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1. Introduction

Let £2 be a bounded domain in R3 and C%(£2) be the set of all smooth functions defined in £2.
Let the body B with reference configuration £2 be occupied by a transversely isotropic medium. More
precisely, let the axis of rotational symmetry coincide with the x3 axis, then the non-zero components
of the elasticity tensor C(x) = Cjjk¢(x) are

Cun» C2222, C3333, Crizz, Ci3sz, Ca233, (2323, Ci313, Cro12

and they satisfy

Ci11 = Ca222, C1133 = Ca233, C2323 = Cy313, C1212 = (C1ii1 — C1122)/2.
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For notational simplicity, we set
Cim = A, Ciznz=M, Cuszs=F, C3333 =C, Ca323 =L. (1.1)
It should be noticed that the elasticity tensor C(x) satisfies the full symmetry properties:
Cijit = Cuij = Cji  for all x € 2. (1.2)

We assume that the elasticity tensor satisfies the strong convexity condition, i.e. there exists § > 0
such that for any real symmetric matrix E

C()E-E>S|E|*> forallxe 2. (1.3)
In other words, we assume that
C>8 L>5  (A/2A+M=>5 (1/2(A=M)>38, (A+MIC—2F>>§ (14)

in x € £ for some § > 0. Now let u(x, t) be the displacement vector, then the dynamic elastic equation
is given by

pdu—Lu=0 in 2 x(~T,T) (1.5)
with
3
(Lu); = Zaja,,- in 2 x(-T,T), 1<i<3, (1.6)

=1

where 9 = dx; and the stress-strain relation is

o1 A M F 00 0 &1
(oY) M A F 00 0 En
o3| | F F C 0O 0 £33
o3| |0 0 0L O 0 2ex3 |’
031 0 0 0 0L 0 2631
o12 0 0 0 00 (A—M)/2 2€13

where oj; and ¢;; denote the stress and strain tensors.

It should be noted that the strong convexity condition implies the strong ellipticity condition for
the elasticity tensor, which ensures that the system of Eqs. (1.6) is strongly elliptic.

In this paper, we will study the weak unique continuation property of (1.5) by the method of the
localized Fourier-Gauss transformation. The method was introduced by Lerner [8] for proving some
uniqueness result for an ill-posed problem and it was also used by Robbiano [13] to prove some kind
of unique continuation property. Henceforth we abbreviate this property by UCP. In this paper using
the Calderén uniqueness theorem, we generalize the result in [13] to (1.5) with smooth coefficients
satisfying some conditions. In addition, we apply the UCP to extend the Dirichlet to Neumann map
given for large enough time interval to the infinite time interval. This is a generalization of the results
[2,6] given for scalar equations and the result [1] given for the isotropic elastic system.

For the related results, the study of line unique continuation property was initiated by Cheng, Ya-
mamoto and Zhou [3] for the wave equation and they showed it along each line in the hyperplane.
They combined the localized Fourier-Gauss transformation abbreviated by LFGT to transform (1.5) to
the Laplace equation with a small inhomogeneous term and the conditional stability estimate for the
unique continuation of the solution of the Laplace equation along lines. Cheng, Lin and Nakamura [4]
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Fig. 1. Equation of the ball in the figure: [X'|> + (x3 +1)? =r? and y =2/r.

extended the line unique continuation property to general hyperbolic systems with analytic coeffi-
cients.

For xg € R3, r > 0, let B(xp,7) := {x € R3; |x —xg| <7}. Let y € dB(xg,7) := {x € R3; |x —x0| =71}
and ny be its unit outer normal with respect to B(xp,r). Also, let Ay, be an affine transforma-
tion which transforms y to the origin and ny to ng := (0,0, 1). Then, we define U(y,r1.12) = {x =
(X,x3) eR® |¥| <12, 0<E:=x3+YX|>P<ri}and V(y,r, 1) = A;,LOU(y,rer). Fig. 1 is about
U@2/r,r,1) with & :=x3 +2|X|?/r=0,r.

From now on, we assume that the elasticity tensor C(x) satisfies the additional condition

F+L=0
or
(A—L)(C—-L)=(F+L)?* A>C.

Then, the main results of our paper are the following.

Theorem 1.1. Assume B(xg, 3r) C £2. Let y be the point at the boundary of B(xo, ) with its outer normal ny,
not perpendicular to ng. Suppose u € C*°(B(xp, 3r) x (—T, T)) satisfying (1.5) in B(xo, 3r) x (=T, T) and

u(x,t)=0 ((x,t) € B(xo,1) x (=T, T)).

Then there exist a positive constant ro < r depending on p(x) and L in B(xo, 3r) and a positive constantk < 1
such that

u(x,t)=0 for (x,t) € V(2/ro,kro, kro) x (=T1,T1), (1.7)
where T1 = T — krq. Moreover, the constants ro and k can be taken uniformly in $2.

Corollary 1.2 (UCP). Let B(xo, ) C §2 and given T, > 0. There exists a positive constant T3 depending on L
in 2 such thatif T > T3 and u € C*°((—T, T) x £2) satisfies (1.5)in (=T, T) x 2 and

u(x,t)=0 ((x.t)€B(xo,1) x (=T, T)),
then

ux,t)=0 for(x,t) € 2 x (—T3, Ty). (1.8)
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As an immediate byproduct of Corollary 1.2, we have the following corollary.

Corollary 1.3. We can take 7o > 0 (large enough) such that the following property is satisfied for the solutions
of (1.5). For any t > 1, let u € C*°(£2 x [0, 27]) be a solution in 2 x [0, 2] of (1.5) such that u = 0 and
Vyu=0at a2 x [0,27]. Then

ukx,t)=0 (xe$),
iftis near t.

The proof of Theorem 1.1 relies on the Carleman estimate of Calderén’s uniqueness theorem which
will be described in the next section. The rest of this paper is organized as follows. We review
the Carleman estimate of Calderén’s uniqueness theorem in Section 2. In Section 3, we diagonalize
the associated elliptic system and check the conditions for applying Calderén’s uniqueness theorem.
The proofs of Theorem 1.1 and Corollary 1.2 are given in Section 4. In Section 5, we apply these results
to extend the dynamical Dirichlet-Neumann map.

2. Carleman estimate of Calderén’s uniqueness theorem for systems

To begin, we first review Carleman estimate of Calderén’s uniqueness theorem from Zuily’s book
[15, Chapter 2]. The purpose for doing this is to make this paper as self-contained as possible. Let V
be an open neighborhood of Xy € R" (n € N). In this section we do not specify the dimension n € N.
In the neighborhood of V we define a C° hypersurface

S={xeV: y®=vxo}. (2.1)
Let
L(x, D)= P(x,D)+ Q (x, D) (2.2)
be a differential operator, where
P(x,D) = Z ag(X)D* (D= (D1,...,Dp), Dj=~—1dy) (2.3)
Jor|]=m

being an mth order differential operator with C*° coefficients and the lower order part Q (x, D) has
bounded coefficients. Denote p(x, &) = Z|a|=m Ay (X)€% the full symbol of P(x, D). As usual, the hy-
persurface S is assumed to be non-characteristic for L at X, i.e. p(Xo, No) # 0, where N = dvr(xp).
Let u satisfy Lu =0 near xg and u =0 if ¥ (x) < ¥ (xp) near xo. Before stating the main theorem of
this section, we want to clearly describe the assumptions on the characteristic roots. For each x and &,
we assume that

(C1) there exist a conic neighborhood I'y, of No and m functions {A,(x,&, N)}j*; which are C* in
(x,&,N) e V x (R"\ 0) x I'y, such that for every £ } N, p(x,& + TN) is written as

m

P& +TN)=px N) [ [(z = 2e(x. £ N))

=1

in Vx @R"\0)x Iy;

(C2) for any ¢, 1 < £ <m, if A¢(x,&, N) is real (or complex) at one point, then it remains real (or
complex) at every point;

(C.3) the real roots are simple and the multiplicity of the complex roots is not more than two.
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As in [15], assuming X9 = 0 and using the Holmgren transform
Xi=x, 1<i<n—1,  t={xNo)+3dlx* (2.4)

with a suitable constant § > 0, let P(%,t,&,T) with X = (x1,...,%,—1) be the principal symbol of
P(x,t; Dz, D), where we abused the notation P(x, t; Dz, D) to denote the operator (2.3) in terms of
(%, 1). Then, there exist a function c(x,t) and {}(x,t, &)}, such that

prLE D =cEO]](t - ME t.8))

=1

in V x (R" \0), where V is a small neighborhood of (0, 0) and c(x, t) is a C* function with c(0,0) # 0
and A&, t,€) is C®° in V x (R" \ 0) homogeneous of degree one in £, 1 <1< m. That is, condition
(C.1) is satisfied. Moreover, {)»l(x,t,aé)}l= satisfy conditions (C.2) and (C.3). Since the result is local
near (0,0), it suffices to assume that the characteristic roots {A}1, = {}(0,0,£)};2, outside of a
small neighborhood of (0, 0). Furthermore, it is readily seen that transform @ of u by (2.4) satisfies

suppil C {(X.1) e R": t >¢[x*}
for some constant ¢. Then, we have the following Carleman estimate, which was given in [15].

Lemma 2.1. There exist positive constants c, To, no and r such that for T < T and n > no we have that

T

T
t—T)? 2 t-T
> /e"< ) HD“WHLZ(RH ndt <c(T? 41~ /e"< ? LW 172 n1, dt (2.5)
lel<m—17 0

for any w € C®°(R") with suppw C {(x,t): 0 <t < T, |x| <r}, where L = L(X,t, Dg, D¢) is the op-
erator (2.2) in terms of (X, t). Moreover, the constants c, To, no and r only depend on the coefficients of
P(x,t, Dg, Dy).

3. Transversely isotropic dynamical systems

In this section, we will study the possibilities of (1.5) to have UCP. Having in our mind the solu-
tion u of (1.5) will be transformed by LFGT, we aim to apply (2.5) to ,0852 + L by diagonalizing its
principal part. A direct way is to use the cofactor of the principal part of p852 + L. The question is
now whether the conditions (C.1), (C.2) and (C.3) for characteristic roots are satisfied. By assuming the
elasticity tensor Ciji(x) € C%°(£2) and in view of the strong ellipticity (1.4), we only have to check the
smoothness condition (C.1) of the characteristic roots and the multiplicity condition (C.3). It should be
noted that when the characteristic roots are not smooth, Plis [11] constructed a fourth order elliptic
differential operator in which the Cauchy problem is not unique. We will first discuss the multiplic-
ity condition (C.3). It turns out that we need to exclude certain directions and put a condition (3.3)
or (3.4) in order to guarantee (C.3). To begin with, we factor the determinant of the principal symbol
of ,0852 + L by direct computations by a result in [9] (see Proposition 3.9, for a more general result
see Lemma 2.7 in [12]), which also contain a detail discussion of the multiplicity of the eigenvalues
for more general systems.
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Proposition 3.1. The determinant of the principal symbol of pd2 + £ can be factored as
3
det(ﬂ&kﬂﬁ + Z Cijkmjm)
=1
= (pn3 + pro) (o3 + pr+) (ong + PAo), 3.1)

where

pro(x,m) = (1/2)(A = M)(n} +13) + L3,

Prae (X, 1) = (1/2)(A + L) (0?2 +n3) + (1/2)(C + L)n3 £ (1/2)|D|,

D? = (A— L2 (3 +13)* + (C — 1)*n3 —2[(A — 1)(C — L) — 2(F + 1)*] (0% + n3)n?.
Lemma 3.1. Let {&, ¢} be a pair of orthogonal vectors in Ri. Consider the characteristic equation
3
dﬂ(ﬂ&knﬁ + Z ijkeﬂjﬁz) =0 inrt, (3.2)
jil=1
where n = (11, N2, N3, Na) = (§,4) + T(¢, 0). Let £ := & x ¢ and ¢ be the angle between ¢ and the x3 axis. If
F+L=0 (3.3)
or
(A-L)(C—-Ly=(F+L)? A>C, (34)
then the characteristic roots of (3.2) satisfy (C.1) and have at most double roots for ¢ # 0 and 7.
Proof. Let

3
Q= (Qi) = P31+ Y Cijuéjéi.

jl=1

3
R=(Ry) = Z Cijkl‘i:j;l,

ji=1

3
T=(Ty) = Z Cijki&jdi

=1

where i,k=1,2,3, and & = (&1, &2, &3), ¢ = (£1, &2, ¢3), then the characteristic equation (3.2) is equiv-
alent to

det[t?T+7(R+R') +Q] =0. (3.5)
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From (1.3), we see that (3.5) contains only complex roots and they form conjugate pairs. Since the
axis of rotational symmetry coincides with the x3 axis, the elasticity tensor Cjj, is invariant under
the orthogonal transform O rotating around the x3 axis, i.e.

cosf sinf O
0:(—sin9 cos6 O).

0 0 1

Moreover, by the transform rule of tensor, the multiplicities are also invariant under the rotation of
& and ¢ in the plane spanned by &, ¢. Therefore, the multiplicities of the characteristic roots for (3.2)
are invariant under the same transform O on & and ¢. Thus, it suffices to prove this proposition for

& =(cos¢,0,—sing), ¢=1(0,1,0),

where ¢ = (sin¢, 0, cos¢) (see [14] or [10]).
First, we assume that (3.3) holds. Then from (3.1), we get
det[t°T+ 7 (R+R) +Q]
=[(1/2)(A = M)T? + p&] + (1/2)(A — M)E] + LE] ]
x [AT? + p&Z + A& + LEZ] x [t2L + p&} + L& + CE2]

=0. (3.6)

We take 71, 72, T3 to be three roots of (3.6) with positive imaginary part. Let 71, 72 and t3 satisfy

(1/2)(A — M)T{ + p&} + (1/2)(A — M)&L + LEZ =0, (3.7)
AT} + &} + AEZ 4+ LE2 =0 (3.8)

and
Lt + p&? + LEE + CE2 =00. (3.9)

From (3.7) and (3.8), the necessary condition for 71 = 17 is

(1/2)(A — M) B A
PEF +(1/2)(A — M)E2 + LE2 ~ p&2 + AE2 + L2’

(3.10)

We derive from (3.10) that

(1/2)(A + M)(p&Z + LEZ) =0
which implies from (1.4) that

£3=0=¢ andthen &2=1.

Therefore, we get the necessary conditions for triple roots 7; = t; = 73 and the triple root are i.
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Secondly, we assume that (3.4) holds. Then
det[Q+ (R+R")T +T7?]
=[1/2)(A = M)T? + p&] + (1/2)(A — M)} + LS |

x [AT? + p&f + A&L + C& ) x [LT° + p&F + L] + LES
=0. (3.11)

We take 71, 72, 73 to be three roots of (3.11) with positive imaginary part. Let 71, 72 and 73 satisfy

(1/2)(A — M)T{ + pEZ + (1/2)(A — M)EF + LEZ =0, (3.12)
AT} + &} + AEL +CE2 =0 (313)

and
Lt$ + p&d + L&} + LEZ = 0. (3.14)

From (3.12) and (3.14) we have the necessary condition for 7y = 13 is
A—M=2L. (3.15)

In this case, Egs. (3.12) and (3.14) are the same. So, we consider t; = 72 under (3.15). Therefore, the
necessary condition for 71 =1, =13 is

L A
= . (3.16)
pEZ + LE} + LEZ  p&Z + A& +C&3
We derive from (3.16) that
p(A— L)Sf +L(A— C)§32 =0. (3.17)

Plugging (3.15) into (3.17), it implies from (1.4) and (3.4) that
£3=0=%& andthen &2=1.

On the other hand, the left-hand side of (3.2) is —1 times the determinant of the principal symbol
of pd? + £ and it has the factorization (3.6) and (3.11). Hence, the smoothness of the characteristic
roots can be easily verified. O

Remark 3.2. Let xo € R and V be a neighborhood of xg. Assume that S = {x: ¥ (x) = ¥ (xg)} is a C®
surface with Ng = dy(xp) satisfying

No is not perpendicular to the x3 axis.
Let the elasticity tensor Cjj, satisfy the additional condition (3.3) or (3.4) in V. With the help of

Lemma 3.1, we will see in the next section that we can apply (2.5) for the system ,0852 + £ in some
neighborhood Vg of xg.
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4. Proofs of Theorem 1.1 and Corollary 1.2

We will use the method given in [3] to prove Theorem 1.1. We define LFGT vq , (x,s) of u(x, t) by
T

Var(X,s) = /A2 / e HisHa=0% /2y (v 1) dt, (41)
-T

where A >0, a,s € R and i = +/—1. Associated with the operator patz — L, we define an elliptic
operator Qxs = Q (x,s, Dx, Ds) in (x,5) € R} x R} by Qxs:=pdZ + L. Let Q% = Q(x, s, Dy, D) be
the operator whose symbol is the cofactor matrix of the principal symbol of Qs and define Qx’s by

Qx,s = Q(x; S, Dy, Ds) = Q;OS 0 Qx,s.

Then, the principal symbol of QX’S is

3
Qx,s(M1, M2, M3, N4) = _det<,03ik77421 + Z Cijkmjm>1- (4.2)
=1

By Lemma 3.1, qx s satisfies (C.1)-(C.3). We also define

Xa ‘= Qx,svu,x- (4.3)

Let y be the point at the boundary of B(xo,r) and ny, be the unit normal of 3dB(xg,r)
at y. By an affine transformation Ay n,, we can assume that y =0 and no = (0,0,1)". To be
compared with Section 2, the C*° hypersurface S = {x: ¥ (x) = ¥(xo)} in (2.1) is given by
S ={(X1.%2,%3,5): Y(X1,X2,X3,5) =X + X3 + (x3 +1)? — 12 = (0,0,0,5) =0, —r < x1,%2, (X3 +
ry <r, —T <s < T}. Here r is the radius of B(xp,r) and is independent of s. We now perform a
change of coordinates near 0 by using the “Holmgren transform,” i.e.,

s—s, xj—>x (j=1,2), p=x3+2(s*+X?)/r,

where X' = (x1, x2). For simplicity, we will use the same notations Qx,s and vq,, even after applying
the Holmgren transform to them. Then, in the region V = {(u,x’,s); x3 > —r, 0 <u <71},

supp(va) C VN {(u. ¥, s); s*+ |¥|2 <r?} (4.4)

and the new qy satisfies (C.1)-(C.3). For (4.4), the readers are referred to Fig. 2 in the proof of
Corollary 1.2. Moreover, by the definition of LFGT, vg (%, s) is smooth in B(xg, 3r) x R. Therefore, we
are in a position to apply the following Carleman estimate which is deduced from (2.5).

Theorem 4.1. There exist positive constants ro < r, 1o, and ¢ depending on p and L in $2 such that for all
1 = no, we have that

o o

> f e gy |2y < (! +13) / 0 Qg v 2 dpe (45)
\V|<50 0

forall v(x', 11, s) € C*® with supp(v) C {(X, i, s): 2 + [¥'|? <12, 0< pu <o), where | - ||> = (-,-) is the
0
L%(R3) norm.



C-L. Lin et al. / ]. Differential Equations 245 (2008) 3008-3024 3017

\
\

p=0

Fig. 2. Equation of the ball: |x'|? + s + (x3 +ro)? =13 and j = x3 + 2(s* + [¥'|*)/ro.

It should be noted that the constants ro, 19, and ¢ can be taken uniformly in £2. As in the proof
of [15], the constants rg, 179, and ¢ are independent of the normal vector.
To prove the main theorem, we still need the following properties of LFGT given in [3].

Lemma 4.2. Let u € C(B(xp, 3rg) x [T, T]) and so € (0, T) be fixed. If u satisfies puy; — Lu =0 in
B(xo, 3r9) x [—T, T], then for s € (—Sp, So) and 0 < u < ro, we have

Var(X,10,0) = u(X, u,a) asi— oo, la| <T, (4.6)
[(3"va) (X, i, 9)| < C129/2e356/2 (v <5), (4.7)
| Xas (K, 1, 8)| < CouaT1/2eMT—lal? =551/ (4.8)

where Cq > 0 depends on ||ull¢5(p(xy,3r9)x[—T,7]) @d C2 > 0 depends on so, T, a and |[ulc6(g(xy.3rg) x[—T.T])-

Remark 4.3. In [3], (4.8) is shown for 852 + A. Here, we note that

T
sV (%, 5) = —i/Aj2m f e MisHa=0%/25 oy pydt — i\/3/2me i+ /2y (x T)

—-T
+iy/aj2me MistarT? 2y (x Ty,

In this identity, only s-derivatives have been transformed into t-derivatives with end point values. So
the proof for Qs x is almost the same as that given in [3].

Now, let a C* function 6(u) € Cg°(R) defined in w > 0 with 6(u) =0 for > rp and O(u) =1
for j1 < 4rg/5. Denote n = A and wq , = 0(14)Vq,. Since Qs xWq =60QsxVas + [Qsx, 01Va . We can
apply (4.5) to wq , with (4.7) and (4.8) to get that

ro/2 o
2 RV
e/ / Ve, lI? dpe < / T W, |12 dp
0 0
o
< C(}»_1 +r(2))/e)‘(#_r0)2 16 Qs.xVaull* dp
0



3018 C.--L. Lin et al. / ]. Differential Equations 245 (2008) 3008-3024

o
(! +r§)/e“’““’)2 [1Qs.x. O1vas | dic
0

< c(k‘l + r%)ﬂlexrg—/\(r_\m)z“sg + C()L—l + r(z))kge(;\rg/ZS)Hsg_ (4.9)
Multiplying e~*16/4 on both sides of (4.9), we have

r0/2
Ve 2 dp < (37" + r3)aTeGHE/DATA+AE 1 o514 y2)39¢(-2IMG/10014355  (410)

Let |a| < T — +/7/8rp and sg < ro/10, they imply the power exponents in the first and second terms
on the right-hand side of (4.10) satisfy

{ (3/4)rrd — (T — |a|)2 +Asg < —(1/10)Ar3, (411)

—(21/100)Ar3 + Asy < —(1/5)Ar}.
By (4.9), (4.10) and (4.6), we have for |a| < T — 4/7/8ro, 0 < u <19/2 and |¥'| < rp that
Var(X, 0,00 = 0=u,u,a) asi— oco.

This completes the proof of Theorem 1.1.

Proof of Corollary 1.2. First of all, we note that the constant ry in Theorem 1.1 can be taken uniformly
with respect to x € £2. Hence, T; can be also taken uniformly with respect to x € £2. We use the
following steps to continue u by zero from B(xg,r) onto the whole £2.

Step 1. Let

D (xo.1,60) :={y € B(x0.7); |(¥ —X0)-no| > |y — xo| cos6p}

with small 0 < 6y < /2. In each boundary point y € dD(xo,r,60), we can get a ball with ra-
dius ro inside B(xg,r) and y is in its boundary. By Theorem 1.1, we can continue u by zero onto
a neighborhood U(y) of each boundary point y € dDy(xp,1,0p). We give Fig. 2 about y = (0,0, 0)
and ny = (0,0, 1). Hence, covering dD  (xo,r,6p) by finite numbers of such U(y)’s, we can continue
u by zero onto D (xp,T,6) with 7 >r.

Step 2. Since the constant ry in Theorem 1.1 can be taken uniformly, we apply Theorem 1.1 to
y €dD4(xo,71,6p) to continue u by zero onto

D_(xo.T,60) := |y € B(xo,7);

(y —x0) no| < |y — xo| cos o},

where the small enough 6 is chosen dependently on rg and r <7 < 7.

Step 3. Next take any z € dB(xo, ) and repeat Steps 1 and 2. Then we can continue u by zero onto
a more larger ball centered at xg. It should be noted that the size of extending the radius of the ball
in which u is zero can be kept uniform.

By repeating these steps, we can continue u by zero onto the whole §2 if T3 is large enough. O
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5. Application to extending the Dirichlet-Neumann map

Let uf (t, x) be the solution of

Rult,x) — Mul &, x=0 (¢t,0eQT),
ul (t.%)| o1 = f(£.%), (5.1)
ul (6, )],y = du! (t.%)|,_, =0,

where QT :=(0,T) x 22, ZT:=(0,T) x 882, f(t,x) € H'(XT) and the ath component (Mu)((t, x)
is given by

3
Mw)it.0)=p0)~" Y 3j(Ciuauy) (1<i<3),
j.Lk=1

here Cjjii(x) is the same elasticity tensor as above and 0 < p(x) € C>®(£2). We assume f to satisfy the
compatibility condition: f(0,x) = 0. It should be noted that uf € C1([0, T], L2(£2)) N C([0, T], H'(2))
for T > 0.
We define the response operator
RT:H)(ZT) > L2(=T)
by

3
(RTF);= D viCiju@aue (1<i<3),
j.Lk=1

where v := (v1, V3, v3) is the outer normal vector of 952, uf = (ulf, ug,ug)f is the solution to (5.1)
and HY(ZT):={f e H'(ZT), f(0,x) =0}. See Appendix A for a justification of the statement of this

operator.

Theorem 5.1. Let r be the radius of §2. There exists a positive constant T4 coming from Corollary 1.3 such that
if we have R f for some T, T > T4, then we can determine R f for every T > 0.

The proof follows that of Theorem 1.4 in [6]. To do it, we need the following key lemma whose
proof is given by the standard argument using Corollary 1.3.

Lemma 5.2. Let r be the radius of £2. There exists a positive constant T4 such that for any T > T4 the set
{wf (), quf(T)); fe C3°([0, T] x 0£2)} is dense in Hé([?) x L2(£2).

Proof. Assume that the conclusion is false. Let (v, ) € H1(£2) x L2(£2) be such that
(ul . T, y) = (3! ¢, T), ) =0

forall f e CSO(ET), where the first and the second pairings are for the pairs in HE,(.Q) x H~1(£2) and
L2(£2) x L%(£2) which use the natural extension of the pairing

(a, b):/abdx (a,b e L%(22)).
2
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Since C3°(£2) is dense in both L%(£2) and Hé(.Q), we can assume (¥, ) € C5°(£2) x C3°(£2). To show

that ¢ =y =0, we consider the solution e € C'([0, T], H~'(£2)) of the following initial-boundary
value problem:

(37 —M)e=0 inQT,

elyr =0, (52)
eli=r = ¢,
ocele=r = V.

Let uf (x, t) be the solution of the initial-boundary value problem (5.1). Taking the inner product of
the equation in (5.1) with pe and doing the same for the equation in (5.2) with puf and integrating
by parts, we have

0= /[(p(af —Myul)-e—uf - p(87 — M)e]dxdt
QT

= / fNedsdt, (5.3)
=T
where (Ne); = Zihk:l V;iCijia (x)dje for e = (eq, ez, e3)l. Since f e Cgo(Z‘T) is arbitrary,
Nel|sr =0.
By Corollary 1.3, we obtain that
ele=r/2 = drelr=r/2 =0. (5.4)

Hence, e(t, x) is the solution of the hyperbolic system (5.2) stated on (T /2, T) x £2 with homogeneous
initial conditions (5.4) on T /2. This implies that e(t) =0 for t € [T /2, T]. Therefore,

p=el=r =0,

Y = dele=1 = 0.
This completes the proof. O

Proof of Theorem 5.1. Let T4 be the value given in Lemma 5.2 and T > T4. Suppose that we know RT
and set € = (T — T4)/2. We are going to prove that RT*€ is known. We take f € C5°([0, T +€] x 382).
We write f = g +h where supph C [0, T4] x 352 and suppg C [€, T + €] x 8£2. Since uf = ul +u8, if
we know Nu"|jo. 74e1xae and Nu|r.T1e1xae then we know Nuf|po riejxas.

Now, let g€(t, ) := g(t +¢€,-) and g°:=g. By g¢(t,-) = g(t + ¢, -), then NusO|ic 11expe(t, ) =
Nud8O 0 115002 (t, ). As suppgé(t,-) C [0,T] x 952, then Nub|ic.Tiejxoe iS known since we
know RT. So, we have to continue Mu" from [0, T] to [0, T + €]. To do it, we denote to = T4 + €. By
Lemma 5.2, there exist hy € C5°([0, T4] x 9£2) such that

lim (u'™ (T4, ), du™ (Ta, ) = (u"(to. ). du" (to, ) (5.5)

m—oo
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in H(])(.Q) x L2(£2). The functions y™(t,-) := u"m(t,-) with t € [T4, T] are the solutions of the initial
value problem

REym(t,x) — My™(t,x) =0 ((t,x) €[T4,T]x 2),
Y7, 7yx00 =0

Y X)|_g, =" (T4, %),

Y™, )|y, = deu (T4, %).

On the other hand, the function y(t, -) := u(t +¢, -) satisfies the same equation in (5.6) with different
initial data

Ry, x) — My, x)=0 ((t,x) (T4, Tl x £2),

Y&, X)|14, 11002 =0, 57
Yt Oli—r, = Ul (0, ), (5.7)
By (€, X) =1, = deu"(to, %).

The continuous dependence of solutions on initial data, Lemma A.1 in Appendix A, and (5.5) imply
that

lim Ny

m _
m |[T4,T]><6.Q _Ny|[T4.TJ><a.Q (5.8)

in L2 space. By (5.8), /\/uhl[rﬁe,rﬁ]xag is determined. Combining the known information
NuM|10.11x30, we can determine Nu"|jo 14ejxa. O

Appendix A

The purpose of this appendix is to give the proof to following theorem which justifies the defini-
tion of the operator RT and the well-posedness of the problem (5.6).

Lemma A.1. Let £2 be a bounded domain in R" and 852 is smooth. Denote QT := (0, T) x 2 and T :=
(0, T) x 382. Assume that F € L1 ((0, T); L2(2)), f € HU(ET), ¥o € H(£2) and ¥ € L2(§2) with the com-
patibility condition f(0,-) = v¥olye. Then, there exists a unique solution u = u(t,x) € C((0, T); H'(2)) N
C1((0,T); L*(2)) to

d2u—Mu=F inQT,

ulyr =, A1)
Ule=0 = Yo in £, (
Otl|t=0 = Y1 in £2.

Moreover, it satisfies

Nuel?(2T),
T
INMullp2s7) < C(D(/HF(I)“Lz(Q) dt + 1 fllgr sy + 1ol ) + 1Y ||L2(9)>,

0

(A2)

where Nu is given by (5.3) replacing e by the solution u to (A.1).

Proof. (A.1) can be proven in the same way as Theorem 2.1 of [7]. This is because M is formally
self-adjoint and it satisfies Garding’s inequality, and hence all the argument in Theorem 2.1 of [7] can
be applied without any essential change to prove (A.1).
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(A.2) can be proven like Step 2 in the proof of Theorem 2.30 in [5]. However, we need to adapt
the proof a little. We only give the part of the proof which differs from that given in [5]. Let v be C*®
vector field on 2 such that v(x) coincides with the outer unit normal vector field of 952 if x € 352.
Also let x € C*°(R) satisfy x(t)=1 for t <T and O for t > 2T. Continue F by zero onto the interval
[T,2T). Write

/ pxF - (Vuv)dxdt = / Xp(afu — V- (CVu)) - (Vuv)dxdt =11 + I,
QT QT

where ] = an pxd2u - (Vuv)dxdt and I = —szr(XV - (CVu)) - (Vuv)dxdt. It should be noted
that Vuv stands for the matrix Vu multiplied by the vector v. Also, let

J1 :=/p¢1-(V¢ov)dX+ / P x deu - (Vuv)dxdt — (1/2) | px(V - v)|deu|* dxdt
2 Q2r Q2T

—-(1/2) XVp~|3tu|2vdxdt+(1/2)fp)(|3[u|2dsdt.
QZT ZZT

Then, by integration by parts, it is easy to see

2T
I = [/p)(atu . (Vuv)dx] — / 03 x o - (Vuv)dxdt — / pxou - (V(@u)v)dxdt
Q 0 2T Q2T
= —/,01//1 - (Vo) dx — / 03 x du - (Vuv)dxdt — (1/2) px(V|8[u|2) -vdxdt
2 QZT QZT
= —/plﬁ1 - (Vipov) dx — / PO x ou - (Vuv)dxdt + (1/2) px (V- v)|0eu)? dxdt
2 QZT QZT
+(1/2) XV,o~|8tu|2vdxdt—(1/2)/pxlatulzdsdt
QZT
=—1, (A3)

2T

where the second identity use
du - (V(@u)v) = Z el Z 0;(0cui)vj
i J

=(1/2) ) 9;@ui)’vj = (1/2)(VIdeuf) - v.
ij

On the other hand, the integration by parts yields

I, = / xCVu - V(Vuv)dxdt — / x ((CYu)v) - (Vuv)dsdt.

QZT 2T

By the direct computations, we get
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CVu-V(Vuv)
=CVu-((v-V)Vu)
= (1/2)(v- V)(CVu - Vu) — (1/2)((v - V)C)Vu - Vu + CVu - (VuVv)

= (1/2)div((CVu - Vu)v) — (1/2)divv(CVu - Vu) — (1/2)((v - V)C)Vu - Vu 4 CVu - (VuVv).
Therefore,
L =(1/2) / x (CVu - Vu)dsdt — / x ((CVuv) - (Vuv)dsdt — |, (A.4)
x2r 21
with

J2:=(1/2) | x(V-v)(CVu-Vu)dxdt + (1/2)
2T

/ x (- V)CVu) - Vudxdt
Q 2T

Q

— / xCVu - (VuVv)dxdt.
QZT

Now, we analyze

K:=(1/2) | x(CVu-Vu)dsdt — f x ((CVu)v) - (Vuv)dsdt
2T

x> 2T

= /XF - (Vuv)dxdt + J1+ J2 (A.5)
QT
locally, that is we analyze K when we confine u to a neighborhood C §2 around a point € 352 by using
a partition of unity. In this neighborhood, we introduce boundary normal coordinates (y1, y2, y3) such
that 952 and £2 are given locally by
12={y3=0}, R={y3>0}

Define g and C by

3
0Xy 0Xy .
g=|det(gip)], gj=» —— (1<i,j<2)
= 9Yidyj
k=1
and
>\ 8ya 0yp
C=(C; , C: — Cii _a_’
( lakﬂ) iokB ]; ijkl 3Xj X,
respectively. Then K has the term
3
—(1/2) | x >_ Cisadysuidy; /g dy’ dt, (A6)

sor ik=1
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where y’ = (y1, y2, ¥3). The rest of the terms of K only contain at most dy,u; (1 <i < 3). Since
(&i3k3)1<,’,k<3 is positive definite, it is easy to prove the estimate in (A.2) from (A.3), (A.4), (A.5)
and (A.6) by the argument of Step 2 in the proof of Theorem 2.1 in [5]. O
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