1,n]) and y; = 0 (j € [1, n]) such that

Oeccofel, el ... e+ Z 0 9%u; (X) + Z B8, (%) — Z yj9%v; (%)

ieM(X) jell,n] jell,n]

Proof Since clT is linear, differentiable and Lipschitz continuous, and since 8clT x) =
{c[T} for each ! € [1, L], Theorem 2.1 implies that the conclusion holds. O

The KKT sufficient condition for a weakly efficient solution of (VOP) can be
constructed as follows.

Theorem 2.3 KKT Sufficient Condition for (VOP) in the Sense of Weakly Efficient
Solution. Let % € K. Suppose that fi (I €[1,L]), u; (i €[1,m]), and v; (j €[1,n])
are either Gateaux differentiable at X or Lipschitz near X, and that there exist a; > 0
(i € M(%)) and Bj (j €[1,n]) such that

Oeco{ U 8°f1(fc)}+ Z o;0%u; (%) + Z Bjd%v;(%). (6)
le[1,L] ieM(x) jell,n]

Let [1,n]y ={j€[l,n]:B; >0} and [1,n]_ ={j €[1,n]: B; <O0}. Suppose that
=(f1,..., fu)T is MP pseudoconvex at %, u; (i € M(%)), v; (j ell,nly) and
—v; (j € [1,n]-) are MP regular and quasiconvex at X. Then, X € Ey,.
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Proof By (ii) of Lemma 2.1, one has 3°(—v;)(X) = —9°v; (%) (j € [1,n]). We re-
mark that the inclusion (6) holds if and only if

k
tu =0 with Y 1, =1, Vi e[l.kl,
u=1

L
grel Joo i), Vuellkl,

=1
A eu;(®), VieM®®),

L
Whe 8°v(®), Yjellnl,
ni €% (—v)R), Vjell,nl,

such that

0= Y ndi+ > wdi+ Y Bus— Y. B (7

well k] ieM(%) jellnly jell,n]-
As the proof of Theorem 3.2 in [18], one has that, for any x € K,
<Z ari 4 Y Biu— Y ﬂ,n,, - >_ : ®)
ieM(%) jell,nly jell,n]
It follows from (7) and (8) that
> g x—%)= < > rﬂg;;,x—)2>zo,
wnellkl nellk]
which implies that there are 1, € [1,k] and I € [1, L] with & € 9° f1, (%) such that
(&r,,x —X)=0.
By (iv) of Lemma 2.1, it follows that
LG x =2 >, ,x—%)>0
and so

FORx—H)=(FRx=%,.. LR x=0).... . ffEx=2)" £0. 9

Since F is MP pseudoconvex at X, it follows from (9) that F(x) # F(X),i.e., X € Ey.
This completes the proof. 0

If F= f:X — R, then Theorem 2.3 reduces to Theorem 3.2 in [18].
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Corollary 2.1 KKT Sufficient Condition for (COP) [18]. Let x € K. Suppose that
F=f:X— R ui(i €[l,m])and v;(j € [1,n]) are either Gateaux differentiable
at X or Lipschitz near X and there exist a; > 0(i € M (%)) and B;(j € [1,n]) such
that

0€d°f®)+ Y wd®uwi(®+ Y B;3v;).
ieM(®) jell.n]
Let [1,n]y ={je[l,n]:B; >0} and [1,n]_ ={j €[1,n]: B; <O0}. Suppose that
f is MP pseudoconvex at %, u; (i € M(%)), v; (j €[l,nly) and —v; (j €[1,n]-)
are MP regular and quasiconvex at x. Then, X be a global minimum of f on K.

If (VOP) reduces to (MCLP), then we obtain the following conclusion.

Theorem 2.4 KKT Sufficient Condition for (MCLP) in the Sense of Weakly Efficient
Solution. Let K CR!, € K and F = (clT, czT, e c{)T : Rl — RL, Suppose that
u; (i €[1,m]) and v; (j € [1,n]) are either Gdteaux differentiable at X or Lipschitz
near x, and there exist a; > 0 (i € M(X)) and B; (j € [1, n]) such that
Oecofcf,c),....c[}+ Y aid®wi®)+ Y Bo%v;@R).
ieM(%) jell,n)
Let [1,n]y ={j€[l,n]:B; >0} and [1,n]- ={j €[1,n]: B; <O0}. Suppose that

u; (i € M(x)), v; (j €[l,nly) and —v; (j € [1,n]-) are MP regular and quasicon-
vex at x. Then, x € Sy,.

Proof Since clT is linear, differentiable and Lipschitz continuous, ac,T x) = {clT} for
each/=1,2,..., L; from Remark 2.2, F = (c] , 1, ..., )T is MP pseudoconvex
at X. Thus Theorem 2.3 implies that the conclusion holds. |

3 Partial Calmness and Exact Penalization for (VOP)

Throughout this section, let X = R’. The corresponding perturbed problem of (VOP)
is given by

(VOP), min F(x),
s.t.  u(x) <0,

v(x) =¢,

where € = (€1, €2, ...,6,)T € R". We denote by K& = {x € R 1 u(x) <0, v(x) =€)
the feasible set of (VOP),. If u; (i € [1,m]) is lower semicontinuous and v; (j €
[1, n]) is continuous, then K7 is closed. But K7, is not convex in general.

In this section, we introduce the notions of partial calmness and the penalized
problem for (VOP) with finite quality and inequality constraints; then, we establish
the relation between the weakly efficient solution of (VOP) and the local minimum
solution of the penalized problem of (VOP) under the assumption of partial calmness.

We now introduce the following notion of partial calmness for (VOP).
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Partial Calmness for (VOP) Let x € E,,. (VOP) is said to be partially calm at x if
there exist ;> 0, 8 > 0 such that, for all € € Bg:(0,8) and all x € Bgi(x,8) N K},
one has

h(x) = h(X) + pllv(x)] =0,

where Bz(z, t) is the open ball in Z with center z and radius 7, h(x) = Zle[u‘] fi(x),
Vx € R!. The constants . and 8 are called the modulus and radius, respectively.
Remark 3.1 If F= f:R! — R, then the partial calmness of (VOP) defined above
reduces to the partial calmness of (COP) introduced by Ye and Zhu [24].

Define the penalized problem of (VOP) as follows:

(VOP)(p) min  7(x) + pllv(x)],

s.t. u(x) <0,

where p > 0 is a constant, a(x) = Zle[l,L] fix),Vx € R'.

It is well known that the notion of partial calmness is similar to, but different from,
that of calmness introduced by Clarke [10] and Rockafellar [23]. In the definition of
partial calmness, the restriction on the size of € € Bgn (0, §) can be removed when
function v is continuous.

Theorem 3.1 Let the function v be continuous. If (VOP) is pamally calm at x with
modulus v and radius §, then there exists a 8 < 8 such that % is a 8-local minimum
solution to (VOP)(w), i.e.,

h(x) —h(X) + ullv(x)] =0, vxeR' st u(x) <0, xeBRz()?,S).

Proof We remark that v(x) = 0, since X € E,,. From the continuity of v and the
definition of partial calmness of (VOP), the conclusion is derived. This completes the
proof. U

In [19], Ye, Zhu and Zhu proved that the calmness is equivalent to local exact
penalization for (COP). Similarly, we establish now the relation between the weakly
efficient solution of (VOP) and the local minimum solution of (VOP)(x) under the
assumption of the partial calmness of (VOP).

Theorem 3.2 Let x € K and let f; (I € [1, L)) be continuous at x. Then, the follow-
ing conclusions hold:

(1) Ifx € E,, and (VOP) is partially calm at X, then there exists 1 > 0 such that x is
a local minimum solution of (VOP)(1t) for all > [i.

(ii) Ifx € Ey and X is a global minimum solution of h on K, then any local minimum
solution x,, of (VOP)(n) with u > {1 with respect to the neighborhood of X in
which X is a local minimum solution belong to E.,.

Proof (i) Since f; (I € [1, L]) is continuous at X, so is 4. Suppose X is not a local
minimum solution of (VOP)(u) for any i > 0. Then, for each positive integer ¢, there
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exists a point x; € Bpr (%, %) and u(x;) < 0 such that
h(x) + vl < h(X) + 1lv@)]l.
Since x € E,,, v(x) =0, it follows that
h(x) + tllve)ll < h(x); (10)

hence,

0=<llv@x)ll <

h(x) — h(x;) - 1
t t’

for large enough ¢, since & is continuous at x. Let €(¢) = v(x;) for large enough ¢.
Then, x; € Bgi (X, %) NK Z,(t). However, (10) contradicts the assumption that (VOP)
is partially calm at x. Thus, there exists (& > 0 such that x is a local minimum solution
of (VOP)(f1). It is clear that x is a local minimum solution of (VOP)(u) whenever
w= [

(ii) Let x is a global minimum solution of & on K. Let n > ft and let x,, be a
local minimum solution of (VOP)() in the neighborhood of % in which * is a local
minimum solution. Then, u(x,) <0. Since X € E,, v(X) =0 and

h(xy) + o)l = k&) + pllv@|
= h(x)
1 N

Sh(xu)+§(u+u)llv(xu)ll- (11)

It follows that
(=W vxl <0,

which implies that v(x,) = 0. Thus, x,, € K. By (11), we have h(x,) = h(X). We
conclude that x,, € E,; i.e., for any x € K, there is [, € [1, L] such that F(x) £

F(x,). Suppose to the contrary that there exists xo € K and for any / € [1, L], we
have F(xo) < F(x,),i.e.,

(f1(x0)s 2(x0), -+ s fLGONT < (Fi(x)s o)y oevy fLx)T

It follows that

h(xo)= Y fitx)) < Y filxy) =h(x,) =h),

le[1,L] le[1,L]

which contradicts the assumption that X is a global minimum solution of 4 on K.
This completes the proof. O
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